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Preface

This volume contains the notes of lectures given at the School “Quantum
Potential Theory: Structure and Applications to Physics”. This school was
held at the Alfried Krupp Wissenschaftskolleg in Greifswald from February
26 to March 9, 2007. We thank the lecturers for the hard work they ac-
complished in preparing and giving these lectures and in writing these notes.
Their lectures give an introduction to current research in their domains, which
is essentially self-contained and should be accessible to Ph.D. students. We
hope that this volume will help to bring together researchers from the areas
of classical and quantum probability, functional analysis and operator alge-
bras, and theoretical and mathematical physics, and contribute in this way
to developing further the subject of quantum potential theory.

We are greatly indebted to the Alfried Krupp von Bohlen und Halbach-
Stiftung for the financial support, without which the school would not have
been possible. We are also very thankful for the support by the University of
Greifswald and the University of Franche-Comté. One of the organisers (UF)
was supported by a Marie Curie Outgoing International Fellowship of the EU
(Contract Q-MALL MOIF-CT-2006-022137).

Special thanks go to Melanie Hinz who helped with the preparation and
organisation of the school and who took care of all of the logistics.

Finally, we would like to thank all the students for coming to Greifswald
and helping to make the school a success.

Sendai and Greifswald, Uwe Franz
June 2008 Michael Schiirmann
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Introduction

The term potential theory comes from 19th century physics, where the fun-
damental forces like gravity or electrostatic forces were described as the gra-
dients of potentials, i.e. functions which satisfy the Laplace equation. Hence
potential theory was the study of solutions of the Laplace equation. Nowadays
the fundamental forces in physics are described by systems of non-linear par-
tial differential equations such as the Einstein equations and the Yang-Mills
equations, and the Laplace equation arises only as a limiting case. Neverthe-
less, the Laplace equation is still used in applications in many areas of physics
and engineering like heat conduction and electrostatics. And the term “po-
tential theory” has survived as a convenient label for the theory of functions
satisfying the Laplace equation, i.e. so-called harmonic functions.

In the 20th century, with the development of probability and stochastic
processes, it was discovered that potential theory is intimately related to the
theory of Markov processes, in particular diffusion processes and Brownian
motion. The distributions of these processes evolve according to a heat equa-
tion, and invariant distributions satisfy a Laplace-type equation. Conversely,
these processes can be used to express solutions of, e.g., the Laplace equation.
For more details see Nicolas Privault’s lecture “Potential Theory in Classical
Probability” in this volume.

The notions of quantum stochastic processes and quantum Markov proce-
sses were introduced in the 1970’s and allow to describe open quantum
systems in close analogy to classical probability and classical Markov proce-
sses. Roughly speaking, one can now recognize two different trends in the
subsequent development of the theory of quantum Markov processes. The
first is guided by physical applications, studies concrete physically motivated
models, and develops tools for filtering noisy quantum signals or controling
noisy quantum systems. The second aims to develop a mathematical theory,
by generalizing or extending key results of the theory of Markov processes
to the quantum (or noncommutative) case, and by looking for analogues of
important tools that greatly influenced the development of classical poten-
tial theory, like stochastic calculus, Dirichlet forms, or boundaries of random
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2 Introduction

walks. In our school the first direction was represented by Luc Bouten’s lec-
ture “Applications of Controlled Quantum Processes in Quantum Optics”,
the second by Philippe Biane’s lecture “Introduction to Random Walks on
Noncommutative Spaces” and by Fabio Cipriani’s lecture “Noncommutative
Dirichlet Forms”, see also the corresponding chapters of this book.

Besides providing important background material on operator algebras
and noncommutative analogues of function spaces used in other lectures,
Quanhua Xu’s lecture on “Interactions between Quantum Probability and
Operator Space Theory” shows how quantum probability can be applied to
modern functional analysis. For example, a clever choice of sequences of quan-
tum random variables plays an essential role in establishing key results like
noncommutative Khintchine type inequalities.

Central questions from probabilistic potential theory like the computation
of hitting times and the study of the asymptotic behaviour of a walk are also
the main topic in Norio Konno’s lecture on “Quantum Walks”. These quan-
tum walks are not quantum Markov processes in the sense of the lectures
by Biane, Bouten, and Cipriani, but another type of quantum analogue of
random walks and Markov chains, and many of the classical potential the-
oretical methods have interesting analogues adapted to this case. By giving
an introduction and survey of this quickly developing field this lecture was
an enrichment of the school and nicely complements the other chapters.

The goal of the School “Quantum Potential Theory: Structure and Appli-
cations to Physics” and these lecture notes is two-fold. First of all we want to
provide an introduction to the rapidly developing theory of quantum Markov
semigroups and quantum Markov processes with its manifold aspects rang-
ing from functional analysis and probability theory to quantum physics. We
hope that we have succeeded in preparing a monograph that is accessible
to graduate students in mathematics and physics. But furthermore we also
hope that this book will catch the interest of experienced mathematicians
and physicists working in this field or related fields, in order to stimulate
more communication between researchers working on “pure” and “applied”
aspects. We believe that a strong collaboration between these communities
will be to everybody’s benefit. Keeping in mind the physical applications will
help to sharpen the theoreticians’ eye for the relevant questions and prop-
erties, and new powerful mathematical tools will allow to get a better and
deeper understanding of concrete physical systems.



Potential Theory in Classical
Probability

Nicolas Privault

Abstract These notes are an elementary introduction to classical poten-
tial theory and to its connection with probabilistic tools such as stochastic
calculus and the Markov property. In particular we review the probabilistic
interpretations of harmonicity, of the Dirichlet problem, and of the Poisson
equation using Brownian motion and stochastic calculus.

1 Introduction

The origins of potential theory can be traced to the physical problem of
reconstructing a repartition of electric charges inside a planar or a spatial
domain, given the measurement of the electrical field created on the boundary
of this domain.

In mathematical analytic terms this amounts to representing the values of
a function h inside a domain given the data of the values of h on the boundary
of the domain. In the simplest case of a domain empty of electric charges,
the problem can be formulated as that of finding a harmonic function h on
E (roughly speaking, a function with vanishing Laplacian, see § 2.2 below),
given its values prescribed by a function f on the boundary OF, i.e. as the
Dirichlet problem:

Ah(y) =0, y€eFE,

h(y) = f(y), ye€oE.

N. Privault

Department of Mathematics, City University of Hong Kong, 83 Tat Chee Avenue,
Kowloon Tong, Hong Kong

e-mail: nprivaul@cityu.edu.hk
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4 N. Privault

Close connections between the notion of potential and the Markov property
have been observed at early stages of the development of the theory, see e.g.
[Doo84] and references therein. Thus a number of potential theoretic problems
have a probabilistic interpretation or can be solved by probabilistic methods.

These notes aim at gathering both analytic and probabilistic aspects of
potential theory into a single document. We partly follow the point of view
of Chung [Chu95] with complements on analytic potential theory coming
from Helms [Hel69], some additions on stochastic calculus, and probabilistic
applications found in Bass [Bas98].

More precisely, we proceed as follow. In Section 2 we give a summary
of classical analytic potential theory: Green kernels, Laplace and Poisson
equations in particular, following mainly Brelot [Bre65], Chung [Chu95] and
Helms [Hel69]. Section 3 introduces the Markovian setting of semigroups
which will be the main framework for probabilistic interpretations. A sample
of references used in this domain is Ethier and Kurtz [EK86], Kallenberg
[Kal02], and also Chung [Chu95]. The probabilistic interpretation of poten-
tial theory also makes significant use of Brownian motion and stochastic
calculus. They are summarized in Section 4, see Protter [Pro05], Tkeda and
Watanabe [TW89], however our presentation of stochastic calculus is given
in the framework of normal martingales due to their links with quantum
stochastic calculus, cf. Biane [Bia93]. In Section 5 we present the prob-
abilistic connection between potential theory and Markov processes, fol-
lowing Bass [Bas98], Dynkin [Dyn65], Kallenberg [Kal02], and Port and
Stone [PS78]. Our description of the Martin boundary in discrete time follows
that of Revuz [Rev75].

2 Analytic Potential Theory

2.1 Electrostatic Interpretation

Let E denote a closed region of R™, more precisely a compact subset having
a smooth boundary OF with surface measure o. Gauss’s law is the main tool
for determining a repartition of electric charges inside E, given the values of
the electrical field created on JF. It states that given a repartition of charges
q(dx) the flux of the electric field U across the boundary OF is proportional
to the sum of electric charges enclosed in F. Namely we have

/ a(dz) = / (n(z), U(x))o(dx), (2.1)
E oOF

where ¢(dz) is a signed measure representing the distribution of electric
charges, e > 0 is the electrical permittivity constant, U(z) denotes the
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electric field at € OF, and n(x) represents the outer (i.e. oriented towards
the exterior of F) unit vector orthogonal to the surface OF.

On the other hand the divergence theorem, which can be viewed as a
particular case of the Stokes theorem, states that if U : E — R" is a C!
vector field we have

/E div U(a)dz — / (n(z), Uz))o(dz), (2.2)

OFE

where the divergence div U is defined as

divU(z Z (%

The divergence theorem (2.2) can be interpreted as a mathematical formula-
tion of the Gauss law (2.1). Under this identification, div U(z) is proportional
to the density of charges inside F, which leads to the Maxwell equation

eo divU(x)dz = q(dz), (2.3)

where ¢(dz) is the distribution of electric charge at = and U is viewed as the
induced electric field on the surface JF.

When ¢(dz) has the density ¢(z) at z, i.e. ¢(dx) = q(x)dz, and the field
U(z) derives from a potential V : R™ — R, i.e. when

U(z) = VV(x), r ek,

Maxwell’s equation (2.3) takes the form of the Poisson equation:

e AV (z) = q(x), r ek, (2.4)
where the Laplacian A = div V is given by
n 82

du? > (@),

J=1

AV (z) = x €kl

In particular, when the domain E is empty of electric charges, the potential
V' satisfies the Laplace equation

AV(z) =0 rekE.

As mentioned in the introduction, a typical problem in classical potential
theory is to recover the values of the potential V() inside E from its values on
the boundary OF, given that V(z) satisfies the Poisson equation (2.4). This
can be achieved in particular by representing V' (x), « € E, as an integral with
respect to the surface measure over the boundary OF, or by direct solution
of the Poisson equation for V' (x).
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Consider for example the Newton potential kernel

q 1
Vix) = , x € R"\{y},
(=) €osn [z —yl|" 2 My
created by a single charge ¢ at y € R", where so = 27, s3 = 4w, and in

general
27T.n/2 )
= >
S’I'L F(n/2) ) n — )

is the surface of the unit n — 1-dimensional sphere in R".
The electrical field created by V is

q =Y
U(z) :=VV(zx) = , xreR"? ,
@ == T \(v}
cf, Figure 1. Letting B(y,r), resp. S(y,r), denote the open ball, resp. the
sphere, of center y € R™ and radius r» > 0, we have

/B LAV = /S | @V
_ /S (n(z), U

( V(z))o(dx)
(
(y,r)
q
€0 ’

x))o(dx)

where o denotes the surface measure on S(y, r).
From this and the Poisson equation (2.4) we deduce that the repartition of
electric charge is

q(dx) = g0, (dx)

i.e. we recover the fact that the potential V is generated by a single charge
located at y. We also obtain a version of the Poisson equation (2.4) in distri-

bution sense: )

e — gz >0

where the Laplacian A, is taken with respect to the variable . On the other
hand, taking E = B(0,7)\B(0, p) we have 9FE = S(0,7) U S(0, p) and

[E AV (2)dz = /S o (@) TV @) + / (n(z), VV (2))o(dz)

S(0,p)
=csp — ¢Sy, =0,

hence
1

=0, x € R"\{y}.
T o

x

The electrical permittivity ¢y will be set equal to 1 in the sequel.
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Fig. 1 Electrical field generated by a point mass at y = 0.

2.2 Harmonic Functions

The notion of harmonic function will be first introduced from the mean value
property. Let

! _,o(dy)

,,nn

or(dy) = _

n

denote the normalized surface measure on S(z,7), and recall that

/f(x)dx = Sn /000 et /S(ym f(z)od(dz)dr.

Definition 2.1. A continuous real-valued function on an open subset O of
R™ is said to be harmonic, resp. superharmonic, in O if one has

f(z) = /S T,

resp.

s@z [ s

for all z € O and r > 0 such that B(z,r) C O.
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Next we show the equivalence between the mean value property and the
vanishing of the Laplacian.

Proposition 2.2. A C? function f is harmonic, resp. superharmonic, on an
open subset O of R™ if and only if it satisfies the Laplace equation

Af(z) =0, z e 0,
resp. the partial differential inequality
Af(z) <0, z € 0.
Proof. In spherical coordinates, using the divergence formula and the identity

d/ 0
fly+rzx)oi(dx
i Jog S0 F IR

/ (2, V f(y + rz))od (dz)
5(0,1)

r

= / Af(y + ra)dz,
B(0,1)

sn

yields
/ Af(x)dr ="t / Af(y + rx)de
B(y,r) B(0,1)
5™ [ @ Vi ool dn)
5(0,1)

d
= 8,12 / fly +r)ol (dx)
dr Js,1)

_ d/
= 5,12 flz)o¥(dz).
ar Js (z)o} (dx)

If f is harmonic, this shows that

/ Af(x)dz =0,
B(y,r)

for all y € E and r > 0 such that B(y,r) C O, hence Af = 0 on O.
Conversely, if Af =0 on O then

is constant in r, hence

)=l [ f@oydn = [ f@ordn,  r>o

P=0.J5(y,0) S(y,r)

The proof is similar in the case of superharmonic functions. O
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The fundamental harmonic functions based at y € R™ are the functions which
are harmonic on R™\{y} and depend only onr = ||z —y||, y € R™. They satisfy
the Laplace equation

Ah(z) =0, ESHINGH

in spherical coordinates, with

_ d?h (n—1)dh

anr) =" o)+ "0 ),

In case n = 2, the fundamental harmonic functions are given by the logarith-
mic potential

1
a log|lz —yll, =#uy,
hy(z) = (2.5)

+CX)7 Tr = y7

and by the Newton potential kernel in case n > 3:

1 1
(n—2)sy [l —y["~2

T #y,
hy(x) =

+00, r=y.
More generally, for a € R and y € R™, the function
z ez -yl

is superharmonic on R™, n > 3, if and only if @ € [2 — n,0], and harmonic
when a =2 —n.
We now focus on the Dirichlet problem on the ball E = B(y,r). We consider

1
ho(r) = o log(r), r >0,

in case n = 2, and

if n > 3, and let
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denote the inverse of x € B(y,r) with respect to the sphere S(y,r). Note the
relation

7,2

|z —2*|| = ||z —y — (x—y)H
ly — ||
r e =yl
= (z—y)— (z — )|,
IIxyII‘ T ly — |
hence for all z € S(y,r) and « € B(y, ),
|z — z||
2 =) = 27)
= yll’
since
\| T m‘y] I 2]
r—y —-Tr = ||T — Z||.
lz—yll  lly—=|

The function z — hy(z) is not C?, hence not harmonic, on B(y, r). Instead of
hy we will use z — hg«(z), which is harmonic on a neighborhood of B(y,r),
to construct a solution of the Dirichlet problem on B(y, ).

Lemma 2.3. The solution of the Dirichlet problem (2.10) for E = B(y,r)
with boundary condition hy, x € B(y,r), is given by

N o TR
r

Proof. We have if n > 3:
ho <||y—xllllz—x*|) _ e 1

r (n = 2)snllz —yl["=2 ||z — a*|"~2

,rn—2

= h (Z>7

lz = yll»=2""

and if n = 2:

h (Iy—wllz—w*H) _ 1 log (Iy—wllz—w*H)
r S9 r
1 Yy—x
he«(y) —  log (l ”) .
S92 r

This function is harmonic in z € B(y,r) and is equal to h, on S(y,r)
from (2.7). O

Figure 3 represents the solution of the Dirichlet problem with boundary con-
dition hy on S(y,r) for n = 2 as obtained after truncation of Figure 2.
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Fig. 3 Solution of the Dirichlet problem.

2.3 Representation of a Function on E from its Values
on OF

As mentioned in the introduction, it can be of interest to compute a repar-
tition of charges inside a domain E from the values of the field generated on
the boundary JF.

In this section we present the representation formula for the values of
an harmonic function inside an arbitrary domain E as an integral over its
boundary OF, that follows from the Green identity. This formula uses a kernel
which can be explicitly computed in some special cases, e.g. when E = B(y,r)
is an open ball, in which case it is called the Poisson formula, cf. Section 2.4
below.

Assume that E is an open domain in R™ with smooth boundary 0F and let

Onf(x) = (n(z),Vf(z))

denote the normal derivative of f on JF.
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Applying the divergence theorem (2.2) to the products u(z)Vuv(z) and
v(z)Vu(x), where u,v are C? functions on E, yields Green’s identity:

/E (u(z) Av(z)—v(z) Au(z))dz = /8 (u(@)0,0()=0()d,u()do ). (29

On the other hand, taking v = 1 in the divergence theorem yields Gauss’s
integral theorem

/ Onv(z)do(z) = 0, (2.9)
OF

provided v is harmonic on E.
In the next definition, h, denotes the fundamental harmonic function de-
fined in (2.5) and (2.6).

Definition 2.4. The Green kernel GF(-,-) on E is defined as
GE(x7y> = hL(:U) _ww(y)7 T,y € E7
where for all x € R”, w, is a smooth solution to the Dirichlet problem

Aw,(y) =0, yeEkE,
(2.10)
wz(y) = hz(y), y € OE.

In the case of a general boundary JF, the Dirichlet problem may have no
solution, even when the boundary value function f is continuous. Note that
since (z,y) — hy(y) is symmetric, the Green kernel is also symmetric in two
variables, i.e.

GP(z,y) =G"(y,x), =xy€cE,

and G (-,-) vanishes on the boundary OE. The next proposition provides an
integral representation formula for C? functions on E using the Green kernel.
In the case of harmonic functions, it reduces to a representation from the
values on the boundary 0F, cf. Corollary 2.6 below.

Proposition 2.5. For all C? functions u on E we have
u(z) = / u(2)0,GF (x, 2)o(dz) +/ G¥(z,2)Au(z)dz, reE. (2.11)
OF E

Proof. We do the proof in case n > 3, the case n = 2 being similar. Given
x € E, apply Green’s identity (2.8) to the functions u and h;, where h, is
harmonic on F\B(z,r) for r > 0 small enough, to obtain

/ () Au(y)dy — / (e (1) Bnte(y) — (v) B () do (1)
E\B(z,r)

(o)

1 1 n—2
= an d 9
oo fo (ot s 220 ) dot)



Potential Theory in Classical Probability 13

since

5 1 0 n—2
— O = = — .
VO arr = 0Pl = s

—n

In case w is harmonic, from the Gauss integral theorem (2.9) and the mean
value property of u we get

/ ha (y) Au(y)dy — / (ha(y)Onu(y) — u(y)Onha(y))do(y)
E\B(x,r) OF

- / u(y)o® (dy)
S(z,r)

= u(x).

In the general case we need to pass to the limit as r tends to 0, which gives
the same result:

w(z) = / ) Au(y)dy + / ()P (y) — ha(y)Onuly))do(y).
E\B(x,r) OE
(2.12)

Our goal is now to avoid using the values of the derivative term 0, u(y) on OFE
in the above formula. To this end we note that from Green’s identity (2.8)
we have

/ wz (y)Auly)dy = / (W (y)Onu(y) — u(y)Onwa(y))do(y)
E

OFE

- / (ha (9)Onu(y) — u(y) s (9))doly)  (2.13)
oOF

for any smooth solution w, to the Dirichlet problem (2.10). Taking the dif-
ference between (2.12) and (2.13) yields

u(z) :/(hm(y)*wm(y))ﬂu(y)dy+/ w(y)On (ha(y) — we(y))do(y)
E o

E

- / G® (x,y) Au(y)dy + / W(y)0,GE (2, y)do(y),  z € E.
E oOF

O
Using (2.5) and (2.6), Relation (2.11) can be reformulated as
1 1 1
= On — On d
MO 0, / (“(Z) o epree ™ o a9 769

’Il*? / Hx,ZHn 2 () 2 -'1763(:1],7‘)7
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ifn >3, and if n = 2:

u(z) = — ! /BE(U(Z)an log ||z — z|| — (log ||z — z|[)Onu(z))o(dz)

52
7/ (log ||z — z||) Au(z)dz, x € B(y,r).
E
Corollary 2.6. When u is harmonic on E we get

u(z) = /aE u(y)0,G* (z,y)do(y), re k. (2.14)

As a consequence of Lemma 2.3, the Green kernel GB(%T)C7 y) relative to the
ball B(y,r) is given for z € B(y,r) by

110g< " 'Z‘”’”'), s By \zh, =4,

52 ly — || |z — =]
’ - 1 ) €B ) ) =Y
Geel z€By,r)\{z}, ==y
+00, z=ux,

if n =2, cf. Figure 4 and

1 ( 1 P2 1 >
(n=2)sp \|lz —2|"=2 o —ylI"=2 ||z —a*|"=2 /)"
z€ Bly,r)\{z}, z#y,

GBI (g, 2) = 1 ( 1 1 >

(n—=2)sn \lz—yl"=2 =2

z € B(yvr)\{x}v r=Y,

+o00, zZ=ux,

if n > 3.
The Green kernel on £ = R", n > 3, is obtained by letting r go to infinity:

n 1

R _ _ _ n
G* (z,2) = (n— 2)sullz — zn-2 = hy(2) = h.(x), z,z € R". (2.15)
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Fig. 4 Graph of z — G(z,z) with x € E = B(y,r) and n = 2.
2.4 Poisson Formula

Given v a sufficiently integrable function on S(y,r) we let 7 (y’r)(:v) denote
the Poisson integral of u over S(y,r), defined as:

1 2 _ 2
O R B O LI S N U0}
S(y,r)

SnT Iz — z||™
Next is the Poisson formula obtained as a consequence of Proposition 2.5.

Theorem 2.7. Let n > 2. If u has continuous second partial derivatives on
E = B(y,r) then for all x € B(y,r) we have

u(z) = Z2W) (2) +/ GBWI) (2, 2) Au(z)dz. (2.16)
B(y,r)
Proof. We use the relation
u(x) :/ u(2)0,GBW) (2, 2)o(dz) —|—/ GBI (2, 2) Au(z)dz,
S(y.r) B(y,r)
x € B(y,r), and the fact that
0,605, = - Lo (W71 1)
So r |z — ||
172 =z -yl

(n—2) spr|z —x|?

if n = 2, and similarly for n > 3. O
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Fig. 5 Poisson kernel graphs on S(y,r) for n = 2 for two values of z € B(y, r).

When v is harmonic on a neighborhood of B(y,r) we obtain the Poisson
representation formula of v on F = B(y,r) using the values of u on the
sphere OF = S(y, ), as a consequence of Theorem 2.7.

Corollary 2.8. Assume that u is harmonic on a neighborhood of B(y,r). We
have

u(z) = ! / =y -2 u(z)o(dz), x € B(y,r), (2.17)
S(y,r)

SnT |z — ||
for all n > 2.
Similarly, Theorem 2.7 also shows that
u(e) <TPUD (@), x e Bly.r),

when u is superharmonic on B(y,r). Note also that when = = y, Relation
(2.17) recovers the mean value property of harmonic functions:

n /
S S(y,r)

and the corresponding inequality for superharmonic functions.
The function

u(y) =

2 —|lz —yl?
VA
lz = 2|

is called the Poisson kernel on S(y,r) at « € B(y,r) cf. Figure 5.
A direct calculation shows that the Poisson kernel is harmonic on R™\

(S(y,r)U{z}):

A" Tl =al® g sy U e (2.18)

Iz — x|
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hence all Poisson integrals are harmonic functions on B(y,r). Moreover
Theorem 2.17 of du Plessis [dP70] asserts that for any z € S(y,r), letting
x tend to z without entering S(y,r) we have

lim Z2W") (z) = u(z).

Hence the Poisson integral solves the Dirichlet problem (2.10) on B(y,r).

Proposition 2.9. Given f a continuous function on S(y,r), the Poisson
integral

2 _ 2
If(y’r)(x) _ 1 / r* =iz —yll f(z)o(dz), z € B(y,r),
S(y,r)

SnT |l — z||™
provides a solution of the Dirichlet problem

Aw(z) =0, x€ B(y,r),

w(z) = f(z), xeSyr),
with boundary condition f.

Recall that the Dirichlet problem on B(y,r) may not have a solution when
the boundary condition f is not continuous.
In particular, from Lemma 2.3 we have

n—2

B(yr)y T
Ihm (Z) - ||33 o y”n,Q hz* (Z)v T e B(yar)a

for n > 3, and

r 1 =Y
22006 = o) Do (1) e e B

for n = 2, where z* denotes the inverse of x with respect to S(y,r). This
function solves the Dirichlet problem with boundary condition h;, and the
corresponding Green kernel satisfies

GPUD (@, 2) = ho(2) =T, " (2), @,z € Bly,r).

(2

When z = y the solution I}i(y’r)(z) of the Dirichlet problem on B(y,r) with

boundary condition h,, is constant and equal to (n—2)~ s, 1r?=" on B(y,r),
and we have the identity

1 2 _ _ 2
T et < e,
SnT S(y,r) H‘T - Z”

for n > 3, cf. Figure 6.
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Fig. 6 Reduced of hy relative to D = R2\B(y,r) with z = y.

2.5 Potentials and Balayage

In electrostatics, the function « — h,(z) represents the Newton potential
created at x € R™ by a charge at y € F, and the function

xH/%@M@)
E

represents the sum of all potentials generated at = € R™ by a distribution
q(dy) of charges inside E. In particular, when E = R™, n > 3, this sum equals

v | G™" (x,9)q(dy)

from (2.15), and the general definition of potentials originates from this
interpretation.

Definition 2.10. Given a measure p on F, the Green potential of x4 is defined
as the function

z— GPu(z) = /EGE(%y)M(dy)v

where G (z,y) is the Green kernel on E.

Potentials will be used in the construction of superharmonic functions, cf.
Proposition 5.1 below. Conversely, it is natural to ask whether a superhar-
monic function can be represented as the potential of a measure. In general,
recall (cf. Proposition 2.5) the relation

u(z) = /8E u(2)0,G¥ (x, 2)o(dz) +/EGE(95,Z)Au(z)dz, xe€E, (2.19)
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which yields, if E = B(y,r):
u(z) = TF (2) +/ G¥(z,2)Au(z)dz, x € B(y,r), (2.20)
E

where the Poisson integral ZZ is harmonic from (2.18). Relation (2.20) can be
seen as a decomposition of u into the sum of a harmonic function on B(y,r)
and a potential. The general question of representing superharmonic functions
as potentials is examined next in Theorem 2.12 below, with application to
the construction of Martin boundaries in Section 2.6.

Definition 2.11. Consider

i) an open subset £ of R™ with Green kernel G¥,
ii) a subset D of E, and
ili) a non-negative superharmonic function v on E.

The infimum on E over all non-negative superharmonic function on E which
are (pointwise) greater than u on D is called the reduced function of u relative
to D, and denoted by R,

In other terms, letting @,, denote the set of non-negative superharmonic func-
tions v on E such that v > u on D, we have

RD .= inf{v € &,}.
The lower regularization

R () := liminf ®2(y), rek,
y—u
is called the balayage of u, and is also a superharmonic function.
In case D = R™\B(y, r), the reduced function of h, relative to D is given by

%hDy (Z) = hy(z)l{zgg(yyr)} + ho(r>1{z€B(y,r)}7 z e R", (2.21)

cf. Figure 7. More generally if v is superharmonic then RY = 7B@") on
R*\D = B(y,r), cf. p. 62 and p. 100 of Brelot [Bre65]. Hence if D =
B¢(y,r) = R™"\B(y,r) and « € B(y,r), we have

SRBC(ZN‘) () = IB(Z/J’) (2)

hay T “he

by (IISUMIZI*I)
r

,r.n—2 1
= B '
(n=sullz— g2 |z —avr2’ =€ BWT)
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Using Proposition 2.5 and the identity
Amf:(w’) = oV,
in distribution sense, we can represent i)‘if;(y’r) on E=DB(y,R), R>r, as
%f:(y’r) (2)

:/ mf“(y”')(z)anGB(y’R)(337Z)U(dz)-I-/ GB(y’R)(%z)a?(dz)
Sw.R) ' B(y.R)

= ho(R) + / GBWR) (1 2)o¥(dz), x € B(y, R).
S(y,r)

Letting R go to infinity yields

Y

i)‘ifc(y’r) (z) = / G*" (x, 2)0¥ (d2)
s

hz(z)o¥(dz)

:hw(y)7 JJ%B(:%’I”)’

since h; is harmonic on R™\B(y,r), and

gﬁf“(y,r)(x) :/ ho (Iyxllllzx |> o¥(d2)
! S(yr) T

iy (1=l =)
r

:h()(r)v xEB(y,r),

which recovers the decomposition (2.21).
More generally we have the following result, for which we refer to Theorem 7.12
of Helms [Hel69].

Theorem 2.12. If D is a compact subset of E and u is a non-negative su-
perharmonic function on E then i)‘if is a potential, i.e. there exists a measure
u on E such that

RD () = /E GE (x,y)u(dy), rekE. (2.22)

If moreover KL is harmonic on D then p is supported by 9D, cf. Theorem 6.9
in Helms [Hel69].
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Fig. 7 Reduced of hy relative to D = R2\B(y, ) with z € B(y, 7)\{y}.

2.6 Martin Boundary

The Martin boundary theory extends the Poisson integral representation de-
scribed in Section 2.4 to arbitrary open domains with a non smooth boundary,
or having no boundary. Given E a connected open subset of R", the Martin
boundary AF of F is defined in an abstract sense as AE := EA\E7 where F
is a suitable compactification of E. Our aim is now to show that every non-
negative harmonic function on E admits an integral representation using its
values on the boundary AFE.

For this, let u be non-negative and harmonic on F, and consider an in-
creasing sequence (E),)nen of open sets with smooth boundaries (OE,)nen
and compact closures, such that

o0
E= U E,.
n=0

Then the balayage 3% of u relative to E,, coincides with u on E,,, and from
Theorem 2.12 it can be represented as

R (@) = [ GG )duay)
En
where p,, is a measure supported by dF,,. Note that since

RE (2) = u(z), x€Er, k>n,

and
lim GE(xay)H/E@En =0, x€F,

n— o0
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the total mass of u, has to increase to infinity:

lim p,(E,) = cc.

n—oo

For this reason one decides to renormalize u,, by fixing ¢y € E; and letting
fin(dy) := G"(z0,y)pn(dy),  neN,
so that fi,, has total mass
fin(En) = u(xo) < o0,
independently of n € N. Next, let the kernel K, be defined as

G (x,y)

z,y € F,

with the relation

(@) = [ Kol )din o).
E,
The construction of the Martin boundary AE of E relies on the following
theorem by Constantinescu and Cornea, cf. Helms [Hel69], Chapter 12.
Theorem 2.13. Let E denote a non-compact, locally compact space and con-
sider a family @ of continuous mappings
f:E — [—00,00].
Then there exists a unique compact space E in which E is everywhere dense,
such that:

a) every f € @ can be extended to a function f* on E by continuity,
b) the extended functions separate the points of the boundary AE = E\E
in the sense that if x,y € AE with x # vy, there exists f € & such that

fr(@) # f*(y).
The Martin space is then defined as the unique compact space E in which F
is everywhere dense, and such that the functions

{y— Ky (z,y) : z € FE}

admit continuous extensions which separate the boundary E\E. Such a
compactification F of F exists and is unique as a consequence of the
Constantinescu-Cornea Theorem 2.13, applied to the family

& :={x— K, (z,2) : z€ E}.
In this way the Martin boundary of F is defined as
AE := E\E.
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The Martin boundary is unique up to an homeomorphism, namely if x,
xy € E, then

K, (z,2)
K . = 0
2= g (wth2)
and
zo\ Ly 2) =
¢ Km{](fr()vz)

may have different limits in E’ which still separate the boundary AFE. For
this reason, in the sequel we will drop the index xg in K, (x, z). In the next
theorem, the Poisson representation formula is extended to Martin bound-
aries.

Theorem 2.14. Any non-negative harmonic function h on E can be repre-
sented as

h(z) = . K(z,z)v(dz), r ek,

where v is a non-negative Radon measure on AE.

Proof. Since f[i,(Fy,) is bounded (actually it is constant) in n € N we can
extract a subsequence (fin, )ken converging vaguely to a measure p on F, i.e.

dm [ f@in(do) = [ faptdn, 1 e )
=0 J i E
see e.g. Ex. 10, p. 81 of Hirsch and Lacombe [HL99]. The continuity of z —
K(zx,z) in z € E then implies

h(z) = lim RE(z)

n—0oo

= lim R, " (x)

k—o0

= lim K(z x)vp, (dz)

k—oo

/sz (dz), z€eF.

Finally, v is supported by AFE since for all f € C.(E,),

/ Fau(dr) = [ F(@)in, (dz) =0
Ey

When E = B(y,r) one can check by explicit calculation that

r? =z —yl?
lim K, (z,() = , z e Sy,r),
(52 y( C) ||Z— an (y )
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is the Poisson kernel on S(y, ). In this case we have
p=oa,

which is the normalized surface measure on S(y, r), and the Martin boundary
AB(y,r) of B(y,r) equals its usual boundary S(y, ).

3 Markov Processes

3.1 Markov Property

Let Co(R™) denote the class of continuous functions tending to 0 at infinity.
Recall that f is said to tend to 0 at infinity if for all € > 0 there exists a
compact subset K of R™ such that |f(z)| < e for all z € R"\ K.

Definition 3.1. An R"-valued stochastic process, i.e. a family (X;)cr, of
random variables on a probability space (£2, F, P), is a Markov process if for
all t € Ry the o-fields

Flr=0(Xs : s>1)

and
Fri=0(Xs : 0<s<t).

are conditionally independent given X;.

The above condition can be restated by saying that for all A € F;" and
B € F; we have

P(ANnB | X:)=P(A| Xy)P(B| Xy),

cf. Chung [Chu95]. This definition naturally entails that:

i) (X¢)ier, is adapted with respect to (F)er, , i.e. X; is Fi-measurable,
teRy, and
ii) X, is conditionally independent of F; given X, for all u > ¢, i.e.

E[f(Xu) | A = E[f(Xu) | X4,  0<t<u,
for any bounded measurable function f on R™.
In particular,
PX, €Al F) =E[1s4(X,) | F]=E[1a(X,) | Xt] = P(X, € A| Xy),

A € B(R™). Processes with independent increments provide simple examples
of Markov processes. Indeed, if (X¢)tcrn has independent increments, then
for all bounded measurable functions f, g we have
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Elf (Xt X, )9(Xsys oo, X, ) | X
=E[f(X;, —Xi+zx,...,. Xy, —Xi+2)
xg(Xs, — Xt +2,..., X5, — Xt +0)|ax,
=E[f(X:y, — Xt +2,...,Xt, — Xt +2)|ax,
xElg(Xs, = Xi +2,..., X, — Xi + 2)]a=x,
=E[f(Xe,,. .., X,) | Xi]E[g(Xs,,..., Xs,) | Xi],

0<s1 << <t<ty <+ <ty
In discrete time, a sequence (X, )nen of random variables is said to be a
Markov chain if for all n € N, the o-algebras

Fn=0{Xr : k<n})

and
Ffr=oc({Xr : k>n})

are independent conditionally to X,,. In particular, for every F,"-measurable
bounded random variable F' we have

]E[F‘]:n]:]E[F‘XnL nEN.

3.2 Transition Kernels and Semigroups

A transition kernel is a mapping P(z, dy) such that

i) for every x € E, A+ P(x, A) is a probability measure, and
ii) for every A € B(FE), the mapping « — P(x, A) is a measurable function.

The transition kernel p,; associated to a Markov process (Xt)te]R+ is de-
fined as
psi(x, A)=P(X, € A| X5 =x) 0<s<t,

and we have
pst(Xs,A)=P(Xy € A| X,) = P(Xy € A| Fy), 0<s<t.
The transition operator (T ¢)o<s<¢ associated to (Xy)ier, is defined as

Tsif(x) = E[f(X:) | Xs =2] = . F W) ps e (x, dy), z € R".

Letting ps.(z) denote the density of X, — X we have

Ms,t(xy A) = / ps,t(y - x)dy, Ac B(Rn)7
A



26 N. Privault

and

Tsif(x) = |  f(y)psi(y —z)dy.

Rn
In discrete time, a sequence (X, )nen of random variables is called a homo-
geneous Markov chain with transition kernel P if

E[f(X,) | Fn] = PP f(Xm), 0<m<n. (3.1)

In the sequel we will assume that (Xt)t€R+ is time homogeneous, i.e. fis ¢
depends only on the difference t—s, and we will denote it by ;. In this case
the family (7o ):er, is denoted by (T})ser, - It defines a transition semigroup
associated to (Xi)er, , with

Tif(x) = E[f(X:) | Xo = 2] = - fWp(z, dy), xR,

and satisfies the semigroup property

LT f(x) = E[Tf(X:) | Xo = 2]

= E[E[f(Xits) | Xs] | Xo = 2]
= E[E[f(Xis) | Fs] | Xo = ]
= E[f(Xits) | Xo = 7]

Tiysf(x),

which can be formulated as the Chapman-Kolmogorov equation

sl A) = e, A) = [ o dy)pel, ), (3.2)

By induction, using (3.2) we obtain
Pw((thy .. th €By x---X Bn)
/ / pro,t, (@, dxy) -+ g,y e, (01, dizp)
B1

for0<ty <---<t,and By,...,B, Borel subsets of R".
If (X)ier, is a homogeneous Markov processes with independent incre-
ments, the density p:(z) of X; satisfies the convolution property

Pese(z) = / ey — D)y, R,

which is satisfied in particular by processes with stationary and independent
increments such as Lévy processes. A typical example of a probability density
satisfying such a convolution property is the Gaussian density, i.e.
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1 1
pi(z) = (22 exp <—2t|x||Rn) ; r € R™.
From now on we assume that (7});cr, is a strongly continuous Feller semi-

group, i.e. a family of positive contraction operators on Co(R™) such that

1) Ts+t = TsTt7 87t > 07
ii) T:(Co(R™)) C Co(R™),

ili) Ty f(z) — f(z) ast — 0, f € Co(R™), x € R™.
The resolvent of (T});er, is defined as

Ryf(z) := /000 e MT, f(x)dt, z e R",

i.e.

Raf(z) = Es [ / ~ er<Xt>dt] . ceRry,

for sufficiently integrable f on R™, where [E, denotes the conditional expec-
tation given that {Xy = «}. It satisfies the resolvent equation

Ry — R, = (p— AN)Ra\R,, A > 0.
We refer to [Kal02] for the following result.

Theorem 3.2. Let (T})icr, be a Feller semigroup on Co(R™) with resolvent
Rx, A > 0. Then there exists an operator A with domain D C Co(R™) such
that

Ry' =\ — A, A > 0. (3.3)

The operator A is called the generator of (7});cr, and it characterizes
(T})ter, - Furthermore, the semigroup (7})icg, is differentiable in ¢ for all
f € D and it satisfies the forward and backward Kolmogorov equations

dT, f
dt

Note that the integral

/Oopt(x,y)dt— I'(n/2-1)

: " 22—y
_ n—2
2sp ||z — yl|" 2
= (n/2 = 1)hy(2)

dT, f

=T Af, and gt

— AT, f.
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of the Gaussian transition density function is proportional to the Newton
potential kernel z — 1/||z — y||" =2 for n > 3. Hence the resolvent Ry f asso-
ciated to the Gaussian semigroup T} f(x) = [,. f(y)pe(x,y)dy is a potential
in the sense of Definition 2.10, since:

R()f(ﬂ?) = Aw th(x)dt

- E, UOOO f(Bt)dt}

[ 1w [ ey

0

-2
_n / f) L dy.
28n Jmn ||33 - y””

More generally, for A > 0 we have

Ryf(z) = (M = A" f(=)

_ / T N @)t

0

= /00 e MetA f(x)dt
0

_ / T N f () dt
C

)
= F@)e Mpy(z, y)dydt
0 R™

=/ fW)a*(z,y)dy, zeR",

where ¢g*(z,y) is the A\-potential kernel defined as

fmmslwa%mWw, (3.4)

and R f is also called a A-potential.

Recall that the Hille-Yosida theorem also allows one to construct a strongly
continuous semigroup from a generator A.

In another direction it is possible to associate a Markov process to any
time homogeneous transition function satisfying uo(z, dy) = d,(dy) and the
Chapman-Kolmogorov equation (3.2), cf. e.g. Theorem 4.1.1 of Ethier and
Kurtz [EKS86].
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3.3 Hitting Times

Definition 3.3. An a.s. non-negative random variable 7 is called a stopping
time with respect to a filtration F; if

{r <t} eF, t>0.
The o-algebra F; is defined as the collection of measurable sets A such that
An{r<t}eF
for all ¢ > 0. Note that for all s > 0 we have
{r<s}, {r<s}, {r>s}, {r>s}eF.

Definition 3.4. One says that the process (X;);cr, has the strong Markov
property if for any P-a.s. finite F;-stopping time 7 we have

E[f(X(r+1) [ F+] = E[f (X)) | Xo = 2]o=x, = T f(X7), (3.5)

for all bounded measurable f.

The hitting time 75 of a Borel set B C R™ is defined as
75 =inf{t >0 : X; € B},

with the convention inf ) = +o00. A set B such that P,(75 < o0) = 0 for all
x € R™ is said to be polar.

In discrete time it can be easily shown that hitting times are stopping
times, from the relation

{rs <n}°={rp >n} = ({Xx ¢ B} € 7y,
k=0

however in continuous time the situation is more complicated. From e.g.
Lemma 7.6 of Kallenberg [Kal02], we have that 75 is a stopping time provided
B is closed and (X;)icr, is continuous, or B is open and (X;);cr, is right-
continuous.

Definition 3.5. The last exit time from B is denoted by Ip and defined as
Ilp=sup{t >0 : X; € B},
with Ig = 0 if 7 = +o00.

We say that B is recurrent if P,(lg = 400) = 1, € R", and that B is
transient if g < oo, P-a.s., i.e. P.(lp = +00) =0, x € R™.
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3.4 Dirichlet Forms

Before turning to a presentation of stochastic calculus we briefly describe the
notion of Dirichlet form, which provides a functional analytic interpretation
of the Dirichlet problem. A Dirichlet form is a positive bilinear form £ defined
on a domain ID dense in a Hilbert space H of real-valued functions, such that

i) the space ID, equipped with the norm

1D = 1% + €07, £),

is a Hilbert space, and
ii) for any f € ID we have min(f,1) € ID and

E(min(f, 1), min(f,1)) < E(f, f).

The classical example of Dirichlet form is given by H = L?(R") and

o n af ag
E(f.9) = /n ; oz, (x)aml (x)dx.
The generator £ of £ is defined by Lf =g, f € ID, if for all h € ID we have

Tt is known, cf. e.g. Bouleau and Hirsch [BH91], that a self-ajoint operator £
on H = L?(R") with domain Dom(L£) is the generator of a Dirichlet form if
and only if

<£f, (f - 1)+>L2(Rn) < O, f € DOIH(,C)

On the other hand, £ is the generator of a strongly continuous semigroup
(Py)ter, on H = L?(R™) if and only if (P)ter, is sub-Markovian, i.e. for all
f e L3(R™),

0<f<1=0<Pf<L], teRy.

We refer to Ma and Rockner [MR92] for more details on the connection be-
tween stochastic processes and Dirichlet forms. Coming back to the Dirichlet

problem
Au =0, x €D,

u(z) =0, x€aD.

If f and g are C! with compact support in D we have
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Here, ID is the subspace of functions in L?(R™) whose derivative in distribu-
tion sense belongs to L?(R™), with norm

11 = [ 17@)Pds +/,LZ\axl | e

Hence the Dirichlet problem for f can be formulated as

E(f,9) =0,

for all g in the completion of C2°(D) with respect to the | - || jp-norm. Finally
we mention the notion of capacity of an open set A, defined as

C(A) :==inf{||ulljp : v D and u>1on A}.

The notion of zero-capacity set is finer than that of zero-measure sets and
gives rise to the notion of properties that hold in the quasi-everywhere sense,
cf. Bouleau and Hirsch [BH91].

4 Stochastic Calculus

4.1 Brownian Motion and the Poisson Process

Let (£2, F, P) be a probability space and (F;);cr, a filtration, i.e. an increas-
ing family of sub o-algebras of F. We assume that (F;)¢cr, is continuous on
the right, i.e.

=%, teR,.

s>t

Recall that a process (My)ier, in L'(£2) is called an Fi-martingale if
E[M:|Fs] = M;, 0< s <t.

For example, if (X¢)epo,7) is a (non homogeneous) Markov process with
semigroup (Ps ¢ )o<s<t<r satisfying

Poof(X.) = BIf(X) | X,] = BIf(X,) | F), 0<s<t<T,
on CZ(R™) functions, with

Psyo P, = Psy, 0<s<t<u<T,
then (Pi 7 f(X¢))iepo,r) is an Fy-martingale:

E[P, 7 f(Xy) | Fs| = E[E[f(XT) | Fi] | Fl
= E[f(X7) | FJ
= s,Tf(XS)7 0<s<t<T.
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Definition 4.1. A martingale (M,);cr, in L*(£2) (i.e. E[|M;]*] < oo, t €
R;) and such that

E[(M; - M)} F]=t—s, 0<s<t, (4.1)
is called a normal martingale.

Every square-integrable process (M;)icr, with centered independent incre-
ments and generating the filtration (F;);cr, satisfies

E[(M, — MS>2‘~7:S] = E[(M; — Ms>2]7 0<s<t,
hence the following remark.

Remark 4.2. A square-integrable process (M;);er, with centered indepen-
dent increments is a normal martingale if and only if

E[(M;, — M) =t—s, 0<s<t.

In our presentation of stochastic integration we will restrict ourselves to nor-
mal martingales. As will be seen in the next sections, this family contains
Brownian motion and the standard compensated Poisson process as particu-
lar cases.

Remark 4.3. A martingale (My);cr, is normal if and only if (M? — t)icr, is
a martingale, i.e.

E[M? —t|F]=M? -5 0<s<t.
Proof. This follows from the equalities

E[(M; — M,)*|F] — (t —s)

= E[M? — M2 — 2(M; — M,)M|F] — (t — s)

= E[M? — M2|F,] — 2M,JE[M; — M/|F.] — (t — s)
= E[M?|F.] -t — (E[MZ|F] — s).

ad

Throughout the remainder of this chapter, (M;);er, will be a normal
martingale.

We now turn to the Brownian motion and the compensated Poisson process
as the fundamental examples of normal martingales. Our starting point is
now a family (&,)nen of independent standard (i.e. centered and with unit
variance) Gaussian random variables under 7y, constructed as the canonical
projections from (RY, Bgw, yy) into R. The measure vy is characterized by its
Fourier transform
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a—E |:ei<f7a>z2(N):| = [eiz‘;":o fnan:|

oo
- [[e
n=0
_1 2
—e QH(XHZQ(N)7 o€ 62(N),

e. (€, a)p2qy) is a centered Gaussian random variable with variance [|a|7 ()
Let (en)nen denote an orthonormal basis of L?(R).

Definition 4.4. Given u € L?(R) with decomposition

o0

u = Z<u7 en>en7

n=0

we let J; @ L2(Ry) — L2(RY,4") be defined as

u) = &nfu,en).
n=0

We have the isometry property

NE

B[J1(w)]’] = Y [(u, en)"E[|&:|°] (4.2)

=~
Il
o

2

M

[{u; €n)|

B
Il
o

|UH%2(R+)7

and

[ul } H]E[lg”“e"}

n=0

o0
1 2
- H e_ 2 <u7€7L)L2(R+)

n=0

1
= exp (—llulie,) )

hence Ji (u) is a centered Gaussian random variable with variance ||u||2LZ(R+).
Next is a constructive approach to the definition of Brownian motion, using

the decomposition
o t
1[0,t] = Zen/ en(s)ds
n=0 0
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Fig. 8 Sample paths of one-dimensional Brownian motion.

Definition 4.5. For all t € R, let
oo ¢
Buw) = hi(1g) = 3 €a(w) / en(5)ds. (4.3)
n=0 0

Clearly, B; — Bs = J1(1[s4) is a Gaussian centered random variable with
variance:

E[(B; - Bs)*] = E[|/i (10| = s, ll72@,y =t — 5, (4.4)
cf. Figure 8. Moreover, the isometry formula (4.2) shows that if uy, ..., u, are
orthogonal in L?(R;) then Jy(u1),...,Ji(u,) are also mutually orthogonal

in L2(£2), hence from Corollary 16.1 of Jacod and Protter [JP00], we get the
following.

Proposition 4.6. Let uy,...,u, be an orthogonal family in L*(R.), i.e.
(uisuj) e,y =0,  1<i#j<n.

Then (Ji(ui),...,Ji(uy)) is a vector of independent Gaussian centered ran-
dom variables with respective variances ||u1\|%2(R+)7 ce ||u1||2L2(R+).

As a consequence of Proposition 4.6, (B;);cr, has centered independent in-
crements hence it is a martingale.
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Moreover, from Relation (4.4) and Remark 4.2 we deduce the following
proposition.

Proposition 4.7. The Brownian motion (By)ier, s a normal martingale.

The n-dimensional Brownian motion will be constructed as (B}, ..., Bl')cr,
where (B} )icr, , - - -.(B}')icr, are independent copies of (By)ser, , cf. Figure 9
and Figure 10 below.

The compensated Poisson process provides a second example of normal
martingale. Let now (7, ),>1 denote a sequence of independent and identically
exponentially distributed random variables, with parameter A > 0, i.e.

E[f(Tlv"'>Tn)] :/\n/ / eiA(SlJrMJrS")f(Slz---asn)d51"'d5n7
0 0

for all sufficiently integrable measurable f : R — R. Let also
T7L:Tl+"'+7—n7 n > 1.

We now consider the canonical point process associated to the family (T%)r>1
of jump times.

Definition 4.8. The point process (N;);cr, defined as

Nei=> 1 00)(t),  teRy (4.5)
k=1

is called the standard Poisson point process.

The process (N;)ier, has independent increments which are distributed ac-
cording to the Poisson law, i.e. for all 0 <tg <ty <--- < t,,

(Nt; — Negyoo oy Ny, — Nip )

is a vector of independent Poisson random variables with respective para-
meters

()‘(tl - t())a teey A(tn - tnfl))'

We have IE[N;] = M and Var[N; = X, ¢ € Ry, hence according to
Remark 4.2, the process A™'/2(N; — \t) is a normal martingale.

Compound Poisson processes provide other examples of normal martin-
gales. Given (Yj)r>1 a sequence of independent identically distributed ran-
dom variables, define the compound Poisson process as

Ny
X, = ZYk, teR,.
k=1
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The compensated compound Poisson martingale defined as

Xy — ME[Y)]

= . teRy,
VAVar[y;] -

t

is a normal martingale.

4.2 Stochastic Integration

In this section we construct the Itd stochastic integral of square-integrable
adapted processes with respect to normal martingales. The filtration (F;)cr,
is generated by (M;)er,

Fi=0(Ms : 0<s<1t), teR,.
A process (Xt)te]R+ is said to be Fy-adapted if X; is F;-measurable for all
teRy.

Definition 4.9. Let L” ,(2xR,), p € [1, 00], denote the space of F;-adapted
processes in LP(£2 x Ry).

Stochastic integrals will be first constructed as integrals of simple predictable
processes.

Definition 4.10. Let S be a space of random variables dense in L?(£2, F, P).
Consider the space P of simple predictable processes (u;)er, of the form

n

Uy = ZFil(t;Ll,ty](t)a te Ry, (4.6)
i=1
where F; is Fy» -measurable, i =1,...,n.

One easily checks that the set P of simple predictable processes forms a linear
space. On the other hand, from Lemma 1.1 of Tkeda and Watanabe [ITW89],
p- 22 and p. 46, the space P of simple predictable processes is dense in
LP (2 xRy) for all p > 1.

Proposition 4.11. The stochastic integral with respect to the normal mar-
tingale (My)ier. , defined on simple predictable processes (u;)ier, of the form
(4.6) by

n

/ updMy = Fi(My, — My, ), (4.7)

0 i=1

extends to u € L2 ,(2 x Ry) via the isometry formula

E UOOO wdM, /OOO vtht} - FE UOOO utvtdt} . (4.8)
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Proof. We start by showing that the isometry (4.8) holds for the simple
predictable process u = 2?21 Gil,_ 4, With 0 =tg <11 <ty

[ ([ wane) | = | (S - w)

=E Z ‘GZ‘Q(ME - Mtil)Q]

i=1

+2E Z GiGj(My, — My, )(My; — My, )
1<i<j<n
= ZIE ‘G‘ Mt _Mtz 1) |‘7:ti—1H
—+2 Z GiGj(Mti - Mti,l)(Mtj - Mtj—1)|ftj—lﬂ
1<i<j<n
- ZE[|G1|2]E[(Mt1 - Mt171>2|fti71“
=1
+2 > E[GiG(My, — My, )E[(M,, — My, ,)|F,_,]]
1<i<j<n
=B > |Gt - ti—l)]
=1

= B[lullZ:@,)]

The stochastic integral operator extends to LZ,(2 x Ry ) by density and a
Cauchy sequence argument, applying the isometry (4.8). O

Proposition 4.12. For any u € L?;(£2 x Ry) we have

E {/ usd Mg
0

In particular, fot usdMs is Fy-measurable, t € R .

t
t:| :/ ’LLSCU\IS7 t€R+
0

Proof. Let u € P have the form u = G1(,;), where G is bounded and F,-
measurable.

i) If 0 < a <t we have

E {/ usdMs
0

] — E[G(M, - M,)|F]
— GE[(M, - M,)|F]
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= GE [(My — M,)|F;] + GE[(M; — M,)|Fi]
- G(Mt - Ma)

= /000 1j0,4(8)usd M.

ii) If 0 < t < a we have for all bounded F;-measurable random variable F':
E [F /OOO udes] =E[FG(M, — M,)] =0,

hence

E U usdM,
0

This statement is extended by linearity and density, since from the continuity
of the conditional expectation on L? we have:
2

t o]
E l(/ wsdM, — E U usdM,
0 0
i t o] 2
= lim E (/ uydMg — IE {/ usdMyg ft}) ]
n— 00 0 0
i 0o oo 2
= lim E (]E {/ udM, 7/ usd M .7-}}) ]
n—oo 0 0

e} %) 2
< lm E |E l(/ ungsf/ uSdMS> ’]-‘tH

o )
< lim E (/ (ul us)dMs> ]

= lim E / |u?us|2ds]
0

.7-}] — B[G(My — M,)|F] = 0 = / 10,4 (s)usdM,.
0

n—oo

a

In particular, since Fo = {0, 2}, the It6 integral is a centered random variable
by Proposition 4.12, i.e.

E UOOO udes} ~0. (4.9)

The following is an immediate corollary of Proposition 4.12.
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Corollary 4.13. The indefinite stochastic integral (fot uSdMs) of u €
teR 4

L2,(2 x Ry) is a martingale, i.e.:

t
E [/ wr-dM,
0

Clearly, from Definitions 4.5 and (4.7), J1(u) coincides with the single sto-
chastic integral I (u) with respect to (B;)icr, -

On the other hand, since the standard compensated Poisson martingale
(My)ier, = (Ny —t)ier, is a normal martingale, the integral

T
/ ’U,tht
0

is also defined in the Itd sense, i.e. as an L?(§2)-limit of stochastic integrals
of simple adapted processes.

fs] = / wrdM,., 0<s<t.
0

4.3 Quadratic Variation

We now introduce the notion of quadratic variation for normal martingales.

Definition 4.14. The quadratic variation of (AM;);cr, is the process
([M, M}t)teﬂh defined as

t
[M,M]; = M? — 2/ MydMs,  teR,. (4.10)
0
Let now
" ={0=ty <ty <---<ty_, <tp =t}
denote a family of subdivision of [0, ¢], such that |7"| := max;=1,. [t} —17 4]

converges to 0 as n goes to infinity.
Proposition 4.15. We have
n
(M, M]; = lim > (Mg — Myn )%, >0,

n—o0 4
i=1

where the limit exists in L?(§2) and is independent of the sequence (7™)nen
of subdivisions chosen.

Proof. As an immediate consequence of the definition 4.7 of the stochastic
integral, we have

t
MS(MthS):/ M.dM,, 0<s<t,
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and

)

[M M]t? — [M M]t?—1 E M’%L _ Méll —9 Mdes

hence

E ([M, M]t — i:(Mt? _ Mt?'1)2>

i=1

n 2
- (ZU\L Mg = [M, Mgz, — (Miy — Mt?1>2>

i=1

[ 2
n t
=4 (Z /0 L) () (M Mtyl)dMé)
i=1

n tZL

=4E Z (MS _ Mt;‘])ZdS]

Li=1 2

n t;"
=4IE Z/ (s_tln—1>2d8‘|

Li=1 7/t

—1
< 4t|x|.

Proposition 4.16. The quadratic variation of Brownian motion (By)icr,
[B,B]; =t, teR,.

Proof. (cf. e.g. Protter [Pro05], Theorem I-28). For every subdivision {0
o < -+ <t =1t = t} we have, by independence of the increments
Brownian motion:

1S

of
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n

— ]E Z tn n

=0
< tn|B[(Z* - 1)7],

where Z is a standard Gaussian random variable. O

A simple analysis of the Poisson paths shows that the quadratic variation of
the compensated Poisson process (My)ier, = (N — t)ier, is

[M,M]y = Ne,  teRy.
Similarly for the compensated compound Poisson martingale

X — ME[Y]

: ., teRy,
T /AVaryy] -
we have
Ny
M, M), => Wif’, teRy.
k=1

Definition 4.17. The angle bracket (M, M), is the unique increasing process
such that

Mt27<M7M>t7 tER+7
is a martingale.

As a consequence of Remark 4.3 we have
(M, M) =t, teRy,
for every normal martingale. Moreover,
[M, M)y — (M, M)y, teRy,

is also a martingale as a consequence of Remark 4.3 and Proposition 4.12,
since by Definition 4.14 we have

t
[M, M)y — (M, M), = [M,M]; —t = M? —t — 2/ MydMs,  teER,.
0
(4.11)

Definition 4.18. We say that the martingale (M;);cr, has the predictable
representation property if any square-integrable martingale (X;);cr, with
respect to (F;)ier, can be represented as

t
Xt:X0+/ usdM;,  teR,, (4.12)
0
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where (u;)ier, € L24(£2 x Ry) is an adapted process such that ulp 1 €
L?(2 x Ry) for all T > 0.

It is known that Brownian motion and the compensated Poisson process have
the predictable representation property. This is however not true of compound
Poisson processes in general.

Definition 4.19. An equation of the form

t
(M, M), =t+ | ¢sdM,, teR,, (4.13)
0

where (¢;)iecr, is a square-integrable adapted process, is called a structure
equation, cf. Emery [E90].

As a consequence of (4.11) and (4.12) we have the following proposition.

Proposition 4.20. Assume that (M;)icr, is in L*(£2) and has the pre-
dictable representation property. Then (My)ier, satisfies the structure equa-
tion (4.13), i.e. there exists a square-integrable adapted process (¢¢)icr, such
that

t
[MvM}t:t+/ psdM, teRy.
0

Proof. Since ([M, M]; —t)icr, is a martingale, the predictable representation
property shows the existence of a square-integrable adapted process (¢;)ier,
such that

t
[M7M}t—t:/ ¢édMé, t€R+
0

In particular,

a) the Brownian motion (By)icr, satisfies the structure equation (4.13)
with ¢; = 0, since the quadratic variation of (B;)ier, is [B,B]; = t,
t € R,. Informally we have AB, = £/ At with equal probabilities 1/2.
b) The compensated Poisson martingale (M;)icr, = ANy — t/A*)ser,,
where (Ny);er, is a standard Poisson process with intensity 1/A\? satisfies
the structure equation (4.13) with ¢ = A € R, t € R, since

[M, M]; = >Ny =t + A\M, t € Ry.

In this case, AM; € {0,\} with respective probabilities 1 — A2 At and
A2 AL

The Azéma martingales correspond to ¢, = SM;, 8 € [—2,0), and provide
examples of processes having the chaos representation property, but whose
increments are not independent, cf. Emery [EQO]. Note that not all normal
martingales have the predictable representation property. For instance, the
compensated compound Poisson martingales do not satisfy a structure equa-
tion and do not have the predictable representation property in general.
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4.4 Ité’s Formula

We consider a normal martingale (M;);cr, satisfying the structure equation
d[M, M), = dt + ¢dM;.

Such an equation is satisfied in particular if (M;);cr, has the predictable
representation property, cf. Proposition 4.20.

The following is a statement of It6’s formula for normal martingales, cf.
Emery [EQO}7 Proposition 2, p. 70.

Proposition 4.21. Assume that ¢ € LRy x(2). Let (X;)ier, be a process
given by

t t
X: = Xo +/ wsd M, +/ vsds, (4.14)
0 0

where (us)scr, , (Vs)scr, are adapted processes in L2 ([0, t] x 2) for all t > 0.
We have for f € C12(Ry x R):

ft, X)) — f(0,Xo) = I X +¢SZf) *f(S’XS’)dMS (4.15)
t f(87 X5+ ¢sus) - f(svxs) - ¢sus af (37Xs)
Jr/ ox ds
0 (bz
t 8f t 8f
+ o (s, Xs)vsds + s (s, Xs)ds.

If ¢s = 0, the terms
f(Xs* + ¢sus) - f(Xs*>
bs

and

f(Xs + ¢sus) - f(Xs) - ¢susf/(Xs)
03

can be replaced by their respective limits usf'(Xy-) and Ju?f"(X,-) as
¢s — 0.

Examples

i) For the d-dimensional Brownian motion (B;)icr,, ¢ = 0 and the It6
formula reads

F(Bu) = £(Bo) + /(:(Vf( / Af(B
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for all C? functions f, hence
Tif(z) = E[f(By)]
—E. |10+ [ (VF(B).d5) +

el o
/]EAf

= 1)+ [ mAs@s

0

tAf(Bs)dS}

0

1
and as a Markov process, (By)icr, has generator _A.

ii) For the compensated Poisson process (N; — t);er, we have ¢, = 1,
s € Ry, hence

f(Nt_t):f(0)+/0 (f(L+ Ny= = s) = f(Ny= — 5))d(Ns — )

T / (F(L+ Ny — ) — f(Ns — 8) — J/(Ns — ))ds,

0

which can actually be recovered by elementary calculus. Hence the gener-
ator of the compensated Poisson process is

Lf(z)=flz+1) = fz) = f(2).

From It6’s formula we have for any stopping time 7 and C? function u, under
suitable integrability conditions:

Balu(B)] = o) + B, | [ (VB a8)] + 5. | [ aumas
=u(z) + E, {/000 1< (Vu(Bs), dBQ} + ;]Ez {/OT Au(Bs)ds]
=u(z) + ;]Em {/OT Au(BS)ds] , (4.16)
which is called Dynkin’s formula, cf. Dynkin [Dyn65], Theorem 5.1. Let now

c:Ry xR*" - RYI@R"

and
b:Ry xR" — R

satisfy the global Lipschitz condition
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lo(t, ) —a(t,y)|I* + [Ib(t, ) — b(t, y)||* < K?|lz - yl|?,

t € Ry, z,y € R™. Then there exists (cf. e.g. [Pro05], Theorem V-7) a unique
strong solution to the stochastic differential equation

t t
X, = Xo +/ o (s, X,)dBy +/ b(s, X,)ds,
0 0

and (X;)er, is a Markov process with generator

1 n 92 n 9
L= 9 ijZ:1 A, (t7 l‘) 8.’1718.'1,‘] + ; bz(t7 .’17) 8.’171 )

where a = o1 0.

4.5 Killed Brownian Motion

Let D be a domain in R?. The transition operator of the Brownian motion
(BP)te(0,7op) Killed on 0D is defined as

(CL‘ A) (B €A, TaD>t)

where
Top = inf{t >0 : B, € 9D}

is the first hitting time of D by (B;)iecr, . By the strong Markov property
of Definition 3.4 we have

PL(Bt€A> (BtEAt<TaD)+P(Bt€At>TQD>
=gq (a: A)+P (By € At > 1sp)
= qP (2, A) + Eu[L{p,ea} L tzrop )
= ¢/ (2, A) + B [E[1{,eayLiizrop} | Fropll
= QtD(va) +]Ez[1{t>TaD}]E[1{BteA}1{t>T8D} ‘ ‘FTBDH
= g7 (@, A) + Bo[L{zry ) B1s,_, ey | Bo = 2lo=p,,, ]
= th(va) —+ EL[Tt—TaDlA(BgD>1{t>TaD}}
hence
(x A) (Bt € A) [Tt*TaDlA(BgD)l{tZTaD}]a

and the killed process has the transition densities

ptD(x7y) = pt(%?%) - ]Ex[pt—TaD(BgD7y)l{tZTaD}L T,y € D7 t>0.
(4.17)
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The Green kernel is defined as

9p(z,y) :=/ pP (z,y)dt,
0

and the associated Green potential is

Gonle) = [ g(a.y)ntdy)
0
with in particular
Gpf(z) =E {/ f(Bt)dt]
0

when u(dx) = f(x)dx has density f with respect to the Lebesgue measure.
When D = R"™ we have 79p = oo a.s. hence Ggrr» = G.

Theorem 4.22. The function (z,y) — gp(x,y) is symmetric and continuous
on D?, and x — gp(x,y) is harmonic on D\{y}, y € D.

Proof. For all bounded domains A in R", the function Gply4 defined as

Gpla(z) = /n gp(z,y)1a(y)dy = E, {/OTBD 1A(Bt)dt}

has the mean value property in D\ A, and the property extends to gp by
linear combinations and an limiting argument. a

From (4.17), the associated A-potential kernel (3.4) is given by

Pay) = / T N y)dt = gh(ay) + / P dz),  (4.18)

where -
gp (. y) ::/ e Mg (z,y)dt,
0

and
hi‘)(.’lﬁ A) =1, [e_ATaD1{BTDBD€A}1{7'3D<OO}}'
5 Probabilistic Interpretations

5.1 Harmonicity

We start by two simple examples on the connection between harmonic func-
tions and stochastic calculus. First, we show that Proposition 2.2, i.e. the fact
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that harmonic functions satisfy the mean value property, can be recovered
using stochastic calculus. Let

7 =inf{t e Ry : B, € S(z,7)}
denote the first exit time of (B;);cr, from the open ball B(x,r).

Due to the spatial symmetry of Brownian motion, B, is uniformly dis-
tributed on S(x,r), hence

Bafu(B) = [ ateoray)

where o7, denotes the uniform surface measure on the sphere S(z, 7).
On the other hand, from Dynkin’s formula (4.16) we have

1 Tr
Eﬁﬂ%ﬂ:M@+2E{/ Amam4.
0
Hence the condition Au = 0 implies the mean value property
u@ = [ uloydn) (5.1)
S(z,r)
and similarly the condition Au < 0 implies
wwz/?)MWﬁ@» (5.2)
S(z,r

From Remark 3, page 134 of Dynkin [Dyn65], for all n > 1 we have

;Au(@ = lim E;[u(Br,,,)] - u(@)

, 5.3
n—o0 By [71/n] (5:3)

which shows conversely that (5.1), resp. (5.2), implies Au < 0, resp Au = 0,
which recovers Proposition 2.2.
Next, we recover the superharmonicity property of the potential

RM@)Awnﬂ@ﬁ (5.4)

e[l

:/ F@)pe(a, y)dedy
0 R™

n—2

=" [ iy, sern
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Proposition 5.1. Let f be a non-negative function on R™. Then the potential
Rof given in (5.4) is a superharmonic function provided it is C*> on R".

Proof. For all r > 0, using the strong Markov property (3.5) we have

o) = B | OTTf(Bt)dt: +E, UTOO f(Bt)dt}

_E, | OTT f(Bt)dt: +E, {]E {/TOO f(Bt)dt’Br,-H

Tr

—, | [ sBd] + Ele(B,))

L/ O

> E.[g(B-,)]

- / a()o (dy),
S(z,r)

which shows that g is A-superharmonic from Proposition 2.2. O

Other non-negative superharmonic functionals can also be constructed by
convolution, i.e. if f is A-superharmonic and ¢ is non-negative and sufficiently
integrable, then

v g)f(z —y)dy

is non-negative and A-superharmonic.
We now turn to an example in discrete time, with the notation of (3.1).

Here a function f is called harmonic when (I — P)f = 0, and superharmonic
it (I —P)f>0.

Proposition 5.2. A function f is superharmonic if and only if the sequence
(f(Xn))nen is a supermartingale.

Proof. We have
E[f(Xm) | fn} - ]E[f(men) | Xo = x]:r:X

= m—nf(Xn>
< f(Xn)

n

5.2 Dirichlet Problem

In this section we revisit the Dirichlet problem using probabilistic tools.

Theorem 5.3. Consider an open domain in R™ and f a function on R™, and
assume that the Dirichlet problem
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Fig. 9 Sample paths of a two-dimensional Brownian motion.

Au =0, rzeD,
u(z) = f(x), x € 0D,
has a C? solution w. Then we have

’LL($) = Ez[f(BTaD)]a x €D,

where
Top = inf{t >0 : B, € 9D}

is the first hitting time of 0D by (By)er, -

Proof. For all r > 0 such that B(z,r) C D we have

u(z) = Eo[f(Br,, )]
- ]E(E[]E[f(BTGD) ‘ B"'TH
= Eq[u(Br, )]

— [ uwoiy), =D,
S(z,r)

hence u has the mean value property, thus Au = 0 by Proposition 2.2.
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5.3 Poisson Equation

In the next theorem we show that the resolvent

Baflo) = . [ [ e smoa]

0

= / e M, f(z)dt, = eR",
0

solves the Poisson equation. This is consistent with the fact that Ry = (A —
A/2)7Y cf. Relation (3.3) in Theorem 3.2.

Theorem 5.4. Let A > 0 and f a non-negative function on R™, and assume
that the Poisson equation

;Au@)—wa%:—f@L TR, (5.5)

has a C? solution u. Then we have
u(z) = E, {/ eAtf(Bt)dt} , x € R"™.
0

Proof. By It6’s formula,
t
e Mu(By) :u(Bo)+/ e (Vu(By), dB,)
0
1 ! —As ! —As
+2 e Y Au(Bs)ds — N [ e u(Bs)ds
0 0

t ¢
, 1 ,
= u(By) +/ e (Vu(By),dB,) — ) / e f(B,)ds,
0 0
hence by taking expectations on both sides and using (4.9) we have
1 t
e ME,[u(B;)] = u(x) — 2]El. [/ e_Asf(Bs)dS] 7
0
and letting ¢t tend to infinity we get

Ozwﬂ—;E{/wf“ﬂ&M%.

0

g

When A = 0, a similar result holds under the addition of a boundary condition
on a smooth domain D.
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Fig. 10 Sample paths of a three-dimensional Brownian motion.

Theorem 5.5. Let f a non-negative function on R™, and assume that the
Poisson equation

Jdu(r) = —f(x),  weD,
(5.6)

has a Cb2 solution w. Then we have

uw(z) = B, UOD f(Bt)dt] . zeD.

Proof. Similarly to the proof of Theorem 5.4 we have
t 1 t

w(Bt) = u(By) +/ (Vu(Bs),dBs) + ) / Au(Bs)ds
0 0

:u(B0)+/0 (Vu(Bs),dBS>f/0 F(B.)ds,

hence

0= Eulu(B0)] = ulo) - B |1 [ 805

We easily check that the boundary condition u(x) = 0 is satisfied on z € 9D
since Tpp = 0 a.s. given that By € dD. |

The probabilistic interpretation of the solution of the Poisson equation can
also be formulated in terms of a Brownian motion killed at the boundary 9D,
cf. Section 4.5.
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Proposition 5.6. The solution u of (5.6) is given by

u(w) = Gpf(@) = [ gp(e.)fw)idy,  xeD.
where gp and Gp f are the Green kernel and the Green potential of Brownian
motion killed on 0D.

Proof. We first need to show that the function gp is the fundamental solution
of the Poisson equation. We have

E, UOT@D 1A(Bt)dt} = E, /Om 1A(BtD)dt}

ToD
0

r o0

L/ O

= / P.(BP € A)dt
0

hence

n

u(e) = e { [ f<BtD>dt} =Goi@) = [ an(r.0 i)y
O

The solution of (5.6) can also be expressed using the A-potential kernel g*.

Proposition 5.7. The solution u of (5.5) can be represented as
u(z) :/ e’”/ a; () f (y)dydt
0 n

b [ 1w [ P il

r€D.
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Proof. From (4.18) we have
u(z) = Ry f(x)
— [ Pawsoay

:/n g%(x,y)f(y)dy+/" f(y)/” P o) (o d2)dy
= - e—)\t D "
*/0 / a (v, y) f(y)dydt

t [ 1w [ P il

In discrete time, the potential kernel of P is defined as
=3 r
n=0
and satisfies
Gf(x) =T, lZ f(Xn>] :
n=0
ie.

Gla(z) = ipm({xn € A}).

n=0

The Poisson equation with second member f is here the equation
(I-Pu=f

Let
p=inf{n>1 : X, € D}
denote the hitting time of D C E. Then the function

™D

Zf(Xk)]a IEGE,

k=1

u(z) :=E,

solves the Poisson equation
(I = Pu(z) = f(x), z€E,

u(z) =0, zxeD.

53
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5.4 Cauchy Problem

This section presents a version of the Feynman-Kac formula. Consider the
partial differential equation (PDE)

ou 1
t,x) = _Au(t,z) — V(z)u(t,x
{m() JAult,z) - V(w)ult, ) .

u(0,z) = f(x).

Proposition 5.8. Assume that f,V € Cp(R™) and V is non-negative. Then
the solution of (5.7) is given by

u(t,z) = IE, [exp < /t V(Bs)ds) f(Bt)] , teRy, zeR" (5.8)
0
Proof. Let
R t
T f(z) = E, [exp <—/ V(Bs)ds) f(Bt)} , teRy, zeR"
0
We have

Tieaf @) = B oo (= [ V(B 108

0

—E, :eXp <— /O tV(Bu)du> exp <— /t t+sV(Bu)du> f(Bt+s)]
)

=FE, :]E {exp ( /0 t+sV(Bu)du f(Bits) ]-‘tH

= FE, :exp ( / tV(Bu)du E {exp ( /t HSV(Bu)du) F(Biys)

0

gl
w1,

I
~——

E. [exp ( /OtV(Bu)du E |exp ( /OSV(Bu)du> F(B,)

= Tthf(x)7

hence (T}):er . has the semigroup property. Next we have

Tl =1 1 (i, foxp (~ [ Vi) s050] - 160

= LELI(B)] - f@) + {exp ( / t V<Bu>du) f(Bt)] +oft),

t 0
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hence ~
dT; 1
o l=0f (@) = JAf(@) = V(@) f(z),  z€R (5.9)

and u given by (5.8) satisfies

ou - th
) = ()

dT;
de 1=
(;A - V(x)) Tof(2)

;Au(t, 2) = V(@)u(t,z).

Oth(x)

Moreover, (5.9) also yields

| s = @+, [ [ At nds
1@+ [ [ s Ao iys

for all sufficiently regular functions f on R™, where p;(z,y) is the Gaussian
density kernel. Hence we get, after differentiation with respect to t,

Opy
ot

From (5.10) we recover the harmonicity of h, on R"\{y}:

(z,y) = ;Azpt(:my). (5.10)

Aghy(z) = Al./ pe(x,y)dt
0
0
> Opt
=2 dt
| o)

t—o0 t—0
= ()7

provided x # y. The backward Kolmogorov partial differential equation

ou 1
- t,x) = _Au(t,z) — V(z)ult, x),

O(tw) = dult,2) — V(wul, ) -
u(T,z) = f(z),

can be similarly solved as follows.
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Proposition 5.9. Assume that f,V € Cp(R™) and V is non-negative. Then
the solution of (5.11) is given by

u(t,z) =E lexp (—/t V(Bs)ds> f(BT)‘Bt =z|, (5.12)

teRy, z € R™.

Proof. Letting u(t, z) be defined by (5.12) we have

exp < /Ot V(Bs)ds> u(t, By)
— exp <— /Ot V(Bs)ds) E [exp (— /tT V(Bs)ds> f(BT)’]-‘t]
exp (— /OT V(Bs)ds> f(BT)‘]-}} ,

t € Ry, x € R™ which is a martingale by construction. Applying It6’s formula
to this process we get

exp < /0 t V(Bs)ds) u(t, By)

=u(0, By) + /Ot exp < /OS V(BT)dT> (Vyu(s, Bs),dBs)

t s
+;/ exp </ V(BT)dT> Azu(s, Bs)ds
0 0

/tV(BS)eXp ( /SV(BT)dT> u(s, By)ds

0 0

t s
—I—/ exp (—/ V(BT)d7'> 8uu(s,Bs)ds.
0 0 s

The martingale property shows that the absolutely continuous finite variation
terms vanish (see e.g. Corollary II-1 of Protter [Pro05]), hence

E

ou
0s

which leads to (5.11). |

1
2Amu(s7 Bs) — V(Bs)u(s, Bs) + (s,Bs) =0, seRy,
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5.5 Martin Boundary

Our aim is now to provide a probabilistic interpretation of the Martin bound-
ary in discrete time. Namely we use the Martin boundary theory to study
the way a Markov chain with transition operator P leaves the space F, in
particular when E is a union

E= GEn

n=0

of transient sets F,, n € N. We assume that F is a metric space with dis-
tance § and that the Cauchy completion of E coincides with its Alexandrov
compactification (E, &).

For simplicity we will assume that the transition operator P is self-adjoint
with respect to a reference measure m. Let now GG denote the potential

o0

Gf(x) :=ZP"f(x), rekE.

n=0

with kernel g(-,-), satisfying

Gf(x) = /E fWg(e,y)ym(dy), € E,

for a given reference measure m. Fix xg € E;. For f in the space C.(E) of
compactly supported function on F, define the kernel

_ 9(=z,2)
kyo(x,2) = o 20)" T,z € F,
and the operator
_ Gfx) _
K, f(z):= o(z,0) /Ekzo(:c,z)f(z)m(dz), r € k.

Consider a sequence (fy,)nen dense in C.(E) and the metric defined by
d(2,y) =Y CalKaofu(@) = Koo fu(y)],
n=1
where ((,)nen is a sequence of non-negative numbers such that

D Gl K folloo < 0.

n=1
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The Martin space F for X started with distribution 7m is constructed as the
Cauchy completion of (E,d + d). Then K, f, f € C.(E), can be extended
by continuity to E since for all € > 0 there exists n € N such that for all
x,y € F,

|KLof(x) - KLof(y)‘
< e+ Gad(2,y),

and, from Proposition 2.3 of Revuz [Rev75], the sequence (K, fn)nen is dense
in {K,f : feCAE)}.

If x € AE, a sequence (T,)neny C F converges to x if and only if it
converges to point at infinity & for the metric § and (K, f (2 ))nen converges
to K, f(x) for every f € C.(FE). Finally we have the following result, for which
we refer to [Rev75].

Theorem 5.10. The sequence (X, )nen converges Py, -a.s. in E and the law
of Xoo under Py, is carried by AE.
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Introduction to Random Walks
on Noncommutative Spaces

Philippe Biane

Abstract We introduce several examples of random walks on noncommuta-
tive spaces and study some of their probabilistic properties. We emphasize
connections between classical potential theory and group representations.

1 Introduction

Whereas random walks form one of the most investigated class of stochastic
processes, their noncommutative analogues have been studied only recently.
In these lectures I will present some results on random walks which take their
values in noncommutative spaces. The notion of a noncommutative space has
emerged progressively from the development of quantum physics, see e.g. [C].
The key idea is to consider not the space itself but the set of real, or complex
functions on it. For a usual space, this forms an algebra, which is commu-
tative by nature. A noncommutative space is given by a noncommutative
(usually complex) algebra which is to be thought of as the algebra of com-
plex functions on the space. We shall explain this idea in more details in
section 2, and in particular define noncommutative probability spaces. Once
noncommutative spaces have been defined in this way it is easy to define ran-
dom variables, and stochastic processes taking their values in these spaces.
Rather than starting an abstract theory, these lectures will consist mainly in
a collection of examples, which I think show that this notion is interesting
and worth studying. We shall begin with the most simple stochastic process
namely the Bernoulli random walk. We shall show how to quantize it in
order to construct the quantum Bernoulli random walk. Simple as it is this

P. Biane

Institut d’électronique et d’informatique Gaspard-Monge, 77454 Marne-la-Vallée Cedex 2,
France

e-mail: biane@Quniv-mlv.fr

U. Franz, M. Schiirmann (eds.) Quantum Potential Theory. 61
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noncommutative stochastic process exhibits quite deep properties, related to
group representation and potential theory. Actually interpreting it as a ran-
dom walk with values in a noncommutative space, the dual of SU(2), we will
be lead to define random walks with values in duals of compact groups. The
study of such random walks in the case of special unitary groups uncovers
connections with potential theory, in particular with the Martin boundary.
We will investigate more on these connections. From the Bernoulli random
walk we can take limit objects, as in the central limit theorem. One of these
objects is a noncommutative Brownian motion which we construct as a fam-
ily of operators on a Fock space and interpret then as a continuous time
stochastic process with independent increments, with values in the dual of
the Heisenberg group. We then extend this construction to more general
noncompact locally compact groups. Finally we will also start to consider
quantum groups in the last section.

The next section consists in preliminaries about C* and von Neumann
algebras and noncommutative spaces.

2 Noncommutative Spaces and Random Variables

2.1 What are Noncommutative Spaces?

The random walks that we are going to study take their values in noncom-
mutative spaces, so we should start by making this notion more precise. In
many parts of mathematics, one studies spaces through the set of functions
defined on them. There can be many kind of functions, e.g. measurable, inte-
grable, continuous, bounded, differentiable, and so on. Each property of the
functions reflects a property of the space on which they are defined. Some-
times, in probability theory for example, one is even not interested at all in
the space, but only in the functions themselves, the random variables. Also
very often the set of complex functions considered determines completely the
underlying space. This is the case for example for compact topological spaces,
determined by their algebra of continuous functions, or differentiable mani-
folds which are determined by their smooth functions. The common feature
shared by these situations is that all these spaces of complex valued func-
tions are commutative algebras. It has been realized, since the beginning of
quantum mechanics that one can obtain a better description of nature by
relaxing this commutativity hypothesis. Henceforth we shall consider a non
commutative space as given by a complex algebra, which plays the role of
space of functions on the space. We will see many examples throughout these
lectures. Some algebras may come equipped with a supplementary struc-
ture, for example an antilinear involution, a norm, a preferred linear form,
a topology, etc... Actually most of the times these algebras will be algebras
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of operators on some complex Hilbert space H, and the involution will be
given by the adjoint operation. We shall decribe the kind of algebras we will
consider, mainly C* and von Neumann algebras. We will use the language
and some basic results in the theory of these objects, but we will need no
deep knowledge of them. We will only assume that the reader is familiar with
the spectral theorem for selfadjoint operators on a Hilbert space. We refer
for example to the treatises [D1], [D2] or [T] for more details.

2.2 C* Algebras

A C* algebra is a normed #*-algebra which is isometric with a subalgebra of
the algebra B(H) of all bounded operators on some complex Hilbert space H,
stable under taking the adjoint, and closed for the operator norm topology.
Elements in a C*-algebra of the form aa* for some a € A are called positive.
Positive elements are exactly the selfadjoint positive operators which belong
to the algebra.

Let X be a locally compact topological space, then the algebra of complex
continuous functions on X, vanishing at infinity, is a C*-algebra, and the fa-
mous Gelfand-Naimark theorem states that any commutative C*-algebra is
isomorphic to such an algebra. The topological space is compact if and only if
the algebra has a unit, and there is a one to one correspondence between the
points of the space and the characters of the algebra, that is, the continuous
algebra homomorphisms with values in the complex numbers, or equivalently
with the maximal closed ideals, therefore the space is unique up to home-
omorphism and can be recovered from the algebra. It is usually denoted
by spec(A) if A is the C*-algebra. Thus we should think of a C*-algebra
as providing the algebra of continuous functions on some noncommutative
space. Note that C* algebras are closed under continuous functional calcu-
lus, namely if a is a self-adjoint element in a C* algebra, and f a continuous
functions on its spectrum, then the operator f(a) also belongs to the algebra
C'. This can be easily seen by approximating uniformly f by polynomials on
the spectrum of a.

If A C B(H) is a C*-algebra, then the multiplier algebra M (A) of A is the
set of all operators x such that A C A and Az C A. It is a C* algebra with
a unit, containing A. It coincides with A if and only if A has a unit. If A is
abelian, then M (A) is just the algebra of all bounded continuous functions on
spec(A). In the noncommutative situation, it corresponds to the Stone-Cech
compactification of the topological space underlying the algebra.

Continuous positive linear functionals on a C* algebra play the role of
positive bounded measures. Here positivity for a functional means that it
is positive on positive elements. Again in the commutative case, by Riesz’
theorem, such linear functionals correspond to finite positive Borel measures
on the underlying topological space. Positive linear functionals of norm one
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are called states, and correspond to probability measures in the commutative
case. A large supply of states is given by unit vectors in the Hilbert space on
which the C* algebra acts. Indeed any such vector i defines a state by the
formula

wy(a) = (ap,) a€A

Given a self adjoint element a in a C* algebra A, and a state o on A, there
exists a unique measure on R, with compact support, such that

o(f(a)) = /f(x)du(x) for all continuous f on R.

The support of this measure is included in the spectrum of a. The GNS
construction assigns to every C* algebra, with a continuous positive linear
functional o, a representation of the algebra on a Hilbert space. A linear
functional is called tracial if for any a,b € A one has 7(ab) = 7(ba).

Each continuous map between topological spaces f : X — Y gives rise
to a continuous algebra morphism ®@; : Co(Y) — Co(X);h — ho f, and
conversely any such algebra morphism comes from a continuous map, there-
fore one can think of a homomorphism between C* algebras as a continuous
map between the underlying noncommutative spaces (with the direction of
the arrows reversed). One must note however that there may exist very few
morphisms between two C* algebras. For example there does not exist any
nonzero homomorphism from the finite dimensional C* algebra M, (C) to
M, (C) if n > m. Indeed this is a purely algebraic fact, since M, (C) is
a simple algebra, if a homomorphism from M, (C) is not injective, then it
must be 0.

2.3 von Neumann Algebras

Let S be a subset of B(H), then its commutant S’ is the set of bounded
operators which commute with every element of S. A von Neumann algebra
is a subalgebra of B(H) which is closed under under taking the adjoint,
and is equal to its bicommutant, i.e. the commutant of its commutant. By
the von Neumann bicommutant theorem the von Neumann algebras are the
x-subalgebra of B(H), containing the identity operator, and closed for the
strong topology. Since the strong topology is weaker than the operator norm
topology any von Neumann algebra is also a unital C'* algebra, although
generally too large to be interesting as such.

A von Neumann algebra is closed under Borel functional calculus, namely
if a € M is self-adjoint and f is a bounded Borel function on the spectrum of
a, then f(a) belongs to M, and again, the same is true for f(ay,...,a,) where
ai,...,a, are commuting selfadjoint operators in the von Neumann algebra,
and f is a bounded Borel function defined on the product of their spectra.
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The nuance between C* algebras and von Neumann algebras can be grasped
by looking at the commutative case. Indeed commutative von Neumann al-
gebras correspond to measure spaces, more precisely any commutative von
Neumann algebra is isomorphic to the algebra L>°(X,m) where X is a mea-
sure space and m a positive measure (the algebra actually depends only on
the class of the measure). This statement can be seen as a reformulation
of the spectral theorem for commuting self-adjoint operators on a Hilbert
space. Therefore it is natural to think of von Neumann algebras as “algebras
of noncommutative random variables”. A normal state on a von Neumann
algebra is a positive linear form which is continuous for the o-weak topology
and takes the value 1 on the unit. It corresponds, in the commutative case,
to a probability measure, which is absolutely continuous with respect to the
measure m. We shall sometimes call a von Neumann algebra, with a normal
state, a “non commutative probability space”.

A weight on a von Neumann algebra is a map ¢ from the cone of posi-
tive elements of the von Neumann algebra to [0, +o0c], which is additive, and
homogeneous, i.e. p(Ax) = Ap(x) for x positive and real A > 0. A weight is
called normal if sup;c; ¢(z;) = @(sup(z;)icr) for every bounded increasing
net (z;)ier. Coming back to the commutative case, weights are positive, pos-
sibly unbounded measures, in the measure class of m. A weight u is called
finite if (1) < oo, in this case p is a multiple of a state.

Given a selfadjoint element, a € M and a normal state o on M, we denote
by pe the distribution of a, namely the measure such that

o(f(a)) = / F(@)dpa(2)

for all bounded Borel functions on spec(a). More generally if aq,...,a, is a
family of commuting self-adjoint operators in M, their joint distribution is
the unique probability measure g, ,... 4, on R™ such that

o(flar,... an)) = / F(@)dptan....0 ()

for all bounded Borel function f on R™.

Let N C M be a von Neumann subalgebra, and ¢ a state on M, then a
conditional expectation of M onto N is a norm one projection o(.|N) such
that o(a|N) = a for all a € N, o(abc|N) = ao(b|N)c for all a,c € N,b € M,
and o(o(b|N)) = o(b) for all b € M. Given M, N and o, such a map need
not exist, but it always exists, and is unique, if o is tracial.

We will consider spatial tensor products of von Neumann algebras. If
A C B(H) and B C B(K) are two von Neumann algebras, their algebraic
tensor product acts on the Hilbert space H ® K, and the spatial tensor prod-
uct of A and B is defined as the von Neumann algebra generated by this
tensor product. Given an infinite family of von Neumann algebras (A;;i € I)
equipped with normal states w; it is possible to construct an infinite tensor
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product ®;(A;,w;) which is a von Neumann algebra with a state ®;w;. One
considers operators of the form ®;cya; where a; € A; and a; # Id only for
a finite number of ¢ € I. These generate an algebra, which is the algebraic
tensor product of the A;. One can define a positive linear functional on this
algebraic tensor product by w(®;era;) = [[wi(a;). The GNS construction
then yields a Hilbert space H, with a pure state on B(H ), and the von Neu-
mann algebra tensor product is the von Neumann algebra in B(H) generated
by this algebraic tensor product.

2.4 Random Variables, Stochastic Processes
with Values in some Noncommutative Space

Given a von Neumann algebra M equipped with a normal state o, and a C*
algebra C, a random variable with values in C' (or, more appropriately, in the
noncommutative space underlying C), is a norm continuous morphism from
C to M. The distribution of the random variable ¢ : C' — M is the state
on C' given by o o p. If the algebra C' is commutative, then it corresponds to
some topological space, and the state o o ¢ to a probability measure on this
space. When C' = Cy(R) there exists a self-adjoint element a € M such that
o(f) = f(a) for all f € C, and we are back to the situation in the preceding
section, where the distribution of a was defined. We will call the state o o ¢
the distribution of the random variable ¢. More generally a family of random
variables with values in some noncommutative space, indexed by some set, is
a stochastic process.

If A and B are two C*-algebras, a positive map @ : A — B is a linear
map such that @(a) is positive for each positive a € A. When A and B are
commutative, thus A = Cy(X) and B = Cy(Y'), such a linear map can be
realized as a measure kernel k(y, dz) where for each y € Y one has a finite
positive measure k(y, dz) on X. If A and B are unital, and ¢(I) = I then this
kernel is a Markov kernel, i.e. all measures are probability measures. Thus
we see that the generalization of a Markov kernel to the non-commutative
context can be given by the notion of positive maps. It turns out however
that this notion is slightly too general to be useful and it is necessary to
restrict oneself to a particular class called completely positive maps.

Definition 2.1. linear map between two C* algebras A and B is called com-
pletely positive if, for all n > 0, the map ? ® Id: A ® M,,(C) — B® M, (C)
is positive. It is called unit preserving if furthermore ®(Id) = Id.

We shall consider semigroups of unit preserving, completely positive maps on
a C* algebra C. These will be indexed by a set of times which will be either
the nonnegative integers (discrete times) or the positive real line (continuous
time). Thus a discrete time semigroup of unit preserving, completely positive
maps on a C* algebra C will be a family (9, : C' — C),>0 of completely
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positive maps, such that @,, o @, = @, ,,. In continuous time we will have
a family (9;);cr, which satisfies @, 0 &, = @, . In the discrete time setting
one has @, = ($1)" and the semigroup is deduced from the value at time 1.
We shall denote generally the time set by 7" when we do not specify whether
we are in discrete or continuous time.

Definition 2.2. Let C' be a C* algebra, then a dilation of a semigroup
(®1)ter of completely positive maps on C'is given by a von Neumann algebra
M, with a normal state w, an increasing family of von Neumann subalgebras
My;t € T, with conditional expectations w(.|M;), and a family of morphisms
Jt : C — (M,w) such that for any t € T and a € C, one has j:(a) € M; and
for all s <t

W(je(@)|My) = (@1 (a)) (2.1)

A dilation of a completely positive semigroup is the analogue in noncommu-
tative probability of a Markov process, and the equation (2.1) expresses the
Markov property of the process: the conditional expectation of the future on
the past is a function of the present.

Given a completely positive semigroup and an initial state, a dilation al-
ways exists [S].

Consider a completely positive semigroup on a C* algebra C, and let
B C C be a commutative C* subalgebra, thus isomorphic to Cy(X) for
some locally compact topological space X. If the image algebras j;(B);t € T
generate a commutative von Neumann algebra N' C M, then there exists a
probability space (£2,F, P) such that (M,w) ~ L*(£2, F, P), and random
variables X; : 2 — X, corresponding to the morphisms j; restricted to
B, which form a classical stochastic process. If furthermore the C'* algebra
B is invariant by the completely positive semigroup, then this semigroup
defines a Markov semigroup of transition probabilities on the space X, and
the stochastic process (Xi)ier is a Markov process with these probability
transitions. This remark will be at the basis of many constructions of classical
stochastic processes starting from quantum ones.

Once a dilation of a completely positive semigroup is given, one can com-
pute, for times t; < --- < t,, and a1, ...,a, € C,

w(in (@) - Je, (an)) = 0(Pr, (a1(Pry 1, (a2(- - - Pt 1, (@n)) )

where 0 = w o jg is the initial state on C' (the distribution of the process
at time 0). Observe however that when the algebras j,(C);¢ € T do not
commute, this condition does not specifiy the values of

w(jt, (a1) - - G, (an))

when the times ¢1,...,%, are not ordered. We will say that two dilations
7MW wy and @ w,, are equivalent if one has

w1 @) 30 (an)) = w2 (@) 52 (an))
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where ¢1,...,1, is an arbitrary sequence of times (i.e. not necessarily in-
creasing) and ay,...,a, € C. Thus if C is a commutative algebra, then all
commutative dilations with the same initial distribution are equivalent, but
for a given semigroup of completely positive maps there may exist a lot of
non equivalent dilations. Actually we shall encounter in these lectures some
natural noncommutative dilations of Markov semigroups on classical spaces!
An important source of such dilations comes from restrictions: if B C C' is
a subalgebra and the completely positive semigroup leaves B invariant, then
the restriction of (j:)ier to the subalgebra B is a dilation of the restriction
of the completely positive semigroup.

3 Quantum Bernoulli Random Walks

3.1 Quantization of the Bernoulli Random Walk

Our first example of a quantum random walk will be the quantization of
the simple (or Bernoulli) random walk. This is just the random walk whose
independent increments have values +1. In order to quantize it we will replace
the set of increments {41} by its quantum analogue, namely the space of
two by two complex matrices, with its structure of C'*-algebra. The subset
of hermitian operators is a four dimensional real subspace, generated by the
identity matrix I as well as the three matrices

_ (01 (0~ (10
2=\10) = \io) 7“7 01

The matrices 0, 0y, 0, are the Pauli matrices. They satisfy the commutation
relations

[02,04] = 2i0,;  [0y,0.] = 2i0y; [0s,04] = 2i0y. (3.1)

The group SU(2) acts by the automorphisms A — U AU* on this C*-algebra.
We observe that this group is much larger than the group of symmetries of the
two points space (which consists just of a two elements group). This action
leaves the space generated by I invariant, and acts by rotations on the real
three dimensional space generated by the Pauli matrices. Indeed the inner
product on the space of hermitian matrices (A, B) = Tr(AB) is invariant by
unitary conjugation.

A state w on M>(C) is given by a positive hermitian matrix S with trace
1, by the formula

w(A) =Tr(AS).

The most general such matrix can be written as

g_ I/ 14w v+iw
T2 \w—iw 1—u
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where (u,v,w) € R? satisfies u? + v? + w? < 1. The extreme points on the
unit sphere (sometimes called the “Bloch sphere” in the physics litterature),
correspond to pure states, when S is a projection on a one dimensional sub-
space. Any hermitian operator has a two-point spectrum, hence in a state
w its distribution is a probability measure on R supported by at most two
points. In particular, for each of the Pauli matrices, its distribution in the
state w is a probability measure on {£1}, given by

14w
T2

1+ w
T2

14w

P(o, =1) 5

P(o, =1) P(o, =1) (3.2)
Mimicking the construction of a random walk, we use the infinite product
algebra (Mz(C),w)®N (recall the construction of section 2.3). For each Pauli

matrix we build the matrices
Tn = I®(n_1)®0'x®l®oo Yn = I®(n—1)®o.y®l®oo7 Zn = I®(n—1)®o_z®[®oo

which represent the increments of the process. It is easy to see that, for
example, the operators z,,, for n > 1, form a commuting family of operators,
which is distributed, in the state w®°, as a sequence of independent Bernoulli
random variables.

Then we put

n n n
Xn = § Ly Y, = E Yi Zn = § Zi-
i=1 =1 i=1

This gives us three families of operators (X,,)n>1; (Yn)n>1 and (Z,)n>1 on
this space.

We observe that each of these three families consists in commuting op-
erators, hence has a joint distribution. It is not difficult to check that this
distribution is that of a Bernoulli random walk, whose increments have dis-
tribution given by the probability distributions on {£1} of formula (3.2).
The three families of operators, however do not commute. In fact using the
commutation relations (3.1) one sees that for n, m positive integers,

[xvz7 ym} = 2iz7n5nm

and
[X'ru Y;n] = 22‘Zn/\'rn (33)

as well as the similar relations obtained by cyclic permutation of X,Y, Z.
We will call the family of triples of operators (X,,,Y,, Z,);n > 1 a quantum
Bernoulli random walk. We shall later interpret this noncommutative process
as a random walk with values in some noncommutative space, however for the
moment we will study some of its properties related to the automorphisms
of the algebra M5 (C).
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3.2 The Spin Process

Because of the rotation invariance of the commutation relations (3.1), we see
that for any unitary matrix U we can define conjugated variables

7[1] — I®(n—1) ® UO'LU* ®I®oo
V=190 @ Ug,U* @ 19
2V =180") @ Uo,U* @ 19

n

T

<

and n n
X=Yal =Y 2=y
i=1 i=1 i=1
then this new stochastic process is obtained from the original quantum
Bernoulli random walk by a rotation matrix. It follows by a simple com-
putation, using the commutation relations, that X2 +Y,?2 + Z2 is invariant
under conjugation, namely one has

Xo+ Y+ Zn = (X)) + (V) +(2)?
for any unitary matrix U.
Lemma 3.1. For all m,n > 1 one has
(X2 4+ V2422 X2 +Y2 + 72

n? m m m

]=0
2+Y2+Z2

m m m

Actually we shall prove that [X,,, X
from the computation

] = 0 if m < n. This follows

m

[X'm Z72n] = [X'm Zm}Zm + Zm[X'ru ern} = _Qi(Zthrn + Y;an)

Using invariance of the commutation relations by cyclic permutation of
X,Y,Z we also have [Y,,, X2 + Y2+ Z2] = [Z,, X2 + Y2 + Z2] =0, and
the result follows. O

We deduce from this that the family of operators (X2 +Y,2 + Z2);n > 1is
commutative, and therefore defines a classical process. We shall compute its dis-
tribution now. For this we introduce the operators S,, = /X2 + Y2 + Z2 + I.
By the preceding Lemma, the family (Sy),>0 is a commuting family of op-
erators, therefore one can consider their joint distribution.

Theorem 3.2. Let us take for w the tracial state, then the operators (Sp;
n>1) form a Markov chain, with values in the positive integers, such that
P(S) =2) =1, and transition probabilities

k+1 k-1
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In order to prove the theorem, it is enough to consider the process up to a
finite time n. So we shall restrict considerations to a finite product My (C)®"
acting on (C?)®". We remark that the state w®™ on (C?)®" is the unique
tracial state, and it gives, to every orthogonal projection on a subspace V', the
value dir;(bv) . We shall find a basis of this space consisting of joint eigenvectors
of the operators (Sk;1 < k < n). For this we analyze the action of the

operators A := (X, —iY,) and A, = (X, +iY,). One has

AF =310 gat @I AL =) "1%0 Y ga” @ 19"

Jj=1 Jj=1

= G8) ()

Let us call eg, e; the canonical basis of C2. An orthonormal basis of (C?)®"
is given by the vectors ey; U C {1,2,...,n} whereey =€, ®...Qe;, , i =1
if k€U andir =01if k ¢ U. In terms of this basis the action of A} and A;;
is given by

where

Aleu = Yrgu Cvutk)

Anev =Y eu Co\ik)

ZneU = (n — 2|UD€U
Let us consider the vector ey = egg’" and its images by the powers of A,
normalized to have norm one. These are the vectors

) il(n— j)! .
E%:\/‘](n!‘]) Z ey i=0,1,....,n

Uc{1,2,...n};|Ul=j

and these vectors are orthogonal. The action of the operators A}, A, ",
these vectors is given by

Afel = /(G + (- el
Ayel =+/j(n—j+ 1)t
Znel = (n —2j)ed

Sped = (n+1)e),

Z, on

In particular we see that these vectors belong to the eigenspace of S, of
eigenvalue n + 1. We shall generalize this computation to find the common
eigenspaces of the operators Sy, So,...,5,.

Lemma 3.3. Let J = (j1,...,jn) be a sequence of integers such that
[ ] Z) jl = 2

e ii) ji>1 foralli<n
e iii) |jiy1 —ji| =1 foralli<n-—1
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then there exists a subspace Hj of (C?)®" of dimension j, = | + 1, which
s an eigenspace of S1,...,Sy, with respective eigenvalues ji,...,jn, and an
orthonormal basis (¢o, ..., d;) such that

Af o =+ 1)1 = j)jn
AL =il —j+ 1)1
Zntj = (I —2j)9;

Furthermore, the spaces Hj are orthogonal and (C?)®" = @ ;H.

Proof of the lemma. We shall use induction on n. The lemma is true
for n = 1, using ¢9 = eg;p1 = e1. Assume the lemma holds for n, and
let J = (j1,...,Jn) be a sequence satisfying the conditions ¢),1i), i), of
the lemma. We shall decompose the space H; ® C? as a direct sum of two
subspaces. Let the vectors 1; and n; be defined by

. ) b =0,...,1+1
1/Jj \/ 11 ¢j®60+\/l 194 1®ep =0, s

and

nj:\/l+1¢j+1®€0_\/l+1¢j®€1 j=0,...,1—1

It is easy to check that these vectors form an orthonormal basis of the tensor
product H; ® C?, and a simple computation using

Xpi1=Xn + 18" @0y, Vi1 =Y + 1" @ 0y, Zny1 = Zn + I®" @ 0,

shows that these vectors have the right behaviour under these operators. 0O
We can now prove theorem 3.2, indeed for any sequence satisfying the

hypotheses of lemma 3.3 one has

_Jn _J1J2 Jn

P(S1 =i Su=in) = =Ty 57 gl
n—

where the right hand side is given by the distribution of the Markov chain of
theorem 3.2. g

We shall give another, more conceptual, proof of the former result in
section 5, using the representation theory of the group SU(2) and Clebsch-
Gordan formulas. For this we shall interpret the quantum Bernoulli random
walk as a Markov process with values in a noncommutative space, but we
need first to give some definitions pertaining to bialgebras and group alge-
bras, which we do in the next section.
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4 Bialgebras and Group Algebras

4.1 Coproducts

Let X be a finite set, and F(X) be the algebra of complex functions on X.
A composition law on X is a map X x X — X. This gives rise to a unit
preserving algebra morphism A : F(X) — F(X x X), where F(X x X)
is the algebra of functions on X x X, and one has a natural isomorphism
F(X x X) ~ F(X)® F(X). Conversely, such an algebra morphism A :
F(X) — F(X)® F(X) comes from a composition law, and many properties
of the composition law can be read on it. For example, associativity translates
into coassociativity of the coproduct which means that

(A oA=(T®A) oA

whereas commutativity gives cocommutativity for the coproduct, which
means that

voA=A
where v : F(X) ® F(X) — F(X) ® F(X) is the flip automorphism v(a ®
b) = b ® a. In order to obtain an analogue of a composition law in the

noncommutative context, one can define a coproduct for any algebra A as a
morphism A : A — A® A, however in general the algebraic tensor product is
too small for obtaining interesting examples. Think for example to the case
A = Cy(X), X alocally compact space, and see that A ® A C Cp(X x X) is
a small subspace. We shall therefore consider coproducts which take values
in a suitable completion of the algebraic tensor product. An algebra endowed
with a coassociative coproduct is called a bialgebra. If the algebra is a C*
(resp. a von Neumann) algebra and the tensor product is the minimal C*
product (resp. the von Neumann algebra tensor product), then one has a
C* (resp. a von Neumann) bialgebra.

Some further properties of a coproduct are the existence of the dual notion
of the unit element and the inverse, which are respectively called a counit,
e: A — C and an antipode, i : A — A.

A Hopf algebra is a bialgebra with a unit and an antipode, satisfying some
compatibility conditions. I refer for example to [K] for an exposition of Hopf
algebras and quantum groups.

4.2 Some Algebras Associated to a Compact Group

We shall investigate in more details the notions above in the case of the group
algebra of a compact group, which we assume for simplicity to be separable.
Recall that every representation of a compact group can be made unitary, and
can be reduced to an orthogonal direct sum of irreducible representations. The
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right regular representation of a compact group G is the representation of G
on L?(G, m) (where m is a Haar measure on G) by right translations p, f (h) =
f(hg™') and the left regular representation acts by left translations A, f(h) =
f(gh). A fundamental theorem is the Peter-Weyl theorem. It states that every
irreducible representation of G arises in the decomposition of the left (or
right) regular representation, actually one has an orthogonal direct sum
L2(G) = ®x€éEX

where G is the (countable) set of equivalence classes of irreducible representa-
tions of G, and for y € G, E, is the space of coeflicients of the representation
i.e. the vector space generated by functions on G of the form

f(9) = (x(g9)u,v)

where u, v are vectors in the representation space of x ({.,.) being an invariant
hermitian product on the space). The space E, is finite dimensional, its
dimension being dim(x)?, and it is an algebra for the convolution product
on G, isomorphic to the matrix algebra M, (C) with n = dim(y). We shall
denote this space M, when we want to emphasize its algebra structure.

We shall describe several algebras associated to G. The first one is the
convolution algebra A°(G) generated by the coefficients of the finite di-
mensional representations. As a vector space it is the algebraic direct sum
AY(G) = &My ~ & Mim(y)(C). There are larger algebras such as L'(G)
the space of integrable functions (with respect to the Haar measure on G),
and C*(G) the C* algebra generated by L!(G). This algebra consists of se-
quences (m.; x € G) such that m, € M,;|m,| — 0 as y — occ.

The multiplier algebra of C*(G) coincides with the von Neumann algebra
A(G), which is generated (topologically) by the left translation operators
Ag; g € G, it consists of sequences (m,; x € G) such that sup, |m,| < co. In
both cases, the norm in these algebras is sup, |my|. Note that the left and
right translation operators Ay and pg are unitary, and the right translation
operators generate the commutant of A(G).

When the group G is abelian, there is a natural isomorphism, given by
Fourier transform, between the algebra A(G) and L>°(G) where here G is
the group of characters of G (this is consistent with our earlier notation
since then all irreducible representations of G are one dimensional and are
thus characters). This group of characters is a discrete abelian group, and its
Haar measure is the counting measure.

In the general case, the algebra L (G’) is isomorphic with the center of
A(G), since a bounded function on G can be identified with a sequence
(my), e of scalar operators.

Any closed subgroup of G generates a von Neumann subalgebra A(H) fur-
thermore the coproduct A restricts to this subalgebra and defines a coproduct
A: A(H) — A(H) ® A(H). If the subgroup is abelian, then this subalgebra

is commutative and is isomorphic to the algebra L*°(H),
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Finally we shall also use the algebra A(G) = [I, My which consists in
unbounded operators on L?(G), with common dense domain &, E,, (algebraic
direct sum), affiliated with the von Neumann algebra A(G). One has natural
inclusions

A%(G) C C*(G) € M(C*(G)) = A(G) C A(G)

The algebra ~A(G) ® fl(G) is an algebra of operators on the algebraic direct
sum &, Fy, ® Ey, and we denote by A(G)®.A(G) its completion for simple
convergence on @, - E, ® E,/. One has

AG) 2 AG) = [ My® [ My c AG)BAG HM ® M,y

XX

The * algebra structure extends obviously to ~/éAl(G)7 and an element is positive
if and only if its components are positive.

4.3 The Coproduct

The coproduct formula A : Ay — A\; ® Ay extends by linearity and continuity
to the von Neumann algebra A(G) if we use the von Neumann algebra tensor
product. It defines a structure of cocommutative von Neumann bialgebra on
A(G). One can also define an extension of the coproduct

A:AG) = AG)SAG).

Indeed it is easy to check that for any x € @, and a € M, the operator A(a)
is nonzero on the space I,» ® F, if and only if x has a non zero multiplic-
ity in the decomposition of the tensor product representation E,/ ® E,». It
follows that for any sequence (ay) .o € [[,ca My the sum ZxEG (aX) is
a finite sum in each component E, ® E,./ therefore it defines an element in
AG)RA(G) ~ nyx’ M, @ M,..

One can define the convolution of two finite weights © and v by the formula
pwxv=(puev)oA

since the coproduct is cocommutative and coassociative, one checks that this
is an associative and commutative operation.

4.4 The Case of Lie Groups

For compact Lie groups there is another algebra of interest, which is the
envelopping algebra of the Lie algebra. Recall that the Lie algebra of a Lie
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group is composed of right invariant vector fields on the group. As such it
acts on the L? space as a family of unbounded operators. Therefore the Lie
algebra is a subspace of the “big” algebra /l(G)7 and the algebra generated
by this subspace is naturally isomorphic to the envelopping Lie algebra (for
simply connected groups). The elements of the Lie algebra have the following
behaviour with respect to the extended coproduct on A(G)

AX)=XI+IeX
This can be seen by taking derivatives with respect to s in the equation
A(esX) _ 6sX ® 6sX

where e*¥X; s € R is the one parameter subgroup generated by X.

4.5 States and Weights

A normal state v on A(G) is determined by its value on the generators A,
thus by the function ¢, (g) = v()g). It is a classical result that a function ¢
on G corresponds to a state on C*(G), and to a normal state on A(G), if and
only if it is a continuous positive definite function on the group, satisfying
ble) = L.

Every normal weight on A(G) is given by a sequence of weights (I/X)Xe é
on each of the subalgebras M, , therefore for a weight v on A(G) there exists
a sequence of positive elements f, € M, such that v, (a) = Tr(af,) for
all a € M,,. Conversely any such sequence f, defines a normal weight, thus

normal weights on A(G) correspond to positive elements in A(G).

5 Random Walk on the Dual of SU(2)

5.1 The Dual of SU(2) as a Noncommutative Space

We shall now interpret the process constructed in section 3 as a random
walk on a noncommutative space. For this we consider the group SU(2) of
unitary 2x 2 matrices with determinant 1. It is well known that the irreducible
representations of this group are finite dimensional, moreover, for each integer
n > 1 there exists, up to equivalence, exactly one irreducible representation
of dimension n, therefore one has

A(SU(2)) = @32, Mn(C)
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as a von Neumann algebra direct sum and similarly the C* algebra of SU(2)
can be identified with the algebra of sequences (M,,),>1 where M, is an
n X n matrix and one has ||[M,| — 0 as n — co. We shall interpret this
C*-algebra as the space of “functions” vanishing at infinity on some non-
commutative space. The associated von Neumann algebra corresponds to the
space of “bounded functions” on our noncommutative space. In order to get a
better picture of this space it is desirable to have a geometric understanding
of its structure. For this we first note that this space has a continuous group
of symmetries, since the group SU(2) acts on the algebra by inner automor-
phisms. Since the elements +1I act trivially, this is really an action of the
quotient SU(2)/{£I} which is isomorphic with the group SO(3), therefore
this space has a three dimensional rotational symmetry. We can understand
this symmetry by looking at some special elements in the larger algebra
A(SU(2)), which correspond to “unbounded functions”. Let us consider the
self-adjoint elements corresponding to the Pauli matrices, viewed as elements
of the Lie algebra of SU(2) (or rather the complexified Lie algebra). These
define unbounded operators on L?(SU(2)), which we shall denote X,Y, Z,
and which lie in A(SU(2)). A good way to think about these three functions
is as three “coordinates” on our space, corresponding to three orthogonal
directions. Each of these elements has a spectrum which is exactly the set of
integers (which you can view as the group dual to the one parameter group
generated by one of these Lie algebra elements). Moreover this is true also of
any linear combination zX +yY + 27 with 22 + 32+ 22 = 1. This means that
if you are in this space and try to measure your position, you can measure,
as in quantum mechanics, one coordinate in some direction (z, y, z) using the
operator X + yY + zZ, and you will always find an integer. Thus the space
has some discrete feature, in that you always get integer numbers for your
coordinates, but also a continuous rotational symmetry which comes from the
action of SU(2) by automorphisms of the algebra. This is obviously impos-
sible to obtain in a classical space. Of course since the operators in different
directions do not commute, you cannot measure your position in different
directions of space simultaneously. What you can do nevertheless is measure
simultaneoulsy one coordinate in space, and your distance to the origin. This
last measurement is done using the operator D = I+ X2+ Y24+ 22 — |
which is in the center of the algebra A(SU(2)), and therefore can be measured
simultaneously with any other operator. Its eigenvalues are the nonnegative
integers 0,1,2..., and its spectral projections are the identity elements of
the algebras M, (C), more precisely, one has in A(SU(2))

o0

D = Z(n — 1)IMn((C)

n=1

We thus see that the subalgebra M, (C) is a kind of “noncommutative
sphere of radius n — 17, and moreover by looking at the eigenvalues of
the operators X + yY + 2Z in the corresponding representation, we see
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Fig. 1 Noncommutative space underlying A(SU(2)).

that on any “radius” of this sphere, corresponding to a direction of space,
the coordinate on this radius can only take the n values n — 1,n—3,
n—>5,...,—n+1.

If we rescale the noncommutative sphere of large radius to have radius
1, it looks more and more like a classical sphere, see e.g. [Rie] for a precise
statement.

5.2 Construction of the Random Walk

Let w be a state on M3(C), which we can also consider as a state on
A(SU(2)) by the projection A(SU(2)) — M3(C). Let us consider the in-
finite tensor product algebra, with respect to the product state v = w®> on
N =@ A(SU(2))).

Let T : N — N be defined by A ® s where s : A(SU(2))>>l —
A(SU(2))3<l is the obvious shift isomorphism. Let j, : A(SU(2)) — N
be the morphisms defined by by j, = T™ o ¢ where i(a) = a ® I* is the
GNS representation of A(SU(2)) associated with w, acting on the first fac-
tor. Note that one has actually N' = ®@7°M»(C) and i(a) = p2(a) ® I°° where
p2 is a two dimensional irreducible representation. The morphisms j,, can be
extended to the large algebra A(SU(?)) and for V in the Lie algebra, using
the formula for the coproduct one checks that

Jn(V) =Y 120D @V @ 1o

i=1
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Thus the quantum Bernoulli random walk is obtained by taking the operators
(Jn(X), 3n(Y), 4n(Z)) where X,Y, Z are the Lie algebra elements correspond-
ing to the Pauli matrices. For n > 0, we let N,, be the algebra generated by
the first n factors in the tensor product. There exists a conditional expecta-
tion v(.|NV,,) with respect to the state v onto such a subalgebra, it is given
simply by I®@w™ on the factorization N = A(SU(2))®" @ A(SU (2))®r+1ol,

The family of morphisms (j,),>1 form a noncommutative process wih
values in the dual of SU(2). The following proposition is left to the reader,
as an exercise in manipulation of coproducts.

Proposition 5.1. The family of morphisms j,;n > 1, together with the fam-
ily of algebras N',Ny;n > 1, and the conditional expectations v(.|N,,), form
a dilation of the completely positive map A(SU(2)) — A(SU(2)) given by
P, =T Qw)o A.

Let us now consider the three one-parameter subgroups generated by the
Pauli matrices, they consist respectively of the matrices

cosf isinf cosf sinfd e’ 0
(i sin 6 cosf)) < sin 6 cos 0) ( 0 e‘ie) 0 €[0,2n]

Each of these subgroups generates a commutative von Neumann subalgebra
of A(SU(2)), which is isomorphic with the group von Neumann algebra of
the group U(1) of complex numbers of modulus 1. Such a von Neumann alge-
bra is isomorphic, by Pontryagin duality, to the algebra of bounded functions
on the dual group, therefore the restriction of the dilation to this subalgebra
provides a random walk on this dual group, which is isomorphic to Z. Thus
we recover, from the abstract considerations on duals of compact groups, our
concrete Bernoulli random walks. In terms of our noncommutative space, we
can observe a particle undergoing this random walk along any fixed direc-
tion of space, and what we see is a Bernoulli random walk (recall that the
coordinate in some fixed direction of space can only take integer values).

We now turn to the spin process which can be interpreted in terms of the
restriction of the dilation (j,)n>1 to the center of the group algebra A(G).
This center consists of operators of the form (m,;x € G) where each m, is
a scalar operator in M,, it is a commutative algebra, isomorphic with the
algebra of bounded functions on @ (recall that we have assumed that G is
countable). Equivalently it is the algebra generated by the operator D i.e.
the algebra of operators of the form f(D) where f is a bounded complex
function on the nonnegative integers. It is also easy to compute the restric-
tion of the completely positive map @, to this center. It is given by the
Clebsch-Gordan formula which computes the decomposition into irreducible
of a tensor product of representations of the group SU(2). What we need is
the formula (where p,, is the n-dimensional irreducible representation)

P2 ® Pn = Pn—1 ©® Pn+1
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which tells us that the Markov chain can jump from n to either n—1 or n+1,
furthermore the transition probabilities are proportional to the dimensions
of the targets, since we are in the trace state. We see that the restriction of
Jn to this algebra thus corresponds to the spin process.

Finally there are other commutative algebras which are invariant under
the completely positive map. They are generated by the center of A(SU(2))
and by a one parameter subgroup. Each such algebra is a maximal abelian
subalgebra of A(SU(2)), and its spectrum can be identified with the set of
pairs (m,n) of integers such that n > 1 and m € {n—1,n—3,...—n+1}. One
can compute the associated Markov semigroup, using the Clebsch Gordan
formulas for products of coefficient functions of the group SU(2). However
the images of such an algebra by the morphisms (j,)n>1 do not commute.
Thus in this way we get a noncommutative dilation of a purely commutative
semigroup. We will come back to this Markov chain when we study Pitman’s
theorem and quantum groups.

6 Random Walks on Duals of Compact Groups

It is easy to generalize the construction of the preceding section by replacing
the group SU(2) by an arbitrary compact group G. We will do a construction
parallel to the usual construction of a random walk on a group. Let ¢g and ¢
be continuous positive definite functions on G, with ¢g(e) = ¢(e) = 1, thus
these functions correspond to normal states vy and v on A(G). The state v
will play the role of initial condition of our Markov chain, whereas the state
v represents the distribution of the increments. To the state v is associated
a completely positive map

P, : AG) — A(G) &, =(I®v)oA.

The completely positive map generates a semigroup @,;n > 1. We now build
the infinite tensor product N'= A(G)*> with respect to the state vy @ v®>,
and obtain a noncommutative probability space (M,w). Let T : N' — N
defined by A®s where s : A(G)*l — A(G)[2®lis the obvious isomorphism.
Let j, : A(G) — N be the morphisms defined by induction j, = T™oi where
i(a) = a® I* is the inclusion of A(G) into the first factor (strictly speaking
this is an inclusion only if the state v is faithful).

Let us translate the above construction in the case of an abelian group,
in terms of the dual group G. The states v and vq correspond to probability
measures on G, the probability space is now the product of an infinite number
of copies of G7 with the product probability vy ® v®>°, and the maps j,
correspond to functions X, : G* — G given by X, (g0, 91, Gky--.) =
9091 - - - gn—1. We thus recover the usual construction of a random walk.
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For n > 0, we let NV, be the algebra generated by the first n + 1 factors
in the tensor product. There exists a conditional expectation w(.[N;) with
respect to the state w onto such a subalgebra, it is given simply by I ® v*°

on the factorization N' = A(G)®"+1) @ A(G)®>.

Proposition 6.1. The morphisms (jn)n>0, together with the von Neumann
algebras Ny, Ny,n > 0 and the state w, form a dilation of the completely
positive semigroup (P1)n>1, with initial distribution vy.

The proof of this proposition follows exactly the case of SU(2) treated in the
preceding section.

Let H be a closed commutative subgroup of G, then its dual group H
is a countable discrete abelian group. The von Neumann subalgebra A(H)
generated by H in A(G) is isomorphic to L®(H), and the restriction of
the positive definite function ¢ to H is the Fourier transform of a probability
measure [ on H. The coproduct A restricts to a coproduct on the subalgebra
generated by H, thus the images of A(H) by the morphisms j, generate
commuting subalgebras of . These restrictions thus give a random walk on
the dual group H , whose independent increments are distributed according
to u.

We now consider another commutative algebra, namely the center Z(G) of
A(G). Recall that this center is isomorphic with the space L>(G) of bounded
functions on the set of equivalence classes of irreducible representations of G.
As a von Neumann algebra of operators on L?(G), it is generated by the
convolution operators by integrable central functions (recall that a function

f on G is central if it satisfies f(ghg™!) = f(h) for all h,g € G).
Proposition 6.2. The algebras j,(Z(G));n > 1 commute.

Proof. Let a,b € Z(G) and let k <[ we have to prove that ji(a) and j;(b)
commute. Let a’ = i(a),b’ = i(b), and note that a’ and &’ belong to the center
of M. One has
Jra)ji(b) = T*(a')TH (T (b))
Tk(a/Tl_k(b/))
Tk(Tlfk(b/)a/)
T
Ji

l(b/)Tk (CL’)
(0)jn(a)

Furthermore one has.
Proposition 6.3. If the function ¢ is central then ¢,(Z(G)) C Z(G).

Proof. Indeed if ¢ is central function, belonging to A°(G), then @, () = ¢1p
is a central function on the group, and thus defines an element of Z(G). O

We deduce from the preceding propositions that, in the case when the in-
crements correspond to a central state, the restriction of the dilation (jy)n>0
to the center of the algebra A(G) defines a Markov process on G, whose
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transition operator is given by the restriction of @, to the center Z(G). We
shall now give a more concrete form of the transition probabilites of this
Markov chain.

Proposition 6.4. For x an irreducible character of G, let

ox =Y ho(xX', )X

x'€G

be the expansion of the positive definite central function ¢x into a combination
characters, then the probability transitions of the Markov chain obtained from
the restriction of (jn)n>1 to the center are given by

pe(X'sx) = 552((?) he(X', x)

Proof. For x € G, the convolution operator associated with the function
dim(x)x is the minimal projection of Z(G) associated with y. In other words
it corresponds to the indicator function 1, in the isomorphism of LOO(G)
with Z(G). The transition operator for the restriction of the dilation to the
center is the restriction to this center of @,,. On the other hand, the transition
probabilities pg(x, x’) are related to these indicator functions by @, (1,/) =

Zx e (X’ x)1y. The conclusion follows immediately. O

7 The Case of SU(n)

7.1 Some Facts About the Group SU (n)

We shall investigate the quantum random walk defined in the preceding
section when the group G is the group SU(n) of unitary matrices with de-
terminant 1. First we recall some basic facts about this group and its repre-
sentations. Let T C SU(n) be the subgroup of diagonal matrices, which is a
maximal torus. The group of characters of T is an n — 1 dimensional lattice,
generated by the elements (the notation e is here to suggest the exponential
function)

U1 0

ee)(| . [D=u
0 U,

These elements satisfy the relation (written in additive notation) e; +
ea+ ...+ e, =0, which corresponds to the relation e(ey)e(ez)...e(e,) =1
for the characters. We denote by P this group, and by P, the subset of
positive weights, i.e.

Py ={mie1 + ...+ my_1ep_1lmi >mo > ... > my_1}
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We shall also need the set
Py ={mie1+...4+mp_1€p_1|mi1 >ma > ...>m,_1}
and note that the two sets are in bijection by
Py =Pi+p (7.1)

where p = (n—1)e; + (n —2)ez + ...+ ep—1 is the half sum of positive roots.
The symmetric group acts on this character group by permutation of the e;.

Below is a picture of P and P for the group SU(3). Thus P consists of
the points in a triangular lattice in the plane, and P is the intersection of
this triangular lattice with a cone, fundamental domain for the action of the
symmetric group S3. The subset P consists in points of P, which are in
the interior of the cone.

Recall from the representation theory of the group SU(n) (see e.g. [BtD],
[GW], or [Z]) that the equivalence classes of irreducible representations of
SU(n) are in one to one correspondence with the elements of P, which are
called “highest weights”. For each & € P let e(z) be the associated character
of T, then the character of the representation with highest weight =z € P
given, for u € T, by Weyl’s character formula

() = Do, ((0)elol +p))(w)
T s, do)elo()w)

In particular the defining representation of SU(n) has character e(e1) + ...+
e(en) corresponding to the highest weight e;. The normalized positive definite

(7.2)
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Fig. 3 The random walk on the dual of the maximal torus for SU(3).

function on SU (n) corresponding to this character is ¢(g) = ! Tr(g). We shall
investigate the quantum random walk associated with this positive definite
function.

7.2 Two Classical Markov Chains

We shall obtain two classical Markov chains by restricting the Markov chain
associated with ¢ to suitable subalgebras of C*(SU(n)). The first subalgebra
is that generated by the maximal torus T. This algebra is isomorphic to the
algebra of functions vanishing at infinity on the dual group P. It is easy to
see that the restriction to the torus of the quantum random walk (j,)n>0,
constructed using ¢, is a random walk on the lattice P with increments
distributed as 711((561 + ...+ 0,). Its one step transition probabilities are
given by
pi(x,y) = 711 ifye{z+er,...,x+e,}

pi(z,y) =0 if not

We give the picture for the case of the group SU(3).

The second subalgebra is the center of C*(SU(n)). By the preceding sec-
tion, it can be identified with the space of functions vanishing at infinity on
P, . We shall rather use the identification of the set of irreducible represen-
tations with P44 given by (7.1). As we saw in section 6 the restriction of the
dilation (j,)n>0 gives a classical Markov chain on the spectrum of the center,
therefore we obtain in this way a Markov chain on P, the generator of the
Markov chain being given by the restriction of the generator of the quantum
Markov chain on A(SU(2)).
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We shall now derive a relation between these two Markov chains (the one
obtained from the maximal torus, and the one from the center). The set of
highest weights, P is the intersection of P with the Weyl chamber, which
is the cone

C={rie1+...+xp_1n_1|lry1 >22>...> 281}

We consider now the random walk on P killed at the exit of this cone. Thus
the transition probabilites of this killed random walk are given by

P (x,y) = 711 ifyePiyn{x+er,...,x+e,}
p°(z,y) =0 if not.

The sum p°(x,y) is < 1 for points near the boundary, corresponding to
the fact that the random walk has a nonzero probability of being killed.

Let z € P4 and consider the irreducible representation &, of SU(n), with
highest weight  — p. We can use Weyl’s character formula (7.2) for decom-
posing the representation &, ® &, (where &, is the defining representation of
SU(n)).

We remark that | 37, e(ej) = 1 >, cq, e(a(e1)). One has

2oes, €(0)e(o())
2oes, €(0)e(a(p))
_ 2res, Loes, €(0)e(o(z) +7(e1))(u)

Y ges, €(@)e(a(p)

127521 Yoes, €(0)e(o(z + ¢5))
n 2oes, €(0)e(a(p))

= ; Z Xy—p

ye{z+er,x+ez,...,x+en }NP L1

KXoy = | (6le2) . elen)

since if y = x + e; belongs to P4 \ P then it is fixed by some reflexion in
Sy, and thus the sum ) g €(o)e(o(x + ¢;)) vanishes.

For z € P4y, let us denote h(zr) the dimension of the representation
with highest weight © — p. We conclude from the preceding computation and
Proposition 6.4, that the transition probabilities for the Markov chain on

P, are
h(y) o
,Y) = , ,y, € P 7.3
q(z,y) h(w)? (r,y) @y, €Pyy (7.3)
Since the transition operator is unit preserving, it follows in particular that

the function h is a positive harmonic function with respect to the transition
kernel pP, i.e. satisfies
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h(z) = > h(y)p°(z,y) forallz e Py,

Yy

Again we draw the picture in the case of SU(3).
Let us recall that, given transition (sub)probabilities p(x,y) for a Markov
chain, and a positive harmonic function h for p, i.e. a function such that

h(z) = Zh(y)p(m, y) forall z

one calls the Markov chain with transition probabilities ZEZ% p(z,y) the
Doob conditioning, or h-transform, of the Markov chain with transition
probabilities p.

We can summarize the preceding discussion in the following proposition.

Proposition 7.1. The Markov chain obtained by restriction to the center
1s related to the random walk on the dual of the mazximal torus by a killing
at the exit of the Weyl chamber followed by a Doob conditioning using the
dimension function on the set of highest weights.

For more information on Doob’s conditioning, I refer to the books by
Kemeny, Knapp and Snell [KKS], or Revuz [R].

One could ask whether this relation, between the Markov chains on the
dual of the torus and on the center, holds for more general groups and positive
definite functions. It turns out that the fundamental concept in this direction
is that of a minuscule weight, see [B3] for more details.
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8 Choquet-Deny Theorem for Duals of Compact Groups

8.1 The Choquet-Deny Theorem in an Abelian Group

As we have seen in the preceding section, the fact that the dimension function
is a positive harmonic function on the Weyl chamber plays an important role
in understanding the quantum random walk on the dual of SU(n). A natural
question arises, is this positive harmonic function unique? We shall answer
this question, which is purely a question of “classical” potential theory using
the theory of quantum random walks. Actually we shall do this by extending a
well known result of Choquet and Deny [CD] on harmonic measures for locally
compact abelian goups. The Choquet-Deny theorem describes completely the
solutions of the convolution equation

prd =0 (8.1)

on a locally compact abelian group G, where  is a positive finite measure, and
¢ is an unknown positive measure. One assumes that the subgroup generated
by the support of i is the whole group. In order to state the Choquet-Deny
theorem, one needs to define the exponentials on the group G. These are the
continuous functions f on G, with values in ]0, 400[, which are multiplicative,
i.e. satisfy

f(gh) = f(g)f(n)

for all g7 h E G. An exponential e : G —]0, 400 is called p-harmonic if one
has [, e(—z)p(dz) = 1. The set of u-harmonic exponentials is a Borel subset
of the set of all continuous functions on G, which we denote by &,. Let ¢ be
a positive measure on G of the form ¢(dx) = e(r)dx where dx is the Haar
measure on G and e is a y-harmonic exponential, then one has for all positive
measurable functions f

Jo F@)g* p(dr) = [ o fz+ y)p(dr)u(dy)
= o Jo fl@ +y)e(a)dzp(dy)
—fc;fg (x) ez — )dwu(dy)
= [, f(@)e(x)dz [ e(—y)u(dy)
= fG f(m (dx)

therefore the measure ¢ is p-harmonic. i.e. satisfies the equation (8.1). The
Choquet-Deny theorem states that every solution is a convex combination of
solutions of this kind.

Theorem 8.1 (Choquet-Deny). Assume that the subgroup generated by
the support of the measure i is G, then every positive measure ¢, solution
of the convolution equation (8.1), is absolutely continuous with respect ot the
Haar measure on G, and its density has a unique representation as an integral
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d(ZSZx) :/‘g e(x)dvg(e)

%
where vg is some finite positive measure on E,.

This result contains in particular the determination of all positive har-
monic functions for the transition operator associated with the measure p,
indeed if & is such a positive p-harmonic function, then the measure h(—z)dz
is a p-harmonic measure.

Note that a locally compact abelian group corresponds to a commutative
and cocommutative Hopf C*-algebra. What we shall do next is to extend this
theorem to (a class of) cocommutative Hopf C*-algebras. This will allow us to
answer the question about the uniqueness of the positive harmonic function.
Before we state our analogue of the Choquet-Deny theorem on the dual of a
compact group, we will first clarify some points about states and weights.

8.2 Some Further Properties of Duals of Compact
Groups

Let G be a compact group and A(G) be its von Neumann algebra. This
von Neumann algebra has a structure of cocommutative Hopf-von Neumann
algebra for the coproduct A, counit ¢ and antipode i given respectively by
continuous linear extension of

ANg) = Ag @Ay e(Ag) =0eg i(Ag) = A

g—l.

We have seen in section 4.3 that the convolution of two finite normal weights
w and v on A(G) is defined by the formula p* v = (u ® v) o A. Assume
now that p is a positive finite weight and ¢ is positive, then we can write ¢
as a sum of finite weights ¢ = > ¢, with respect to the restrictions of ¢
to the subalgebras M, . The sum }_ v * ¢y is then a sum of positive finite
weights and thus it defines a (not necessarily normal) weight on A(G). We
can therefore consider the equation (8.1) where this time p and ¢ are positive
normal weights, with p finite.

Next we define the notion of exponential. The following definition is a
straighforward extension of the definition in the case of abelian groups.

Definition 8.2. A group-like element is a non zero element f of A(G), such

that
Afy=fe f

If this element is positive, then we call it an exponential.
If p is a finite weight, f is an exponential and p(i(f)) = 1 then we call f
a p-harmonic exponential.

Let f,g,h be positive elements in fl(G) then one has the identity

tr(f © gA(h)) = tr(i(h) @ gA(i(f))) (8.2)



Introduction to Random Walks on Noncommutative Spaces 89

which is easily checked on coefficient functions. Let g € fl( ) be associated
to p, i.e. p(.) =tr(g.), then it follows from 8.2 that for all h

¢ * p(h ) tr(f ® gA(h))
tr(i(h) @ gAGi(f)))
(()( )i(f))tr(gi(f))

Thus if f is a y-harmonic exponential, and ¢ is the weight associated with
f, then ¢ satisfies the equation (8.1).

8.3 The Analogue of the Choquet-Deny Theorem

We shall assume that the state v satisfies a non degeneracy condition which
is the analogue, in the noncommutative setting, of the requirement that the
support of the measure generates the whole group. This condition states that
for every finite weight p on A(G) which is supported by some algebra M, for
X € @, there exists an integer n > 1 and a constant ¢ > 0 such that cv*™ > p.

Theorem 8.3. Let ¢ be a v-harmonic weight, then there exists a unique finite
positive measure on the set of v-harmonic exponentials such that

¢/guedm¢<e>

Sketch of proof. We let S, be the convex cone of normal weights satisfying
pxv <@

This cone is a closed subset of /l, and we can use Choquet’s integral repre-
sentation theorem to conclude that any element of this cone can be written
as the barycenter of a measure supported on the set of its extremal rays. Now
one can analyze the extremal rays of this set, and see that such an extremal
ray consists in multiples of an exponential. The uniqueness argument comes
from the existence of an algebra of functions on the cone, which separates
points, see [B4] for details.

8.4 Examples

For a finite group, the set of exponentials is reduced to the identity.

If the state v is tracial, then there exists only one v-harmonic exponential,
namely the identity. In the case of the group SU(n), the exponentials are in
one to one correspondence with the positive elements in SL(n, C).
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From these results we deduce that the positive harmonic function h of
Proposition 7.1 was unique. Indeed in order to prove that a function h is
the unique (up to a multiplicative constant) positive harmonic function for

a transition kernel p, it is enough to check that all the positive harmonic
1 ")

h(m)p(m,y) are constant, which is what

functions for the relativized kerne
the Choquet-Deny theorem tells us.

9 The Martin Compactification of the Dual of SU(2)

In the preceding section we have seen that the classical Choquet-Deny theo-
rem about solutions of convolution equations has an analogue in duals of com-
pact groups. This allows one to give an explicit description of all u-harmonic
positive functions for a finite positive measure p on a commutative group.
By the Choquet-Deny theorem the positive p-harmonic functions admit a
unique integral representation in terms of minimal p-harmonic functions,
and these minimal harmonic functions can be identified with exponentials.
The next natural question in this line of ideas is to describe the Martin com-
pactification associated to a random walk with values in Z™. This Martin
compactification provides a way to attach a boundary to the space Z" in
order to obtain a compact space, where the boundary is naturally identified
with the set of minimal p-harmonic functions. The Martin compactification
of Z™ was computed by Ney and Spitzer in a classical paper [NS], where
they showed that it consists in adding a sphere at infinity, and identifying
this sphere with the set of minimal harmonic functions with the help of the
Gauss map. In this section we will describe the Martin compactification of
some quantum random walks with values in the dual of SU(2). We will first
recall some basic facts about classical Martin boundaries, then describe Ney
and Spitzer’s theorem, before going to the case of the dual of SU(2).

9.1 The Martin Compactification for Markov Chains

Consider a Markov chain on a countable state space E. The Markov chain
has transition subprobabilities p(z,y),z,y € E, i.e. we have > p(z,y) < 1,
so that the kernel is submarkovian and the process may die in a finite time.
There is an associated transition operator given by

Pf(x) =" plz,y)f(y)

yek

and the iterated operator is given by n-step transition probabilities

P"f(-%‘> - an(m, y)f(y)
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We assume that the associated Markov chain is transient, so that the potential

n=0

is finite, i.e. the function
o0
u(@,y) =Y palr,y) < o0
n=0

Let us choose an initial distribution r(dz) such that the function rU(y) =
Y pu(z,y)r(dz) is everywhere > 0. The Martin kernel is defined by
u(z,y
Kay) = "0V

-~ rU(y)

It follows from the Harnack inequalities that the functions k(z,.) form a uni-
formly continuous family on E. The Martin compactification of the Markov
chain is the smallest compact topological space E,, which contains E as a
dense subset, and such that these functions extend continuously to the bound-
ary OB, = E, \ E. This space exists because the functions k(x,.) separate
the points of F and because of the uniform continuity. For any & € 0FE,
the function = — k(x,&) is a p-harmonic function. Recall that a positive p-
harmonic function f on E is called minimal if for every positive p-harmonic
function g satisfying g < C'f for some C' > 0, one has actually g = c¢f for
some constant c¢. One can prove that any minimal p-harmonic function f,
which is r-integrable, is a multiple of k(., &) for some ¢ € OF,,. The subset
OFE,, of £ € OF, such that k(.,¢) is minimal is a Borel subset, and one can
prove that any positive p-harmonic function f, which is r-integrable, admits
a representation

f= k(.. €)dm s (€)

0F,

with a unique positive measure my.

9.2 The Martin Compactification of 72

When the Markov chain is a random walk on Z¢, with increments distributed
as j1, a (sub)probability measure on Z?, we have seen that every positive j-
harmonic function admits an integral representation in terms of exponentials.
When the increments of the random walk are integrable, Ney and Spitzer have
determined explicitly the Martin compactification of Z%, which we shall now
describe. Let ¢ : R? — [0, 4+-00] be the function

d(x) =Y eV u(dy)

yEeZd
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We assume that it is finite in a neighbourhood of the set

&y =A{zlo(z) = 1}

Then the set £, is the boundary of the convex set {z|¢(x) < 1} and it is
either reduced to a point or homeomorphic to a sphere. In the latter case the
homeomorphism can be expressed thanks to the Gauss map as

Vo
IVl

Since ¢ is convex this is a homeomorphism from &, onto the unit sphere. Ney
and Spitzer proved that the Martin compactification is homeomorphic to the
usual compactification of Z? by a sphere at infinity, where the identification
between the sphere and the set of minimal pu-harmonic functions is provided
by the map above.

9.3 Noncommutative Compactifications

Before we investigate the problem of finding an analogue of the Ney-Spitzer
theorem for the dual of SU(2) let us translate in the noncommutative lan-
guage the notion of a compactification of a topological space. So let X be a
topological space, and X a compact space such that X C X is a dense open
subset, and X = X \ X is the boundary, then C(X) is can be identified
with a subalgebra of Cj(X), the algebra of all bounded continuous functions
on X, and one has an exact sequence

0— Co(X)— C(X)— C(OX)—0

where the first map is the continuous extension, to X, by 0 on the boundary,
of a function on X, and the second map is the restriction to a closed subset.
A compactification of Cy(X) is thus given by a certain commutative C*-
subalgebra of the multiplier algebra of Cy(X), containing Cy(X). In the case
of the Martin compactification this subalgebra is just the algebra generated
by Co(X) and by the functions y — k(z,y). The vector space generated by
functions of the form y — k(x,y) can be identified with the image of the
Martin kernel, considered as an integral operator f — > . f(z)k(x,y). Tt
is this interpretation of the Martin kernel that has a natural noncommutative
analogue.

9.4 The Martin Kernel for the Quantum Random
Walk

We consider a central quantum random walk, therefore we have a positive
definite central function ¢ on SU(2) such that ¢(e) < 1, and the associated
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state v on A(SU(2)). We have seen that it has an associated transition kernel
given by the completely positive map @, = (I ® v) o A. This map acts as
Ag — ¢(g)A,4 on the generators Ay of the von Neumann algebra A(SU(2)). We
know that if ¢(e) = 1 then there exists only one ¢-harmonic weight, namely
the one given by the function 1. In this case we expect that the Martin
boundary will be given by a one point compactification, which consists just
in adding a unit to the algebra, so in order to avoid this case, we shall assume
here that ¢(e) < 1

We can consider the associated potential which is equal to U =Y ° /&7,
and which acts by multiplication by the function >~ 7 j¢™ = 1i o We shall
consider the action of the potential on the space of coefficients i.e. the di-
rect sum @, M, where each element of this space can be identified with a
polynomial function on SU(2) acting by convolution, i.e. by the operator
/. SU2 g)Agdg. Then the Martin kernel will be defined, by analogy with the
case of classmal Markov chains, by
) Agdyg

p(g
P fSU(2) 1- ¢(g)
Agdg

fSU(2) 1- ¢>(9)

Note that the operator [g, (@) 1- ¢(g))\ dg lies in the center of A(SU(2)),

therefore there is no ambigulty in the quotient of the preceding formula.

9.5 Pseudodifferential Operators of Order Zero
and the Martin Compactification

In order to find the Martin compactification of the quantum random walk,
we shall identify the C*-algebra generated by C*(SU(2)) and by the image of
the Martin kernel, and show that it gives rise to a three terms exact sequence.
We will first exhibit a certain exact sequence

0— C*(SU(2)) = M — C(S?*) =0 (9.1)

where M is our sought for Martin compactification, and C(S?) is the algebra
of continuous functions on the two dimensional sphere S2. For this we consider
the three operators in A(SU(2)) associated with Pauli matrices, which we call
X,Y, Z, and the Casimir operator C = X2?+Y?2+4 7241 which acts by (n+1)?
on the space of coefficients of the n-dimensional representation of SU(2), and
build three operators

r=XC V2 y=yC V2 =70 V/?

Clearly these operators are self-adjoint and bounded. Using the commutation
relations (3.1) one can see that [z,y], [z,2], [y,2] and 2% + y* + 22 — I are
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compact operators on L*(SU(2)). It follows that there exists a map from
the algebra generated by z,y,z to the algebra of polynomial function on
the sphere, sending z,y, z to the three coordinate functions, and this map
vanishes on the compact operators. Actually this map extends by continuity
to the C* algebra generated by x,y and z and yields the exact sequence (9.1).
One can interpret also the algebra M as the algebra of right invariant pseudo
differential operators of order zero on SU(2), then the map M — C(S?) of
(9.1) is the principal symbol map (see [B5]). Once we have introduced the
exact sequence above, we can state the theorem which is the analogue, for
central states on the dual of SU(2), of the Ney-Spitzer theorem.

Theorem 9.1. The C* algebra generated by the image of the Martin kernel
is the algebra M. The Martin kernel yields a section K : C(S?) — M.

The proof of the theorem relies on a detailed analysis of the Clebsch-Gordan
formulas, see [B5].

Recently the problem of the Martin or Poisson boundary have been con-
sidered for quantum groups, see [Col], [I], [INT]

10 Central Limit Theorems for the Bernoulli Random
Walk

Just as in the classical case there exists central limit theorems for the
Bernoulli random walk, however the noncommutativity here plays an im-
portant role, and according to whether the state we chose is central or not
the limit is quite different.

10.1 The Case of a Central State

We consider the triple of processes (X, Yy, Zn)n>1 constructed in section
(3.1). We use the tracial state to contruct the product, Ms(C)®>° which is
thus endowed with the tracial state o = (%T r)®>°. We renormalize the three
processes according to

Y 0 _ 2
) t -
VA VA

where [z] is the integer part of x. This triple of processes converges when
A — 00, in the sense of moments, towards a three dimensional Bownian
motion.

YN Z

Theorem 10.1. Let (X,;,Y;, Z;)i>0 be a three dimensional Brownian motion,
then for any polynomial in 3n noncommuting indeterminates P, and all times
ti,...,tn, one has
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. A A A A A A
limy oo o (P(XY, YN 200 XV v 2y =

E’[P(Xt“Y;“ Zt17~ .. 7Xt‘n,75/tn7 Ztn)]

Let us sketch the proof of this result. It is enough to prove the result for
monomials. First we see that for any real coefficients z,y,z the process
:cXt()‘) + th(A) + zZt(A) converges towards real Brownian motion. By po-
larization this implies that for any monomial in X,Y,Z the sum over all
monomials with the same total partial degrees in X,Y, Z converges towards
the required limit. Consider two monomials of the form MlXt()‘)Ys()‘)Mg and
Mll/;(’\)Xt(’\)Mg7 their difference is, thanks to the commutation relations,
M,y Z&%Mg/\/)\. This is a monomial of smaller degree, with a factor 1/v/A. We
conclude, by induction on degrees of monomials, that the difference betwen
the expectations of the two monomials MlXt(’\)YS(’\)Mg and MlYS(’\)Xt(A)M2
converges to 0 as A — oo. It follows that the expectations of all monomials
with the same partial degrees in variables converge to the same limit. a

We observe that the spin process, normalized by S[At]/ VA converges in
distribution to a three dimensional Bessel process as A — oo.

10.2 The Case of a Pure State

Now we consider the quantum Bernoulli random walk with the pure state
given by the vector eg. We shall consider the convergence of the moments of
the triple of processes

Xy Ying Zing
VATVAT A
We shall prove that there exists operators (Xy,Y:, Z;)¢>0 on some Hilbert

space H with a vector {2 € H, such that for every polynomial in noncom-
muting indeterminates P(X;,, Y, , Z¢,, ..., Xt,, Yz, , Z¢,) one has

(Y™, 7 = ( it > 0.

. A A A A A MY oo oo
lim, oo (P(X, VY 20 x ) v 72V ese egey) =
<P(Xt17yvt17Zt17"'7th75/tn7Ztn>Q7 Q)

For this we shall first investigate the case where n = 1,t; = 1, thus we have
just three operators (\)5;;, 3//’;“ Z;) and let n — oco. Let H be a Hilbert space
with a countable orthonormal basis €g, ..., &y, . . ., and let us define operators,

with domain the algebraic sum ®}_,Ce;, by the formula

R
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Theorem 10.2. For any polynomial in three moncommutative indetermi-
nates one has

_ 1 _
)eg)n?e?n> = <P(CL+ +a ) i(a+ —a )aI)s()7€()>

The proof is immediate by inspection of the formula (3.2) and comparison
with (10.1). O
Observe that one has the adjointness relations
{aTu,v) = (u,a v)
for all u, v in the domain. It follows that the operators a*+a~ and ! (a*—a™)
are unbounded symmetric operators on H, and thus are closable. We will see
below that they have self-adjoint extensions. They satisfy the commutation

relation
[at,a ] =1

on their common domain, spanned by the vectors ¢;.

The operators a™,a~ thus obtained are well known under the name of
creation and annihilation operators for the quantum harmonic oscillator. One
can give a natural model for these operators using a gaussian random variable.
For this, remark that the distribution of the operator a* + a~ is gaussian.
This follows easily from the fact that each X, follows a standard binomial
distribution, and the convergence of this binomial distribution to the gaussian
distribution, by the de Moivre-Laplace theorem. This property of the operator
a™ + a~, and the fact that &g is a cyclic vector for a* + a™, i.e. the vectors
(at + a”)"go span a dense subspace of H, allows us to identify the space
H in a natural way with the L? space of a gaussian random variable. The
vectors g, can be obtained from the vectors (a*+a~)" by the Gram-Schmidt
orthogonalization procedure. It is well known that, for a gaussian variable X,
the polynomials obtained by the Gram-Schmidt orthonormalization process
from the sequence X™ are the Hermite polynomials. Thus when we identify
the space H with the L? space of the gaussian measure on R the vectors ¢,
become identified with the Hermite polynomials. Then the operator a~ is

identified with d‘i and the operator at with z — d‘i.
The product a*a™ has eigenvalues 0,1,2, ... corresponding to the the re-
spective eigenvectors €q, €1, . ... It is known as the number operator in quan-

tum field theory.

We will in the next section systematize the construction above and show
how to deduce the limit of the renormalized quantum random walk to a
quantum Brownian motion.
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10.3 Fock Spaces

Let H be a complex Hilbert space. For each integer n the symmetric group
S,, acts on H®™ by permutation of the factors in the tensor product.

Definition 10.3. We denote H°" the subspace of H®" formed by vectors
invariant under the action of S,,.
If hi,..., hn € H then we let

1
hio...oh, = ho(1) ® ... ® hg(n

which is a multiple of the orthogonal projection of h1 ®...® h,, on H°". One
has

(h1...0ohp, o ohl) =" T[(hi M)
oeS, i=1

The Fock space built on H is the Hilbert space direct sum
I(H) = &, H"

where H°® is a one dimensional Hilbert space spanned by a unit vector
2, called the vacuum vector of the Fock space. The algebraic direct sum
Daig.n=0oH ", denoted by Io(H), is a dense subspace of I'(H).

For every h € H we define the exponential vector associated with h by

o0

em=y""

one has
(E(h), E(h")) = et

furthermore the vectors {(h);h € H form a linearly free subset, generating
algebraically a dense subspace of I'(H).

If the space H is written as the orthogonal direct sum of two Hilbert
subspaces H = H; ® Ho, then there is a canonical isomorphism

I(H) ~ T(Hy) ® I'(Hy) (10.2)

which can be obtained, for example, by identifying the exponential vector
&(vi+vg) € I'(H), where vy € Hy and vy € Ha, with the vector &(v1)®&(v2) €
I'(Hy) @ I'(Hs).

Let h € H, we define two operators on the domain I'h(H) by

a;;(h10...ohn)Zhohlo...ohn
a;(h10...0hn):22;1<hi7h>h1o...ohio...ohn
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Operators of the form a;{ are called creation operators while the a, are

called annihilation operators. When H is one dimensional, generated by a
unit vector u there is a natural identification of I'(H) with the Hilbert space
of the preceding section where the vector u°™ is identified with V/nle,. Then
the operators a; and a, coincide with a* and a™.

Another operator of interest on I'(H) is the number operator A which has
eigenvalue n on the subspace H°". If (e;)ies is an orthonormal basis in H,
then the number operator A has the expansion

— + 4=
A= E ag a,,.
i

One can see that the creation and annihilation operators satisfy the adjoint
relation
(af u,v) = (u,a; v) h,u,v e Iy(H)

as well as the commutation relation
[a;tv CL;} = 7<h7 k>I

on the domain IH(H). In particular they are closable, and it is easy to see
that the exponential vectors belong to the domain of their closure, with
+ / d / — / /

Q) = 6N+ thymy ap€(R) = (W e (103)
We shall see that the real part of the creation operator P, = aZJra; has a self-
adjoint extension, as well as its imaginary part )p. For this we consider the
following Weyl operators, given on the vector space generated by exponential
vectors by the formula

W &(h) = £(h + u)e P —2(ww
It is easy to check that

(Wug(h), Wug(h)) = (§(h), §(h")) (10.4)

for all u,v, h,h’ € H, therefore the operators W, extend to unitary operators
on I'(H), furthermore

W Wy = Wyype S0 (10.5)

and for any u € H the operators (Wj,;t € R) form a one parameter group
of unitary operators, whose generator is given by P, on exponential vectors.
Similarly, the operators (Wi, ;t € R) form a one parameter group of unitary
operators, whose generator is given by @Q.,, and more generally for 6 € [0, 27|
the vectors (Wies,;t € R) form a one parameter group of unitary operators,
whose generator is given by cos0Q), + sin0P,.
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It follows from Stone’s theorem that P,, @,, and all their linear combina-
tions, have a self adjoint extension. These operators satisfy the commutation
relation

[Py, Qu] = —2iR(u, v).

We observe that if H splits as an orthogonal direct sum H = H; & Hs and
u € Hy, then the operator W,, admits a decomposition W,, = W,, ® I in the
decomposition (10.2).

Let now K C H be a real Hilbert subspace such that S{u,v) = 0 for
all u,v € K (if K is maximal, it is called a Lagrangian subspace), then by
(10.5) the unitary operators W,;u € K form a commutative family, and the
generators P,,u € K of the one parameter subgroups (Wj;,;t € R) form
a commuting family of self-adjoint operators with common dense domain
I'v(H). We can therefore investigate the joint distribution of these operators.

Proposition 10.4. The operators Py, foru € K form a gaussian family with
covariance (P, P,) = (u,v).
The operators @, for uw € K form a gaussian family with covariance

<Qua Qv> = <7.L, U>'

For the proof it is enough to prove that any linear combination of these
operators has a gaussian distribution with the right variance, i.e. that P, is
a gaussian with variance (u,u). For this one computes the Fourier transform

1

(€iPe2, Q) = (e7£(0),£(0)) = (E(u)e™ 2" £(0)) = e~ 2w

The proof for the operators @, is similar. O

We let now H = L?(R, ), and take as Lagrangian subspace the subspace of
real valued functions. Then the family (P; := Pl[(),t] ;t > 0) has the covariance
(P, Ps) = s At, and thus has the distribution of a real brownian motion. The

same is true of the operators @Q; := 1(@{?0 g 01, t]) which form another

i
Brownian motion satisfying the commutation relations

[Pn Qt} =2t

We shall call the pair (P, Q¢)i>0 of continuous time processes a noncommu-
tative brownian motion.

We can now state the limit result we had in view in the beginning of this
section.

Theorem 10.5. For any polynomial P in noncommuting variables, one has

. A) ) (A A ) L) o o
hm)\—’oo«P(Xt(l)th( ) Zt(l)v"'vxt(n)7yt(n)7Zt(n))€0 ,€5°)) =

1 )

<P(Pt17Qt17t1~I7 ey Ptn7 Qtn,7tn'1))ga Q>]

The proof is an elaboration of the proof we gave for one time.
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We shall see in the next section that, again, one can interpret this pair of
processes as a noncommutative Markov process with values in a noncommu-
tative space.

The noncommutative Brownian motion is the basis of a theory of noncom-
mutative stochastic integration which has been developped by Hudson and
Parthasarathy, see e.g. [Pa].

11 The Heisenberg Group and the Noncommutative
Brownian Motion

The Heisenberg group is the set H = C x R endowed with the group law
(z,w) *x (2", w") = (z+ 2w+ v +(27))

This is a nilpotent group, its center being {0} x R, and the Lebesgue measure
on C x R is a left and right Haar measure for this group.
The Weyl operators defined in the preceding section on a Fock space I'(C)
define unitary representations of the group H, by setting, for 7 € R*,
pr(z,w) = W, 1/2e"™
if 7 >0 and 4
pr(z,w) = W /26"

if 7 <0.

Another family of representations is given by the one dimensional charac-
ters -
pe(z,w) = e R(z8)

for € € C.
All these representations are irreducible, are non equivalent and they ex-
haust the family of equivalence classes of irreducible representations of H.
We consider the C* algebra of H, which is the C'*-algebra generated by
the convolution algebra L*(H) on L?(H). This algebra is a sub C*-algebra of
B(L?(H)). Let us denote z = g + ip then the Lie algebra of H is composed
of the vector fields
. a . a
ow’  dq +paw’ Op % 9w

We shall denote by iT',iQ, i P the unbounded operators on L?(H), affiliated to
C*(H), which correspond to these vector fields. Thus P, @, T are unbounded
self-adjoint operators, which satisfy the commutation relation

[P,Q] = —2iT.
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The "quantum plane"

[P.Q]=it The plane T=0

e

Fig. 5 The dual of the Heisenberg group.

As in the case of SU(2) one can give a heuristic description of the non-
commutative space dual to H using the generators of the Lie algebra of H,
which define three noncommuting unbounded self-adjoint operators P,Q,T.
We think of these operators as coordinate functions on this dual space, sat-
isfying the commutation relations

[P,Q) = ~2T [P,T]=[Q.,T]=0.

Since the coordinate T' belongs to the center, it allows to decompose the
space into slices according to the values of this coordinate. When T' = 0,
the coordinates P and () commute, and the corresponding slice is a usual
plane, with two real coordinates. This corresponds to the one dimensional
representations of the group. When T = 7 a non zero real number, the
two coordinates P, ) generate a von Neumann algebra isomorphic to B(H),
and corresponding to the irreducible representation sending 7' to 71. Note
that in this representation the operator P? + Q2 has a discrete spectrum
2|r|, 6|7, 10|7],....

Let us consider, for ¢t > 0, the functions on H

o (z,w) = (pay (2, w) 12, 2) = etitw—3t2Z

By construction, these functions are positive definite functions on H, and
form two multiplicative semigroups. To these functions correspond convo-
lution semigroups of states, and semigroups of completely positive maps.
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The semigroup of noncommutative brownian motion on the dual of H is
the associated semigroup of completely positive maps on C*(H). Recall
that this semigroup is obtained by composing the coproduct A : C*(H) —
M(C*(H)) @ M(C*(H)) (recall that M(A) is the multiplier algebra of A)
with the state associated with the function. Thus

OF = (v,z®@I)oA

or equivalently
(p?[(/\g) = gof[(g))\g for g € 'H.

Let v be a state on C*(H), and p, : C*(H) — B(H,) be the associated
GNS representation. We consider the two families of homomorphisms

jit 1 C*(H) — B(H, ® T(L*(R,)))
]t:t(zaw) = PV(Z,w) (%9 WZl[O,t] 6iltw

We shall prove that these homomorphisms constitute dilations of some com-
pletely positive convolution semigroups on C*(H). For each time ¢ > 0 we
have a direct sum decomposition L*(Ry) = L2([0,t]) @ L?([t, +oc[) and a
corresponding factorization

D(LA(R4)) = D(L2((0,4))) ® D(L2([t, +00])
Accordingly for each t > 0 there are subalgebras

Wy = B(P(L2([0,1]))) ® I € B(I'(L*(R..))
and linear maps

Ey:=1d® (L2, 82) : B(I'(L*(Ry))) — W,
where (2, is the vacuum vector of the space I'(L?([0,1])).

Lemma 11.1. For each t > 0 the map E, is a conditional expectation with
respect to the state (.82, (2).

Indeed if a € B(L*(Ry4)) has a decomposition a = a;) ® aj; then one has
Ey(a) = ay @ (ap 82y, 2)
and for b,c € B(L?([0,1]))

;?(vll[o,t] € (Ul roop); E(01 4000)

One checks easily that the homomorphism ji¥ sends C*(H) to W, further-
more we have
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Proposition 11.2. The maps (jti, E,,Wy) form a dilation of the completely
positive semigroup @ti, with initial distribution v.

Proof. This is a bookkeeping exercise using the definition of the Weyl oper-
ators, one has to check that, for t,s > 0 and u,v € L?(R), one has

(i s (2, w)E(uljo ), E(Vpo,g)) = eiisw_§S|Z|2<jti(zaw)S(U1[O,t])75(v1[0,t])>

]
For every one parameter subgroup of H, there is a completely posi-
tive semigroup given by restriction of (@ti)tzo- For subgroups of the form
(22,0);u € R, with z € C* isomorphic to R, one sees that the semigroup is
that of Brownian motion on the dual group. Thus we recover the Brownian
motions (P, Q) of the preceding section by looking at j;(P) and j;(Q).
The restriction to the center (0,w);w € R gives a semigroup of uniform
translation on the real line.

11.1 The Quantum Bessel Process

Bessel processes are radial parts of Brownian motions. Here we shall exploit
the action of the unitary group U(1) on the Heisenberg group in order to find
an abelian algebra which is left invariant by the semigroup and study the
Markov process associated with the restriction of @f to this subalgebra. Let
e be a complex number with modulus 1, then there exists an automorphism
ag of the Heisenberg group defined by

92,w)

ag (Za ’LU) = (ei
and this automorphism extends to an automorphism of the C* algebra.

Proposition 11.3. The subalgebra of C*(H) composed of elements invariant
under the above action of U(1) is an abelian C* algebra.

The characters of this abelian C*-algebra have been computed by A. Koranyi,
they are given by the formula

(f) = /H w(9)f(9)dg

for f € L'(H), invariant under the action of U(1), where w belongs to the
set of functions

{wrmlr € R\ m € N} U {wlp € Ry}
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Fig. 6 The Heisenberg fan.

with ' ) )
wrm (2, w) = me™ 2R L (I7(]217)

wu(z,w) = jo(p|2[?)
Here L,, are the Laguerre polynomials defined by the generating series

xt

1—t

3 Lu(a)™ = 61 .,

m=0

and jo is the usual Bessel function.

The spectrum of the algebra C%,(H) can be identified with a closed subset
of R?, which consists in the union of the halflines {(x, kz);x > 0} for k € N,
the halflines (x, kz); 2 < 0 for k € N*, and the halfline (0,y);y > 0.

It is the spectrum of the unbounded operator ;(P2 +Q? —T), and this
algebra is the algebra of functions of this operator.

The picture gives a “fan” consisting of a union of halflines originating from
0 as depicted below.

We shall call noncommutatif Bessel semigroup the restriction of @f to the
abelian subalgebra C}%(H). In order to compute this semigroup we need,
for each character w to decompose the functions wy; into an integral of
characters. The result is given by the following.

Proposition 11.4. The noncommutative Bessel semigroup ®; is given by
the following kernel.
If x = (0,—ko) with o <0 and 7 = o +t then

Qt(xv dy) = Z (k _(llyé)i k‘)' (1 - ;—_)lik(;)kd(‘r,—lr)(dy)

=k
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Fig. 7

If v = (0,—ko) with o <0 and 0 = o +t, (y = 0,7) then

(P

(kfl)!e t 6o @ dr

qt(x7 dy) =

If ¢ = (0,—ko) with 0 <0 and 7 = o+ > 0 then

oo

l+k71

If x = (0,r) then (et
g(w,dy) = "

If x = (0,ko) witho >0 and T =0 +1

e lt‘ at,lt (dy)

=k

alod) =3 H (1= DY) b ()

pr —k)! T

The computations can be found in [B6].

A typical trajectory of the process is depicted in the above picture. It
starts from a point (o, —0) with ¢ < 0. During the whole process the first
coordinates follows a uniform translation to the right. The trajectory starts
on the line y = —x, and with an intensity 7:1:“:, then jumps to the line
(y = —2x), which it follows before jumping to the next line (y = —3z) with
an intensity Qdi ;> and so on, until it reaches after infinitely many jumps the
line x = 0, then the process on the right half plane does the jumps from the
line (y = kx) to (y = (k— 1)z), until it finally reaches the line y = 0 where it
stays forever. One can actually construct this process from a birth and death
process known as the Yule process, and the embedding of this process into
the Heisenberg fan yields a construction of the space-time boundary of this

process, see [B6].



106 P. Biane

12 Dilations for Noncompact Groups

12.1 The General Case

We shall now extend the preceding construction to the case of arbitrary lo-
cally compact groups. Let G be a locally compact group, with right Haar
measure m, and consider its convolution algebra L' (G). We endow this alge-
bra with the norm ||f|| = sup||p(f)|| where the supremum is over all unitary
representations p of the group G, extended to the algebra L(G). This yields
the full C*-algebra of G, denoted C*(G). When the group G is amenable, for
example if G is compact or for the Heisenberg group which we have met be-
fore, this coincides with the completion of the action of the group on L?(G),
which is called the reduced C'*-algebra of G. When the group is nonamenable,
C(G) is strictly smaller than C*(G). A continuous positive definite function
on G, such that p(e) = 1 defines a state as well as a completely positive
contraction on C*(G), whose restriction to L'(G) is given by f — f¢. Let
now 1 be a continuous, conditionally negative definite function on G, with
¥(e) = 0. Recall that this means that for all + > 0 the function e~ is a
positive definite function on G, or equivalently, by Schonberg’s theorem, that
for all z1,...,2, € Cwith }7, 2, =0, and g1,..., g, € G one has

> ziz(g;tgi) <0.

ij
There is an associated semigroup of completely positive contractions on
C*(G). We shall now, following Parthasarathy and Schmidt [PS], construct
a dilation of this semigroup. Let v be a state on C*(G) which will be the
initial state. The GNS construction yields a unitary representation 7w of G on
a Hilbert space Hy, and n € H, such that v(z) = (w(x)n,n) for x € C*(G).
A variant of the GNS construction associates to the function ¥ a unitary
representation of G in a Hilbert space Hy, and a cocycle v : G — Hy, for this
representation. Thus v is a continuous function which satisfies

v(gh) = gv(h) + v(g)
and
(v(g),v(h)) = —p(h ™ g) + ¥(g) + Y(h™") — ¢(e) (12.1)

for all g, h € G. Conversely, any function 1 satisfying the above equation for
some representation and cocycle v is conditionally negative definite. Indeed

one has
ZZZZJZ/J N gz :*”ZZJ v(g;)]
ij

if ZJZJ =0.
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Let I' = I'(L*(R;) ® Hy), and let W = B(H, @ I') ~ B(H,) ® B(I).
Let w be the pure state on W associated with the vector n ® 2. One can
define the subalgebras W, = B(H, ® I'}) ® Id associated with the orthogonal
decomposition L?(Ry) ® Hy = (L([0,t]) @ Hy) & (L*([t, +o0]) ® Hy), and
the conditional expectations F; : W — W, with respect to the state w. One
defines a unitary representation of G on exponential vectors by

VH(g)(E(w) = et Toa@e@ e (Ut () (u) + 1o, @ ve(9))

One thus gets a representation of G on H, ® I' by taking the tensor product
of V* with the representation 7, and this yields a family of morphisms j; :

C*(G) — W.

Proposition 12.1. The family (j:, W, Wi, Ei,w) forms a dilation of the com-
pletely positive semigroup, with initial distribution v.

The proof is a bookkeeping exercise. This construction has been extended
by Schiirmann to a class of bialgebras, see [Sc], allowing him in particular to
give a nice construction of the Azéma martingales.

12.2 Free Groups

Let now F,, be a free group on n generators ¢i,. .., g,. Each element of F),
can be written in a unique way as a reduced word w = gff gf:, where
one has €; = £1 for all j and 41 # ig # 43...49x—1 # ix. For such an element
one defines its length I(w) = k. This is the smallest integer & such that w can
be expressed as a product of k elements in the set {g1, 9;17927 e G 9 )

Proposition 12.2. (Haagerup [H]) The function 1 is conditionally negative
definite on F,.

Proof. Consider the Cayley graph of F;, built on the generators. Thus this
graph has as vertices the elements of F;, and its edges are the pairs {g, h}
such that h~!g is a generator or the inverse of a generator. This Cayley graph
is a regular tree in which each vertex has 2n neighbours. For any g € F,, one
can consider the unique shortest path in the graph between Id and g. Let E,,
be the set of edges of the Cayley graph, endowed with the counting measure,
then one defines v(g) € L*(E,) to be the indicator function of this shortest
path from Id to g in the Cayley graph. Thus v(g)(e) = 1 if and only if the
edge e is on the shortest path from Id to g. One can easily check, using the
properties of trees that for any h, h € F,, one has

U(g) +U(h) = U(h™"g) = 2(v(g), v(h) 12(F,)
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indeed this scalar product counts the number of common edges in the shortest
paths from Id to g and h. This implies, by (12.1) that [ is conditionally
negative definite. O

It follows from the previous proposition that there exists, on the full C*
algebra of F,, a semigroup of unit preserving completely positive maps, given
by the formula

Pi(Ng) = e_tl(g))‘g

The theory of the previous section allows us to construct a dilation of this
semigroup. As before we shall be interested in the restriction of this com-
pletely positive semigroup to commutative subalgebras. The first one will be
the subalgebra of the subgroup generated by one of the generators. Let g;
be this generator, then this subgroup is isomorphic to Z by k +— gf, therefore
its dual is isomorphic to the group of complex numbers of modulus 1. The
restriction gives us a Markov semigroup on the group of complex numbers of
modulus 1. This semigroup is easy to characterize, it sends the function e**?
on the unit circle to the function e~¥1+%*¢ In other words this is the integral
operator on the unit circle given by the Poisson kernel

, 1— 672t
P(6,0") = .
(6,6) 1—2etcos(f — @) + e 2

This is a convolution semigroup, as expected.

The other commutative algebra of interest is the algebra R(F,) consist-
ing of radial elements. It is generated by the elements y; = Zz( )=l Ag for
l=0,1,..., and it is immediate that the completely positive semigroup as-
sociated with the length function leaves this algebra invariant. Actually one
has @;(x;) = e *x;. These elements satisfy the relations

xo =1
Xi = x2 +2nxo
Xixt = Xi+1+ (2n —1)xi1 [>2

From this we conclude that R(F},) is the commutative von Neumann algebra
generated by the self-adjoint element x1, and its spectrum is the spectrum of
X1- In order to compute the norm of y; we need just to consider the trivial
representation of F;, in which all g; are mapped to the identity, and we get
Ixi|l = 2n(2n — 1)!=1 for [ > 1, the number of elements of length [ in F),.
Any character ¢ : R(F,,) — C is determined by its values on xi. For such a
character o, with ¢(x1) = z, one has

2

exo) =15 px2) = 2" =2n;  p(xu+1) = zp(xi) — (2n—1Dp(xi-1) for 1 > 2

from which one infers that
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141 141 -1 -1
olxi) = )\1)\1 B ii - )\1/\1 B ii forl >1 (12.2)
where A1, A2 are the two roots of the equation A2 — 2\ +2n — 1 = 0.

We verify that the character ¢, defined by the formula above is real and
bounded if and only if € [—2n,2n]. The spectrum of the algebra R(F},)
thus coincides with the interval [—2n, 2n], and the element x; corresponds to
a polynomial function P;(x1) = xi, where the polynomials are determined by
the recursion

Py=1, Pl(x) =, mPl(x) = Pl+1(CL‘) +(2n — 1)3_1.

This three term recursion relation is characteristic of a sequence of orthogonal
polynomials. The orthogonalizing measure is the distribution of y; in the
noncommutative probability space (A(Fy),d.) where é. is the pure state,
in the left regular representation of F,,, corresponding to the identity. Thus
de(Ag) = 1if g = e and d.(N\y) = 0 if not. This measure is known as the
Kesten measure (see [Ke|) and has the density

\/4 (2n —1) — a2

dmn(z) = 2n - 1 4n? — 22

on the interval [-2y/2n — 1,2+y/2n — 1]. The discrepancy between the interval
[—2n,2n] which is the spectrum of x; and the support of the measure m,,
comes from the fact that F;, is a nonamenable group and therefore some of
its unitary representations are not weakly contained in the regular represen-
tation.

The semigroup of the restriction of (;);>0 to the subalgebra R(F})
sends the polynomial function P;(x) on the interval [—2n, 2n] to the function
e ' Pj(x). We can compute the transition probabilities p;(z,dy) by finding
the integral representation

P = [ R
[—2n,2n]

for each = € [—2n, 2n].

If x belongs to the support of the Kesten measure, then since the poly-
nomials P;;1 > 0 form an orthogonal basis of the L? space of the Kesten
measure, and ||P||2 = 2n(2n — 1)! one obtains p; through the orthogonal
expansion

pi(, dy) = e~ 'dm (y) + Ze’” L Pu() Pi(y)dmn (y)

2n—1)

When z is outside this support, then by (12.2) the sequence P;(x) is un-

rEVat-4Cn=1) 0 the

bounded and has exponential growth of rate £ = 5
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character value e " P;(x) has the asymptotic behaviour e~ ¢! as | — oo,
and if e7'¢ > 2v/2n — 1, then let x(t) = e~ ¢ + (2n — 1)e! /€. The func-
tion e~"P(x) can be written as is a linear combination of P;(z(t)), which
picks up the dominant term as | — oo and the Pj(y) for y in the interval
[-2v/2n — 1,2y/2n — 1]. More precisely the quantity

e”'¢—(2n—1)e'/E£— (2n —1)/¢
eftffet/f 571/5 Pl(x(t»

decreases exponentially as [ — oo, and thus one has

Qi(z) = e "P(x) —

pe(z,dy) = cibpsy + Ze‘” 11 (Pi(z) = e P(2(t))) Pi(y)dma (y)

1>

with ¢; = eitift(gf;l/);t/g &= ?n D/E 1¢ £(t) < 24/2n — 1 then there is a simi-
lar decomposition, but the term ¢t is 0.

Thus the process starting form a point x € [—2n,2n] \ [-2v2n — 1,
2¢/2n — 1] performs a translation towards the central interval, and at some
point jumps into it, and after that performs a certain pure jump process

inside the interval [—2v/2n — 1,2v/2n — 1] where it remains forever.

13 Pitman’s Theorem and the Quantum Group SU,(2)

13.1 Pitman’s Theorem

Let (By)i>0 be a real Brownian motion, with By = 0, and let

Sy = sup B
0<s<t

then Pitman’s theorem states that the stochastic process
Ry = 25; — By; t>0

is a three dimensional Bessel process, i.e. is distributed as the norm of a
three dimensional Brownian motion. There is a discrete version of Pitman’s
theorem, actually it is this discrete version that Pitman proved in his original
paper [Pi]. We start from a symmetric Bernoulli random walk X,, = z1+...+
@, where the x; are i.i.d. with P(z;) = +1 = 1/2, and build the processes
Sy = maxi<k<n Xk, and T, = 25, — X,,. Pitman proved in [Pi] that (T),),>0
is a Markov chain on the nonegative integers, with probability transitions
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Fig. 8

E+2 k
plk k1) = 2(k+1) pl k= 1) = 2(k+1)

and the theorem about Brownian motion can be obtained by taking the
usual approximation of Brownian motion by random walks. We see that this
Markov chain is, up to a shift of 1 in the variable, exactly the one that we
obtained in Theorem 3.2 when considering the spin process. This is not a
coincidence as we shall see, actually we will understand this connection by
introducing quantum groups in the picture. Before that, let us give the proof
of Pitman’s theorem We consider the stochastic process ((Sp,Xyn);n > 1),
with values in {(s,k) € Nx Z|s > k}. It is easy to see that this stochastic
process is a Markov chain, with transition probabilities

p((s,k), (s,k+ 1)) = %7 p((s,
p((878)7(8+1a5+1)):%7 p((s7s)7(s7371)): %

from which we can deduce the probability transitions of the Markov chain
(T, Xn);n > 1), with values in {(¢, k) € N*xZ| k € (—t,—t+2,...,t—2,1)},

p((tk),(t—1Lk+1) =3, p((tk),(t+1,k=1) =45 ift>k (13.1)

The transition probabilities are depicted in this picture.

One checks then, by induction on n, that the conditional distribution of
X, knowing T4, ..., T,, is the uniform distribution on the set {—T,,, =T, +
2,...,T, —2,T,}. Then it follows that (T,,;n > 0) is a Markov chain with
the right transition probabilities.
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13.2 A Markov Chain Associated with the Quantum
Bernoulli Random Walk

In section 5.2 we have seen that the quantum Bernoulli random walk gives
rise in a natural way to two Markov chains, one being the classical Bernoulli
random walk, and the other being the spin process. These two processes
were obtained in the preceding section as coordinates of a certain two-
dimensional Markov chain given by the transition probabilities (13.1). We
can also consider a two-dimensional Markov chain having these two processes
as marginals, by considering the Markov chain of the end of section 5.2.
Recall that this Markov chain was obtained by restricting the generator
of the quantum Bernoulli random walk to the commutative subalgebra
P(SU(2)) C A(SU(2)) generated by the center Z(SU(2)) and by a one para-
meter subgroup. The spectrum of this algebra can be identified with the set

P={(rk)eNXZ|ke{-r—r+2,...,7—2,r}}

Indeed this algebra is generated by the pair of commuting self-adjoint op-
erators X, D in the sense that it consists in bounded functions of the pair
(X, D). The joint spectrum of these operators can be computed from the
explicit description of the irreducible representations of SU(2), and coincides
with P. The probability transitions can be obtained by using the Clebsch-
Gordan formula, or equivalently by the computation in the proof of Lemma
3.3. One finds

P k=) = B
bt =y
p((r k), (r—1,k—=1)) = 2(:4;1@1).

These transition probabilities are on this picture

Thus, although this Markov chain has the same one-dimensional marginal
as the one of the preceding section, they do not coincide. We will see that
in order to recover the transitions (13.1) we will have to introduce quantum
groups.

13.3 The Quantum Group SU,(2)

The Hopf algebra A(SU(2)) can be deformed by introducing a real para-
meter gq. The algebraic construction proceeds with the introduction of three
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Dl
X

Fig. 9

generators t, e, f which are required to satisfy the relations

t—t1
tet ' =g, tft'=q2f, ef—fe= |
q—4q
and a coproduct which is given by
Alt)=t®t, Al)=ext '+1Re, A(f)=fR1+t®f

Formally putting ¢t = ¢ and letting ¢ converge to 1 one finds in the limit the
defining relations for the envelopping algebra of the Lie algebra of SU(2), as
well as the coproduct.

One can prove that the irreducible finite dimensional representations
of this algebra are deformations of those of SU(2), indeed for each inte-
ger 7 > 0 there exists two representation in V,‘:_l and V5, with bases
vzi; ke{-r,—r+2,...,7r—2,r}, given by

r+ JarE
tv;™ = £¢’v;

r+ T*j T+J+2 r+
ev; :l:\/[ 9 } [ 9 Vito
q q
r+ Tﬁj+2 7”‘+j r+
it 1 ]
q q

with [n], = q:;:qq:ln. Using the coproduct one can define the tensor product
of two representations, and this tensor product obeys the same rules as the



114 P. Biane

one for representations of SU(2) i.e. one has

€1 €2 _ €1€2
‘/;'1"'1 ® ‘/;‘2-"-1 - @ r41 -

r=[ro—ri|,|r2—r1|+2,...,r1472

We will now restrict our attention to representations of the kind Vfr, and con-
sider the von Neumann-Hopf algebra AT (SU,(2)) = ®,>0End[V," ], which
is isomorphic, as an algebra, to A(SU(2)), but whose coproduct is deformed.
The subalgebra P(SU,(2)) generated by ¢ and by the center remains un-
changed in the deformation. We consider the tracial state éTT on the two-
dimensional component, and consider the associated random walk. As in the
case of SU(2), the restriction of the associated Markov transtion operator to
the commutative algebra P(SU,(2)) defines a Markov chain on the spectrum
of this algebra, whose transition probabilities can be computed, using the
deformed Clebsch Gordan formulas, as in Klimyk et Vilenkin [KV], formulas
(6) et (9), §14.4.3, to give

-ty [7.+l2f+2]q qr+1 _ qik*l
k), (r+1,k+1)) =¢" = i i 13.2
p((r, k), (r ) =4q r+1], 2(gr+t — g7 1) ( )
[’"*k“] k4l -1
?k ] +13k7 1 = 7(T+k)/2 2 a - q q
p((lr ) (r )) q 2[7,, + 1]q 2(q7+1 _ q—’(-_l)
[Tﬁk] k-1 _ —r—1
?k 9 - 1ak+ 1 = 7(T+k+2)/2 2 a - q q
p((r, k), (r ) =4q 2Ar+1],  2(g"tt —q¢—1)
p((’f‘, k)7 (7” - 1a k— 1)) = q(r—k—l—2)/2

[”k]q B g+l — gkt
[

2
2[r + 1], C2(grt — g1

Letting ¢ tend to 0, one checks that (13.2) converges to (13.1), and thus
we get Pitman’s theorem as an outcome of the ¢ — 0 limit of the quantum
Bernoulli random walk, see [B7] for details.

This observation is at the basis of a vast generalization of Pitman’s theo-
rem, see e.g. [BBO].
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Interactions between Quantum
Probability and Operator
Space Theory

Quanhua Xu

Abstract We give a brief aspect of interactions between quantum probability
and operator space theory by emphasizing the usefulness of noncommutative
Khintchine type inequalities in the latter theory. After a short introduction to
operator spaces, we present various Khintchine type inequalities in the non-
commutative setting, including those for Rademacher variables, Voiculescu’s
semicircular systems and Shlyakhtenko’s generalized circular systems. As an
illustration of quantum probabilistic methods in operator spaces, we prove
Junge’s complete embedding of Pisier’s OH space into a noncommutative L,
for which Khintchine inequalities for the generalized circular systems are a
key ingredient.

1 Introduction

It is well-known that probabilistic methods are important methods in Banach
space theory. As operator spaces are quantized Banach spaces, one would nat-
urally expect that quantum probability should play a non negligible role in
the young operator space theory. This is indeed the case. In fact, quantum
probability and operator space theory are intimately related and there exist
many interactions between them. For instance, the recent remarkable de-
velopment of noncommutative martingale inequalities is directly influenced
and motivated by operator space theory. In particular, the establishment
of the noncommutative Doob maximal inequality by Junge [J1] is inspired
by Pisier’s theory of vector-valued noncommutative Ly-spaces. On the other
hand, the noncommutative Burkholder/Rosenthal inequalities can be used
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to determine the linear structure of symmetric subspaces of noncommuta-
tive Ly-spaces (see [JX]). The recent works of Pisier/Shlyakhtenko [PS] on
the operator space Grothendieck inequality and of Junge [J2] on the complete
embedding of OH into a noncommutative L, are two more beautiful exam-
ples of illustration of these interactions. Certain Khintchine type inequalities
are key ingredients in both works.

It is clear today that quantum probability is of increasing importance
in operator space theory. We will try to convince the reader of this in this
course by presenting a very brief aspect of interactions between the two theo-
ries. Our presentation is around Khintchine type inequalities. In consequence,
noncommutative L,-spaces are at the heart of these lectures.

This course can be divided into three parts. The first one gives a brief
introduction to operator space theory. We start with a short discussion on
completely positive maps between C*-algebras in order to prepare the intro-
duction to operator spaces and completely bounded maps. Our introduction
to operator spaces begins with concrete operator spaces, i.e., those which
are closed subspaces of B(H) and the Haagerup-Paulsen-Wittstock factor-
ization theorem for completely bounded maps, which should be understood
together with its predecessor, Stinespring’s factorization theorem for com-
pletely positive maps. We then pass to Ruan’s fundamental characterization
of abstract operator spaces. It is Ruan’s theorem that allows us to do basic
operations on operator spaces such that duality, quotient and interpolation.
Meanwhile, some important examples of operator spaces are given, includ-
ing column space C, row space R and Pisier’s operator Hilbert space OH.
This first part ends with an outline of Pisier’s vector-valued noncommutative
L,-spaces. We concentrate here only on Schatten classes.

The second part is of quantum probabilistic character. The main object of
this part is various noncommutative Khintchine inequalities. It becomes clear
nowadays that Khintchine type inequalities are of paramount importance in
operator space theory and more generally in noncommutative analysis. The
inequalities we present are those for Rademacher variables, free group gener-
ators, Voiculescu’s semicircular systems and Shlyakhtenko’s generalized cir-
cular systems. The proofs of these inequalities in noncommutative L,-spaces
are often quite technical and tricky. But what will be needed in the third
part concerns only the case p = 1, which is often easier. We should point out
that the von Neumann algebra generated by a generalized circular system
is of type III, which turns our presentation of noncommutative L,-spaces
somehow more complicated. This is, unfortunately, unavoidable in view of
the complete embedding of OH into a noncommutative L; presented later.

The short third part is devoted to Junge’s complete embedding of OH into
a noncommutative Li. We first present OH as a quotient of a subspace of
C @ R (a theorem of Pisier), which is given by the graph of a closed densely
defined operator on /5. We then prove that any such graph embeds completely
isomorphically into a noncommutative L-space.
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2 Completely Positive Maps

This section gives a brief discussion on completely positive maps between
C*-algebras. Our references for operator algebras are [KR] and [T]. Let us
fix some notations used throughout this course:

e B(H) denotes the space of all bounded linear operators on a complex
Hilbert space H.

e A often denotes a C*-algebra; so A can be regarded as a C*-subalgebra of
B(H) for some H. A, denotes the positive cone of A.

e M denotes a von Neumann algebra and M, the predual of M.

e M, denotes the algebra of complex n x n matrices; so M, can be identified
with B(¢3).

e M, (A) denotes the algebra of n x n matrices with entries in A. This
is again a C*-algebra. If A C B(H), then M, (A) is a C*-subalgebra of
M, (B(H)) = B(e3(H)).

e (, denotes the ,-space of complex sequences () such that (3°, |zx|P)'/P <
00, 1 < p < oo (with the usual modification for p = o0c). The n-dimensional
version of £, is denoted by £} .

Definition 2.1. Let u : A — B be a linear map between two C*-algebras.

i) u is called positive if u(Ay) C B.

ii) u is called completely positive (c.p. for short) if w, is positive for every
n > 1, where u,, = idy,, @ u : ML, (A) — M,,(B) is defined by u,, ((z;;)) =
(u(zij)).

Remark 2.2. 1t is easy to check that a positive map u : A — B is automati-
cally continuous. If in addition A is unital, then [ju| = ||u(1)|| (see [Pa]).

Examples:

1) Homomorphisms. Every homomorphism = : A — B is c¢.p.. By ho-
momorphism we mean a linear map satisfying: w(xy) = 7(z)w(y) and
w(x*) = w(x)* for all z,y € A. Recall that a homomorphism 7 is nec-
essarily contractive, i.e., ||u|| < 1. If in addition 7 is injective, then 7 is

isometric.
2) Multiplications. Let a € A and define C, : A — A by C,(x) = a*za.
Then C, is c.p. and ||Cy|| = |la*a| = ||a||*. More generally, if H and

K are two Hilbert spaces and a : K — H a bounded operator, then
C, : B(H) — B(K) defined by Cy(z) = a*za, is c.p..

The classical theorem of Stinespring states that any c.p. map is the com-
position of two maps of the previous types.
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Theorem 2.3. (Stinespring’s factorization)

Let A be a C*-algebra and B a C*-subalgebra of B(K). Let u : A — B be
c.p.. Then there are a Hilbert space H, a representation 7 : A — B(H) (i.e.,
a homomorphism) and a bounded operator a : H — K such that

u(z) =a'nw(x)a, VaeA
Namely, u= Cgy o .

We refer to [T] for the proof of this theorem. We deduce immediately the
following

Corollary 2.4. If u: A — B is c.p., then

def
1]l eb = sup ||uy, : M, (A) = M, (B)]| < oo.

n

Namely, u is completely bounded. Moreover, ||u|w = ||ull.

Exercises:

1) Prove that a positive map is automatically continuous.

2) Let A be a C*-algebra. Prove that x = (z45);; € M, (A) is positive iff =
is a sum of matrices of the form (a}a;);; with a1, ...,a, € A.

3) Let A and B be C*-algebras with B commutative. Prove that every pos-
itive map ¢ : A — B is automatically c.p..

3 Concrete Operator Spaces and Completely
Bounded Maps

We consider in this section closed subspaces of B(H) and completely bounded
maps between them. The analogue for the present setting of the Stinespring
factorization given in the previous section is the Haagerup-Paulsen-Wittstock
factorization for completely bounded maps, which is fundamental in the the-
ory. The references for this and next sections are [ER], [Pa] and [P3].

Definition 3.1. A (concrete) operator space is a closed subspace F of B(H)
for some Hilbert space H.

Let E be a Banach space, and let Bg+ denote the unit ball of the dual E*
of E. Bg~ becomes a compact topological space when equipped with the w*-
topology. Then E C C(Bg~) isometrically. More precisely, given « € E define
Z: Bgx — Cby z(§) = £(x). Then x — 7 establishes an isometry from E into
C(Bg+). But now C(Bg+) is a commutative C*-algebra, so C(Bg+) C B(H)
for some H. In this way, any Banach space is an operator space. However,
according to the preceding definition, an operator space E is given together
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with an embedding of F into a B(H). More precisely, an operator space is
a pair of a Banach space E and an embedding of E into some B(H). On
the other hand, B(H) admits a natural matricial structure: M, (B(H)) =
B(¢3(H)) for every n € N. This should be reflected in E too. In particular,
the “admissible” morphisms in the category of operator spaces should respect
this matricial structure.

Matricial Structure. Let E C B(H) be an operator space. Then E inher-
its the matricial structure of B(H) by virtue of the embedding M, (F) C
M., (B(H)). More precisely, let M, (E) be the space of n x n matrices with
entries in E. Then M, (E) is equipped with the norm induced by that of

B(t3(H)).

Definition 3.2. Let E C B(H) and F' C B(K) be two operator spaces. Let
u: E — F be a linear map.

i) w is called completely bounded (c.b. for short) if

[[ullep = sup [Jun|| < oo,
n>1

where u, = idm, @ u : M, (E) — M, (F) is defined by u,((xi;)) =
(u(z45)). CB(E, F) denotes the space of all ¢.b. maps from E to F.

ii) u is called a complete isomorphism if u is a c.b. bijection and ™! is also
c.b..

ili) w is called completely isometric if u, is isometric for every n. If u is
a bijection and both v and u~' are completely isometric, u is called a
complete isometry .

Examples:

1) C*-algebras. Let A be a C*-algebra. Then A is a C*-subalgebra of some
B(H); so A is an operator space. The resulting matricial structure on
A is called the natural operator space structure of A. In particular, any
von Neumann algebra has its natural operator space structure. Note that
this natural operator space structure of A is independent, up to complete
isometry, of particular representation of A as C*-subalgebra of B(H) for
a faithful representation is completely isometric.

2) Minimal structure. Let E be a Banach space. Then we have the isomet-
ric embedding F C C(Bg+), which turns E an operator space, denoted by
min(E). This operator space structure is called the minimal structure on
FE. The adjective “minimal” means that this structure induces the least
matricial norms on M, (E). Indeed, assume that E itself is an operator
space and consider also the associated minimal operator space min(E).
Then by Proposition 3.3 below, the identity map on F induces a complete
contraction from F to min(E). Namely, for any n and any « € M, (E)

1z [nt,, (min(z)) < [Z/lb,, (2) -
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3) Maximal structure. Similarly, we can introduce a maximal operator
space structure on a Banach space F. Let @ be the family of all pairs
¢ = (uy, Hy,) with H,, a Hilbert space and u,, : E — B(H,) a contraction.
Let H be the Hilbert space direct sum of the H,:

H=E H,.

ped

Then B(H) contains as C*-subalgebra the C*-algebra direct sum of the
B(Hy):
B(H) > € B(H,).
pED

Define J : E — B(H) by J(z) = (U¢($))Lpe¢ € ®pco B(Hy,). It is clear
that J is isometric. This yields an isometric embedding of E into B(H).
Identifying E and J(E) C B(H), we turn E an operator space. This
operator space structure is called the mazimal structure of E and denoted
by max(F). By definition, one sees that if E itself is an operator space,
then the identity map idg : max(F) — E is completely contractive.

4) Column and row spaces. Let (e;;) denote the standard matrix units of
B(¢2). Define

C =span(e;1, 1 > 1) and R =span(eyj, j >1).

Thus we get two operator spaces C C B({3) and R C B({2). Note that C
(resp. R) is identified as the first column (resp. row) subspace of B({s).
The operator space structures of C and R are easily determined. Let
x € M,,(C),y € M,,(R) and write

$:Z$i®€¢1, y:Zyi®€1i7 zi, Yi € M.
i i

Then

Izl o) = 1| S 2zl lwacm = | > w2
7 7

The n-dimensional versions of C' and R are denoted by C™ and R™, re-
spectively. As Banach spaces both C' and R are isometric to {5 via the
identification e;; ~ ey; ~ e;, where (e;) denotes the canonical basis of
ly. We will see at the end of this section that they are not completely
isomorphic.

Proposition 3.3. Let E C B(H) be an operator space and A a commutative
C*-algebra. Then any bounded map u : E — A is automatically c.b. and
[ulles = [[ul]-
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Proof. Let us first consider the case where A = C. Let w : E — C be a
continuous linear functional with |ju|| < 1. For any n € N we must show
that w, : Ml,(E) — M, is a contraction. To this end let = € M,,(F), and let
a, € 05 (o and B being viewed as column matrices). Then

unte)a, B)] = | 3 el = [u 3 ma)

ij=1 t,j=1

n
<||' 3" wijasBil| = |85 al < 18I ]l [lal.

ij=1

Taking the supremum over all z, o, 3 in the respective unit balls, we deduce
that ||u,|| < 1. Thus u is a complete contraction.

The general case can be easily reduced to the previous one. Indeed, since
A is commutative, we can assume A = Cy({2) for some locally compact
topological space {2, where Cy({2) denotes the C*-algebra of all continuous
functions on {2 which tend to zero at infinity. Then M, (A) = Cy(£2; M, ), the
C*-algebra of continuous functions from (2 to M,, which vanish at infinity.
The norm of an element y = (y;;) € Co(£2;M,,) is given by

Iyl = sup [| (v (@) . -
wen
Now let u : E — A be bounded. Then
lunll = sup{”(u(xij)(w))HMn cwe N, xeM,(E), |z < 1}.

It follows that
[ulleb = sup [0, o ulles
wen

where §,, : Co(§2) — C is the evaluation at w: 0, (f) = f(w). We are thus
reduced to the one dimensional case. O

Prototypical Examples of c.b. Maps:

1) Homomorphisms between C*-algebras. These maps are c.b. for they
are c.p.. Moreover, they are completely contractive. Note also that an
injective homomorphism is completely isometric.

2) Multiplications by bounded operators. Given a € B(H) define

L,:B(H)— B(H), x—ax and R,:B(H)— B(H), z— za.
Then L, and R, are c.b. and
[ Lalles = [[Raller = llall-

Thus if E C B(H), then La|E and Ra|E are also c.b..
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The following theorem asserts that any c.b. map is the composition of a
homomorphism, a left multiplication and a right multiplication. This is the
c.b. analogue of Stinespring’s factorization. We refer to [ER] and [P3] for the
proof.

Theorem 3.4. (Haagerup-Paulsen-Wittstock factorization)
Let E C B(H) and F C B(K) be two operator spaces. Letu : E — F be a c.b.

map. Then there are a Hilbert space H, a representation w : B(H) — B(H)
and two bounded operators a,b € B(K, H) such that

u(z) =b'n(x)a, VaxekE.
Namely, uw = Ly o R, 0 W‘E. Moreover,

[ulles = inf {[lall [[b]]},
where the infimum is taken over all factorizations of u as above.

Corollary 3.5. (Hahn-Banach type extension)
Every ¢.b. map u : E — B(K) admits a c.b. extension @ : B(H) — B(K)
such that ||@l|co = ||ul|cb-

Proof. Take a factorization u = Ly- o Ry o 7|, such that [ul = [l [b]].
Then @ = Ly« o R, o 7 is the desired extension of . a

Let E C B(H) be an operator space. Then E inherits the order of B(H),
which allows us to define positive and completely positive maps on E. Thus
amap u: E — B(K) is c.p. if u,, sends the positive part of M,,(E) into that
of M,,(B(K)) for every n.

Corollary 3.6. (Decomposability of c.b. maps)
Every ¢.b. map u : E — B(K) is decomposable in the sense that there are
four c.p. maps uy, such that

U= Uy —UQ+Z(U3_U4)
with ||ugller < ||uleo-

Proof. Let uw= Ly« o Ry 0 W’E according to Theorem 3.4. Then the corollary
immediately follows from the polarization identity with

1

uk:4

CaJri’“bOTrEa 1§k§47
where C,, is the multiplication by a from the right and by a* from the left. O

Usually, we do not distinguish completely isometric operator spaces.
The distance between two operator spaces is measured by the operator space
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analogue of the Banach-Mazur distance in the theory of Banach spaces. The
Banach-Mazur distance of two Banach spaces F and F' is

d(E,F) =inf {|[u”"|||u]| : uw:E — F is an isomorphism}.
If E and F are isomorphic, d(E, F') < oo; otherwise, d(E, F) = co.
Definition 3.7. Given two operator spaces E and F define
dey(E, F) = inf {|[u™"||e |ulles : u: E — Fis a complete isomorphism}.

Pisier [P1] proved that if dim F' = dim F' = n, then de,(E, F) < n. We will
see that the upper bound is attained for the pair (C™, R™). To this end, let
us introduce a general definition.

Definition 3.8. An operator space F is called homogeneous if every bounded
map on E is ¢.b. and ||ul|cp = ||u||. E is called Hilbertian if E is isometric to
a Hilbert space.

It is easy to see that min(FE) and max(FE) are homogeneous. On the other
hand, C' and R are homogeneous Hilbertian operator spaces. We refer to
Chapiter 10 of [P3] for the proofs of the following two results.

Proposition 3.9. Let E and F be two n-dimensional Hilbertian homoge-
neous operator spaces. Let (ey,...,en) and (f1,..., fn) be orthonormal bases of
E and F, respectively. Let u : E — F be the map defined by u(e;) = f;. Then

dey (B, F) = [lu™ [lep [l -

Corollary 3.10. d,(C™, R") = n and dep,(C™,min(€%))) = /n. Conse-
quently, C, R and min(¢3) are not completely isomorphic each other.

Exercises:

1) Let E be a Banach space and F' an operator space. Prove that any bounded
maps u : F' — min(E) and v : max(E) — F are c.b. and ||ulle = [Jull,
lolles = 1ol

2) Prove that C' and R are homogeneous.

3) Prove Corollary 3.10.

4) Let u: C' — R. Prove |ul|cs = ||u|lms, where ||u||zs denotes the Hilbert-
Schmidt norm of u regarded as an operator on /s, i.e.,

o0

lullms = (3 lluenl13)"”.

i=1
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4 Ruan’s Theorem: Abstract Operator Spaces

The definition of concrete operator spaces presented in the previous section
has a major drawback: it does not allow to do basic operations on concrete
operator spaces. For instance, it is not clear at all how to introduce a nice
matricial structure on the Banach dual E* of F which reflects the one of E.
This drawback is resorbed in Ruan’s definition of abstract operator spaces.

We have already seen that a concrete operator space E C B(H ) possesses a
natural matricial structure inherited from that of B(H): for each n, M,,(E) C
B(¢5(H)) is again an operator space, equipped with the norm || - ||,, induced
by that of B(¢5(H)). This sequence (]| - ||,,) of matricial norms clearly satisfy
the following properties

o (Ry): [laxflln < [lafl [z[lnlIBl, Vo, 8 € My, x € My, (E),n > 1.
o (R2): |2®Yllntm < max ([2]ln, [1yllm), ¥ 2 € Ma(E),y € My (E),n,m>1.

Here the product is the usual matrix product. z @ y denotes the (n +m) x

(n 4+ m)-matrix
z 0
Oy )/~

(R1) and (Rz) above are usually called Ruan’s axioms .

Theorem 4.1. (Ruan’s characterization)

Let E be a vector space. Assume that each M, (E) is equipped with a norm
| < |n- If these norms || - ||ln satisfy Ruan’s axioms (Ry) and (Ra2), then there
are a Hilbert space H and a linear map J : E — B(H) such that

Jp =idy, @ J : M, (E) — M, (B(H)) is isometric for everyn.

In other words, the sequence (|| - ||n) comes from the operator space structure
of E given by the embedding J : E — B(H).

This theorem is proved in [R] (see also [ER] for an alternate proof).

Definition 4.2. An (abstract) operator space is a Banach space E together
with a sequence (]| - ||,,) of norms satisfying (Ry) and (Rg) (with || - ||1 equal
to the original norm of E).

Henceforth, we will drop the adjective “concrete” or “abstract” by saying
only operator spaces. Thus to have an operator space structure on a Banach
space E is to have a sequence of matricial norms verifying Ruan’s axioms. In
the remainder of this section we present some basic operations on operator
spaces. The complex interpolation is postponed, however, to the next one,
where Pisier’s operator Hilbert space will be also introduced.

Spaces of c.b. maps. If E and F are two operator spaces, CB(E, F) de-
notes again the space of all ¢.b. maps from F to F. This is a Banach space
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equipped with the norm || - ||cp- Now we wish to turn CB(FE, F') an operator
space. Let u = (ui;) € M,,(CB(E, F)). We view u as a map from E into
M., (F) by defining u(z) = (uij(z)) for z € E. Then the matricial norm on
M, (CB(E, F)) is defined by

ulln = |ju: E — M, (F)]|, -
Namely, we have the identification
M, (CB(E, F)) = CB(E,M,(F)).

It is easy to show that Ruan’s axioms are verified. Thus CB(E, F') becomes
an operator space.

Duality. Specializing the previous discussion to F' = C, we see that CB(FE, C)
is an operator space. However, Proposition 3.3 implies that CB(E,C) = E*
isometrically. Therefore, E* becomes an operator space. The norm of M, (E*)
is that of CB(E,M,,). This is usually called the standard dual of E. We will
simply say the dual of E since only standard duals are used in the sequel.
The bidual E** = (E*)* is an operator space too. Then it is easy to check
that the natural inclusion F — E** is completely isometric. This allows to
view E as a subspace of E**.

Thus the duals of C*-algebras and the preduals of von Neumann algebras
are operator spaces.

Let u : E — F be a map between two operator spaces. Then u is c.b. iff
its adjoint u* : F* — E* is ¢.b.. If this is the case, ||u||cs = ||u*]]cb-

Quotient. Let E be an operator space and F' C E a closed subspace. We
equip M, (E/F) with the quotient norm of M, (E) /M., (F'). Then it is easy to
check that these norms satisfy (R1) and (Rz), so E/F becomes an operator
space. The usual duality between subspaces and quotients in Banach space
theory remains available now:

E*

E. «
= L and (F) = F1  completely isometrically.

Direct sum. Let (E}) be a sequence of operator spaces, Ey, C B(H}) (the
sequence may be finite). Let (o ((E))) denote the space of all sequences
() with z, € Ej such that supy ||zx| < co. This is a Banach space when
equipped with the norm

@)l = sup ]l

L5 ((E))) naturally inherits a matricial structure from ¢ ((B(Hy))), the lat-
ter being a C*-algebra. Thus we have

M (£oo ((Er))) = Lloo (Mn(E)))-
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co((Ex)) denotes the subspace of £ ((Ey)) consisting of all (xy) such that
x| — 0.

On the other hand, we define ¢;((Eyx)) to be the space of all sequences
(@) with x € Ej such that ), ||zx|| < oo. This is again a Banach space
with the natural norm. Recall that

(51((Ek)))* ={l((E})) isometrically.

Thus ¢1((E))) is a predual of £ ((Ey)), which allows us to view ¢1((Ey)) as
an operator space too. We often use the notations

@ooEk and @1Ek
k k

instead of £oo ((Ek)x) and ¢1((Ey)r), respectively. If all Ej, are equal, these
spaces are denoted by £ (F) and ¢1(F), respectively. In particular, if E = C,
we recover fo, and £1.

Let us introduce the continuous version of ¢y(E). Let {2 be a locally com-
pact topological space and E C B(H) an operator space. Let Cy((2; E) de-
note the space of continuous functions from (2 to E which vanish at infinity.
Co($2; E) is equipped with the uniform norm

1]l = sup || f(w)].
weR

Then Cy(£2; E) C Co(£2; B(H)). The latter space is a C*-algebra. In this way,
we turn Cy(£2; E) an operator space.

Sum and Intersection. Let (Ey, F1) be a couple of operator spaces. Assume
(Eo, E1) is compatible in the sense that both Fy and E; continuously embed
into a common topological vector space V. This allows us to define

EoﬂE1:{$€VZZ‘EEO7.'EEE1}
and
Eo—l—El:{xEV : dxg € Ey, xleEls.t.x:xo+x1},

equipped respectively with the intersection and sum norms
||-75HE00E1 = max (HxHEo ) ||-75HE1)7

@] gyt 5, = nf {[|zol|z, + llz1llz, © @ =20+ 21,20 € Eo, 1 € Er}.

Note that EyN E; can be regarded as the diagonal subspace of Eg @ F1. On
the other hand, Ey+ F; is identifiable with the quotient space of Ey @1 E1 by
A, where A = {(zg,21) : xo + 21 = 0}. Equipped with the operator space
structures induced by those of Ey ®+ F1 and Ey ®1 E1, respectively, EN E;
and Ey + E7 become operator spaces too.
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Let us consider an important example. Take the column and row spaces
C and R and view them as compatible by identifying both of them with ¢
at the Banach space level. Thus if z € C, we write

T = Zmieﬂ with «; € C.
i

Recall that

lzlle = Q l2:®)"? = @)l = ) wierillr.
Then the compatibility above means that x is identified with the sequence
(x;). Accordingly, we often identify the canonical bases (e;1) of C and (ey;)
of R with (e;) of ¢o. Thus as Banach spaces, CN R = C = R (= {3). But this

is no longer true in the category of operator spaces.
Let € M,,(C N R) = M, (C) "M, (R). Write

x:in(@ei with x; € M,,.
i

Then

2w, (cnr) = max ([zllu, o) > 1l ()

— max (I| S aral 2, S @t V).
i i

Using this, we easily check that C' N R is not completely isomorphic to C.
Indeed, using Proposition 3.3, one easily shows that their n-dimensional ver-
sions satisfy the following

dep(C™, C"NR™) = /n.
The operator space structure of C' 4+ R is a little bit more complicated.
Using the complete isomorphism between E1 o, Fs and E1@®1 Es (see Exercise
6 below), we deduce that for z =3, z; ® e; € M, (C + R)

1 . ” *
) llzllm, (c+r) < inf {H Zyl %Hlﬂ + H Zzlzl | 1/2} < 2||z|lm, (c+R) 5

where the infimum runs over all decompositions x; = y; + z; with y;, z; € M,,.
We will give later a complete isometric description of C'+ R in terms of the
trace class Sj.

Exercises:

1) Prove that C* ~ R and R* ~ C completely isometrically. More precisely,
the map & € C* — 3", &(ei1)eq; establishes a complete isometry between
C* and R.

2) Show that the natural inclusion E — E** is completely isometric.
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3) Let F' C E be operator spaces. Prove

E* E.
= L and (F) = F1  completely isometrically.
4) Prove that a map w : E — F is c.b. iff its adjoint v* : F* — E* is c.b..
Moreover, ||u|ley = ||u*]|cb-
5) Prove

(co((Ex))" = 6u((BF) and  (G1((Ex))™ = Lo((EL))

completely isometrically.

6) Prove that the natural inclusion from ¢1 ((E}))) into £oo ((E))) is completely
contractive. Conversely, prove that the c.b. norm of the formal identity
from Fi ®oo - - oo Epn to By @1 --- ®1 E,, is equal to n.

7) Let (Ep, E1) be a compatible couple of operator spaces such that Fy N E;
is dense in both Ey and E;. Prove

(EoﬂEl)* = Ej+E7, (E0+E1)* = EjNET  completely isometrically.

5 Complex Interpolation and Operator Hilbert Spaces

Hilbert spaces are in the center of the family of Banach spaces and play a
crucial role there. It is thus natural to find their operator space analogues.
One way to define operator Hilbert spaces is complex interpolation, which is
of great importance for its own right in operator space theory. Our references
for this section are [P1] and [P3].

Interpolation. We first recall the definition of complex interpolation for Ba-
nach spaces. Let (Ey, E1) be a compatible couple of complex Banach spaces.
Let S={2z€C : 0 <Rez <1}, astrip in C. Let F(Ep, F1) be the family
of all functions f: S — Ey+ F; satisfying the following conditions:

e f is continuous on S and analytic in the interior of .S,

o f(k+it) € Ej for all ¢ € R and the function ¢t — f(k + it) is continuous
from R to Ey for k=0 and k = 1;

o limp o ||f(k+it)||g, =0 for k=0and k = 1.

We equip F(Ey, E1) with the norm:

17115, ) = max {sup [ £t} g, . sup || (1 +ib)][, }-

Then it is a routine exercise to check that F(FEy, E1) is a Banach space. For
0 < 6 < 1 the complex interpolation space Eg = (Eg, E1)g is defined as the
space of all those x € Ey+ E; for which there exists f € F(FEy, F1) such that
f(0) = z. Equipped with
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lallo = inf {[|]| 5z, g,y FO) = f € F(Ep )},

FEy becomes a Banach space. Note that by the maximum principle, the map
f— f(0) is a contraction from F(Ey, E1) to Eg + E1. Then (Ey, E1)g can
be isometrically identified with the quotient of F(Ey, Eq1) by the kernel of
this map.

Now assume Ey and E; are operator spaces. Then (M, (Ey), M, (F1)) is
again compatible for any n > 1. This allows to define

Mn(E9> = (Mn(EO)v Mn(E1>)9'

It is easy to show that Ruan’s axioms are satisfied, so Ey is an operator space.
Let us express Ep as a quotient of a subspace of Cy(R; Ep) ®oo Co(R; E1).
Using Poisson integral, one sees that Co(R; Ep) $oo Co(R; Ey) is just the
space of functions f : S — Ey+ FEj satisfying the same conditions as above for
F(Eo, E1) but only with “analytic” replaced by “harmonic”. Then F(Ey, E)
is the subspace of Cy(R; Ey) Poo Co(R; E1) consisting of all analytic functions.
Therefore, Ey is the quotient space of F(Ey, E1) by the subspace of all f such
that f(6) = 0.

Operator Hilbert Spaces. Let H be a complex Hilbert space. Fixing an
orthonormal basis (e;);er in H, we can identify H with ¢2(I). The classical
Riesz representation theorem asserts that H* is isometric to the conjugate
H of H. The latter space is H itself with the same norm but with conjugate
multiplication: A\ -2 = Az for A € C and = € H. Viewed as a vector in
H, a vector x € H is often denoted by #. Thus if z = (z;) € fo(I), then
T = (Zi)ier. The map & — T establishes an anti-linear isometry between H
and H. Consequently, H* is isometric to H. In fact, the conjugation can be
defined for any Banach space X. It is a well-known elementary fact that the
Hilbert spaces are only Banach spaces X such that X* is isometric to X.

Now we wish to consider the operator space analogue of this property.
The resulting spaces are the so-called operator Hilbert spaces, introduced by
Pisier. Note that if E is an operator space, so is £ by defining M,,(E) =
M, (E).

Theorem 5.1. Let I be an index set. For any x = Y . x; ® e; € My, (l2(1))

define
A DICEEA P DIEE LA
i 7

Then (|| - ||ln) satisfy Ruan’s axioms. The resulting operator space is denoted
by OH(I). Moreover, OH (I) is the unique, up to complete isometry, operator
space structure on (1) such that OH (I)* is completely isometric to OH(I).

If I =Nor I =/{1,..,n}, we denote OH(I) simply by OH or OH" .
The space OH can be also obtained by interpolating the column and row
spaces.
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Theorem 5.2. OH = (C, R)/, completely isometrically.

Exercises:

1) Let (Eo, E1) and (Fp, F1) be two compatible couples of operator spaces.
Let T : Ey + Fh1 — Fy + Fi be a linear map such that T|Ek : B, — Fy,
is ¢.b. of cb-norm ¢ for k = 0,1. Then T is c.b. from FEy to Fy for any
0 <0 <1 and of ch-norm < ¢} ~%¢f.

2) Show that OH is homogeneous and d,(C™, OH™) = /n. Consequently,

OH is not completely isomorphic to C.

6 Vector-valued Noncommutative L,-spaces

Since operator spaces are quantized Banach spaces, noncommutative L,-
spaces are quantized L,-spaces. Thus it is not surprising that noncommuta-
tive Ly,-spaces play the role in operator space theory as the usual L,-spaces
do in the category of Banach spaces. In this section we introduce the natural
operator space structures on noncommutative L, and Pisier’s vector-valued
Schatten classes. We will need essentially the cases p = co and p =1 (so the
case 1 < p < oo can be skipped). For these special cases what is presented
below becomes extremely simple for noncommutative Lo, and Lq are nothing
but von Neumann algebras and their preduals.

6.1 Noncommutative L,-spaces. Let M be a von Neumann algebra
equipped with a normal faithful tracial state 7. For 1 < p < oo and x € M
define

|zll, = [r(J«[*)]"/P, where |z| = (z*x)"/?.

Then (M, || - |lp) is a normed space, whose completion is the noncommu-
tative L,-space associated with (M, 7), denoted by L,(M). By convention,
Loo(M) = M with the operator norm. Then for any 1 < p < oo, the dual
space of L, (M) is L, (M) (p’ being the conjugate index of p):

L,(M)" =Ly (M) isometrically
with respect to the duality bracket
(, y) =7(xy), € Lp(M), y€ Ly (M).

Consequently, Lq(M) is the predual of M.

Let us consider two special cases. The first is where M is commutative,
say, M = Lo (£2, 1) for some probability space (£2, 1) (1 can be, of course,
assumed to be a o-finite measure). Then we recover the usual Ly,-spaces
L,(£2). The second case concerns M = B(¢%), equipped with the usual trace
Tr (which can be normalized to a state if we wish). Then we get the Schatten
classes S). The infinite dimensional algebra B({2) is not covered by this



Interactions between Quantum Probability and Operator Space Theory 133

definition since the usual trace Tr on B(¢3) is not finite. However, it still
has a nice trace in the sense that it is normal, semifinite and faithful. The
preceding construction can be done for normal semifinite faithful traces too.
The resulting spaces for (B({2), Tr) are the Schatten classes S,. Recall that
S1 and Sy are respectively the trace and Hilbert-Schmidt classes. Note that
by definition Sy is the whole B({2).

The previous definition does not apply to type III von Neumann algebras.
There are several equivalent constructions of noncommutative L,-spaces in
the type III case. Here we adopt the one by Kosaki [Ko| via complex inter-
polation. Let M be a von Neumann algebra equipped with a normal faithful
state ¢. Define Loo(M) = M as before and Li(M) = M,. Consider the left
injection j of Loo(M) into Li(M) by j(x) = ze. The faithfulness of ¢ im-
plies that j is injective and its range is dense in L1 (M). This injection makes
(Loo(M), L1(M)) compatible. Thus we can consider the complex interpola-
tion spaces between them. Now for 1 < p < oo define

Ly(M) = (Loo (M), Li(M)) 1 -
We refer to the survey paper [PX] for more information and historical refer-
ences on noncommutative L,-spaces.

6.2 Operator Space Structures on Noncommutative L,. Now we
turn to describe the natural operator space structure on L,(M) (see [P3]
for more information). For p = 0o, Loo(M) = M has its natural operator
space structure as a von Neumann algebra. This also yields an operator space
structure on M*, the standard dual of M. To deal with the case p = 1 we
consider the opposite von Neumann algebra M°P of M. M°P is the same as
M but with the new multiplication which is opposite to that of M: x -y
in M°P is equal to yx € M. Note that if M acts on H, then M°P acts on
H* and coincides with {z! : x € M}, where x! denotes the transpose (=
Banach space adjoint) of z. It is clear that the map = +— x* establishes an
isomorphism between M and M°P. Thus Li(M) is isometric to Lq(M°P) at
the Banach space level. This allows us to equip Lq(M) with the operator
space structure inherited from (M©°P)*. The main reason for this choice is
that it insures that the equality L;(M,, ® M) = S'®&L, (M) (operator space
projective tensor product) holds true. Finally, the operator space structure
of L,(M) is obtained by complex interpolation. It is worth to mention that
Lo(M) is an operator Hilbert space by virtue of a theorem of Pisier.

Thus for every o-finite measure space ({2, i), the commutative L,-spaces
L,(£2) are equipped with their natural operator space structures. In partic-
ular, the ¢, are operator spaces and ¢, = OH.

The same happens to the Schatten classes .S, too. If 1 < p < oo, the dual
space of S}, is Sy with respect to the so-called parallel duality bracket

(z, y) = Tr(zy") = injyij
5]
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for x = (z;;) € Sp and y = (ys5) € Sp. This is due to our definition that S;
is defined as the predual of B({¢2)°P.

6.3 Vector-valued Schatten Classes. We wish to define Schatten classes
with values in operator spaces. To this end we first recall the minimal tensor
product in the category of operator spaces. Let F C B(H) and F' C B(K) be
two operator spaces. Let x € B(H) and y € B(K). The tensor  ® y is an
operator on the Hilbert space tensor product H® K defined by 2 @y({®@n) =
(&) @ y(n). Tt is easy to check that x ® y is bounded and ||z @ y|| = ||z ||yl
Consequently, the algebraic tensor product £ ® F' is a vector subspace of
B(H ® K). Then the minimal tensor product E ®u,i, F is defined to be the
closure of E® F in B(H ® K).

Now let E be an operator space. Define Sy[E] to be So ®@min E. The
elements in S [E] are often represented as infinite matrices with entries
inF.

To define S;[E] we use duality. The operator space structure to be put in
S1[E] will be such that the dual space of S1[E] is Soo[E*]. More precisely, let
u €S ® E. Write

u:Zak@)xk with ay € S, = € F.
k

Consider u as a linear functional on Seo[E*] as follows. For v =}_.b; ®¢; €
Seo ® E* define

(u,0) = lak,bj)(wr, &) = > Tr(arb}) & (zx).

k,j k,j

Then the norm of u is defined to be the linear functional norm of u on S [E*],
which coincides with the norm of u in CB(Seo[E*],C) (see Proposition 3.3).
We define S1[E] to be the closure of S;® FE with respect to this norm. Next, we
have to introduce a norm || - ||, on M, (S1[E]) for any n. This is now easy.
As before, every u € M,,(S1 ® E) induces a linear map from Soo[E*] to M,.
Then define

ulln = llullcB(swE,Mn)-

It is then routine to check that these norms satisfy Ruan’s axioms. Therefore,
S1[E] becomes an operator space.

Having defined S [E] and S1[E], we define S,[E] by interpolation for any
1<p<oo:

SplE] = (S=[E]. Si[E]), , .

The elements of S,[E] are often represented as infinite matrices with entries
in E. Tt is not hard to show that finite matrices (i.e., those with only a finite
number of nonzero entries) are dense in S,[E] for p < cc.

The following theorem of Pisier is very useful. The reader is referred to
[P2] for its proof.
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Theorem 6.1. Let 1 < p < co.

i) Any © = (z45) € SplE] admits a factorization x = ayb with a,b € Sa,
and y € Sx[E]. Here the product is the usual matriz product. Moreover,
we have

lells, iz = inf  {lollzp Bolscizn 1120}
ii) Conversely, for any x = (x;j) € Seo|E|

|2lls.(zy = sup {llazblls, (py : a,b€ Sap, llallap < 1,[[bll2p < 1}

Corollary 6.2. Let E and F be two operator spaces. Let 1 < p < co. Then
a linear map u: E — F is c.b. iff

sup || Is» © u : SPE] — Sy [F]|| < oc;

moreover in this case the supremum above is equal to ||ulle. Alternatively, u
is c.b. iff Is, ® u extends to a bounded map from S,[E] to Sp[F].

Proof. Assume that u is c.b., i.e.,

[ullep = sup ||Isn. @ u: SLIE] — SL[F]|| < oo.

Let x = (7;;) be a matrix in Sp[E] with norm less than 1. Then z admits a
factorization z = ayb with

HGHSQP <1, |yl sniEl < 1, ||b||S§'p <1

We have
[®u(x) = all @ w)(y)b.
Therefore,
HI®U(‘T)’ Sn(F) < ”CLHSQD ‘I@u(y)’ Sn[F) ”b”Sg'p < Huch§
whence
sup || Isn @ u = SPIE] — Sy [F|| < [|ulles -
The converse is proved similarly. O

The previous corollary is very useful notably for subspaces of noncommu-
tative Ly-spaces for the following reason. Given E C L,(M) it is usually
difficult to determine the norm of M, (E); but it is extremely simple to de-
scribe the norm of S,[E], as shows the next paragraph.

We will only need the case where E is a subspace of a noncommutative
L,(M) in which the previous theory becomes much simpler. Note that there



136 Q. Xu

is a natural algebraic identification of L,(M,, @ M) with M, (L,(M)). Then
SylLy(M)] is nothing but the linear space M, (L,(M)) equipped with the
norm of L, (M, ® M). More generally, if E C L, (M) is a closed subspace, the
norm of S}[E] is induced by that of S}'[L,(M)]. In the infinite dimensional
case, Sp[Ly(M)] is completely isometrically identified with L,(B(¢2)®@M) for
all 1 < p < oo. If E C L,(M), then Sp[E] is the closure of S, ® E in
L,(B(l2)®@M).

6.4 Column and Row p-spaces. The column and row spaces, C and R,
are pillars of the whole theory of operator spaces. Recall that C' and R are
respectively the (first) column and row subspaces of So. By analogy, let C),
(resp. R,) denote the first column (resp. row) subspace of Sp. Since S5 is an
OH space, Cy >~ Ry ~ OH. The n-dimensional versions of these spaces are
denoted by C}' and R}.

Now let E be an operator space. We denote by C,[E] (resp. Ry[E]) the
closure of Cp, ® E (resp. R, ® E) in S,[E]. If E is a subspace of a noncom-
mutative L, (M), the norm of Cy[E] is easy to determine. We consider only
the case where M is semifinite. For any finite sequence (zx) C F

* /
| Zxk ®ekHCp[E] = H(Zxkxk)l 2HLp(M) '
k k

where (ex) denotes the canonical basis of C,,. More generally, if a;, € C), then

15 2k @l g = (o awdaie)*

Jsk

where ( , ) denotes the scalar product in C,. (In terms of matrix product,
(aj,ar) = ajaj.) We also have a similar description for R,[E].

We end this section by describing the operator space structure of C + R
with help of Corollary 6.2. To this end we use the identification that C' ~ R;
and R ~ (C; (see Exercise 2 below). Thus C' + R ~ R; + (4, which is the
quotient of Ry @1 Cy by the subspace {(z,y); x4y = 0}. Therefore, for any
finite sequence (zy) C Sy

H(xk)Hsl[CJrR] = inf{H(yk)Hsl[Rl] + H(Zk)Hsl[cl]}

= inf {J(3 (eni) "), + 12 i) ),

k k

where the infimum runs over all decompositions of x = yr + zx in Sp. It
follows that S1[C + R] = C1[S1] + R1[S1] with equal norms (even completely
isometrically).

Exercises:

1) Let ¢, have its natural operator space structure. Let © € M, (¢1) with
x =) ,x; ®e; (with (e;) the canonical basis of ¢;). Prove
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: Yi € My, [|ysl| < 1,m € N}.

g, ey = sup {1l 32 @ il
i
On the other hand, show S1[¢1] = ¢1(S1) completely isometrically.
2) Let 1 < p < oo and p’ be the conjugate index of p. Prove the following
completely isometric identities:

(Cp)"=Cp =R, and (Ry)" =Ry =C,

by identifying the canonical bases in question.

3) Prove that C), and R, are homogeneous Hilbertian spaces.

4) Compute (or estimate) dp,(Cp, Cy) for 1 < p,q < oo. Then prove that
Cp and C are not completely isomorphic for p # q.

7 Noncommutative Khintchine Type Inequalities

This section is devoted to Khintchine type inequalities in the noncommutative
L,-spaces. These inequalities are of paramount importance in operator space
theory and noncommutative analysis.

7.1 The Classical Khintchine Inequalities. Let (g5) be a Rademacher
sequence on a probability space ({2, P), i.e., an independent sequence of ran-
dom variables such that P(ey = 1) = P(ey, = —1) = 1/2. The classical
Khintchine inequality states that for any 1 < p < oo and any finite sequence

(zn) CC
IS aexl], ~e, | menll, = (3 fel?) 2. (7.1)
k k k

Here as well as in the sequel we use A ~. B to abbreviate ¢ 1B < A < ¢B. Cp
denotes a positive constant depending only on p. Using the Fubini theorem,
we deduce a similar inequality for coefficients x,, in a commutative L,-space,
say, in L,(0,1). Namely,

/
1" erll 1, (eizy 0.y ~eo ll( > k)’ 2|\Lp(o,1) ' (7.2)
k k

Note that the norm of L,(2; L,(0,1)) in the above equivalence can be re-
placed by that of Lq(£2; L,(0,1)) for any 1 < g < co. (The relevant constant
then depends on ¢ too.) This is because of the so-called Khintchine-Kahane
inequalities (cf. [Kal]). Let E be a Banach space and 1 < p, ¢ < co. Then for
any finite sequence (x) C E we have

12 wrenlls, om ~eno | 2 anenlls, oim)
k k
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Now we wish to extend (7.2) to the noncommutative setting, i.e., replacing
L,(0,1) by a noncommutative L,. We will consider only the case where the
coefficients x, are in the Schatten classes S,. All inequalities stated below
are valid for general noncommutative L,. On the other hand, we will concen-
trate mainly on the case p = 1 (and the case p = co in the free case). Thus
our goal is to find a deterministic expression for

I kaakHLP(Q;SP) :

In view of the square function (Y \J;k|2)1/2 in (7.2), we are naturally led to
conjecture that the deterministic expression to be found should involve the

term 12 12
I Tl®) L, = 1 wkan) -

This norm is also equal to [[(xx)[|c,[s,]- Here and in the sequel, we often
identify a sequence () in E with the element ), z1 ® ey in Cp[E] or R,[E].
But now because of the noncommutativity, we should also take into account
the right modulus, i.e., the term

H(Z |5’7:|2)1/2Hp - H(Zxkﬁ)WHp = H(xk)HRp[sp] .

Although ||al|, = ||a*||, for a single operator a € Sp, the two terms above are
not comparable at all if p # 2. For example, if x; = ex1, then clearly

H(Zx;xk)mup:nm and H(Zxkx;)”ﬂ\p:nw.
k=1 k=1

7.2 Column and Row Subspaces. In this subsection we collect some
basic properties of the column and row subspaces C,[Sp] and R,[Sp).

Proposition 7.1. i) The Hélder inequality: Let 1 < p,q,r < oo such that
1/r=1/p+1/q. Then for any sequences (xi) € Cp[Sp] and (yr) € Cq[S]
the series Y, yixi converges in S, (with respect to the w*-topology if
r =o00) and

I wiwel, < Nl s 1@ s,
k

ii) Complementation: Cp[Sp] and R,[Sp] are 1-complemented subspaces of
Sp(ly ® Ly) for any 1 < p < oco. More precisely, let P : Sp(ly ® l3) —
Sp(ly @ £o) be defined by P(x) = xe, where e = 1 ® e11. Then P is a
contractive projection from Sp(be @ £2) onto Cp[Sp).

ili) Duality: Let 1 < p < oo, and let p' be the conjugate index of p. Then

CplSpl" = Cp[Sp]  and  Rp[Sp]" = Ry [Sy]
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isometrically with respect to the anti-linear duality bracket:

((zk), (yw)) — Z Tr(ypzr).

k>1
Proof. 1) Given (x)) C S, define

21 0---
T((ax)) = | 720

We view T'((xx)) as an element in Sp[Sp] = Sp(le ® £2). Now let (yi) C Sq
be another finite sequence. Then

> viwr = T((y)" T((zr))-
k

So the desired inequality follows from the Hélder inequality in S, ({2 ® €2).
ii) This is obvious. Note that P(z) is the matrix whose first column is that
of x and all others are zero.
iii) Using i) one sees that the duality is well-defined. The two duality
equalities are immediate consequences of ii) and the duality between S,(¢2 ®
l3) and Sy (b2 ® £5). a

Proposition 7.2. Let 1 < p < oo and (zx) C S, be a finite sequence.
i) If 2 < p < o0, then
1/2
maX{H(xk)Hcp[sp]’ H(xk)HRp[sp]} S (ZH%H%) :
k

i) If 1 <p <2, then

min {[|@e)ll e s 0 1@ g s} = (O lael2) .

k

Proof. i) Let p > 2. By the triangle inequality in S}/, we have
2
H(xk)Hcp[sp] = H Zk: |xk|2”p/2 < ; ka”i'

Passing to adjoints we get the inequality on the row norm.
ii) This follows from i) by duality. O

Corollary 7.3. i) Let (X, u) be a measure space, and let f belong to the
algebraic tensor product Lo(X) ® Sp. Then if 2 < p < oo,

mac {[|[ [ 10 @], 115007 O] )3 < 1]y s,
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and if 1 <p <2,

10,y < min (U £ 5020 1 [ @070 duto] ], 3

it) In particular, if (¢r) is an orthonormal sequence in L2(X) and (xy) a
finite sequence in Sy, then for 2 < p < oo

maX{H(xk)Hcp[spp ’(x’f>HRp[sp]} <| ka(pkHLZ(E;SP);
k

and for 1 <p <2
H ka‘P’th(z;SP) < inf{H(y’f)HCP[sp] + H(zk>HRp[sp]}7
k

where the infimum runs over all decompositions xy = y + 2z with yi and
Zk m Sp.

Proof. i) Note that since f € La(X) ® Sp, the two integrals

[ ey s@duo and [ e

are well-defined and belong to S, /2. The desired inequalities follow from the
corresponding ones in the previous proposition.

ii) The first inequality immediately follows from i) above. To prove the
second take a decomposition xr = yr + 2x. Then again by the previous
proposition

H ZkaHLQ(z s,) = < Zyk%pkHLQ(z syt H sz@kHLQ :5,)

= |[(78 Hcp[sp] + | Czn HRp[sp]5
whence the desired inequality. a

Recall that (C, R) is considered as a compatible pair by identifying their
canonical bases with that of /5. This identification is extended to all spaces
Cp and R,. Thus any pair (C), R,) is also compatible. Then the maximum
and 1nﬁmum in Corollary 7.3, ii) are respectively ||(z1)lc,[s,)nR,[s,] and
(1), [$,]+R,[5,)- For notational simplicity, we introduce the followmg

Definition 7.4. For 1 < p < oo define
CR,[Sp] = CplSplNR,[Sp]if p > 2 and CR,[Sp] = Cp[Sp]+R,[Sp] if p < 2.
Since Cp[Sp] = Sp[Cp] and Ry [Sp] = Sp[Ry),

Cp[Sp] N Rp[Sp] = Sp[Cp N Ry]  and  Cp[Sy] + Rp[Sp] = Sp[Cp, + Ry
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with equivalent norms; moreover, the equivalence constants are controlled
by a universal one. By Corollary 6.2, these identities are also completely
isomorphic. Thus if we define CR, = C, N R, forp>2and CR, =C,+ R,
for p < 2, we obtain CR,,[S,] = S,[CR,] with complete equivalent norms.
We are now well prepared for our noncommutative Khintchine inequalities.

7.3 Rademacher Sequences. The following is the noncommutative Khint-
chine inequality for Rademacher variables () due to Lust-Piquard and
Pisier.

Theorem 7.5. Let 1 < p < oo and (zx) be a finite sequence in S,. Then

I Zk:x’“ngme;sp) ~e 1@l or, s, -

More precisely,

i) if 2 < p < oo, then

H(kacpzp[sp] < ZxkanLp(n;sp) = C\/pH(xk>HCRP[SP];
k

i) if 1 <p <2, then
! H(xk)HCRp[sp] <| ZxkskHLP(Q;SP) < H(xk)HCRp[Sp]’
k

where ¢ is a universal positive constant.

Proof. The lower estimate in i) and the upper estimate in ii) follow from
Corollary 7.3. We will prove only the lower estimate in ii) for p = 1, following
the recent approach of Haagerup and Musat [HM]. The reader is referred to
[LPP] for the proof of all remaining cases and to [P2] for the optimal order
of the best constant for the upper estimate in i).

By duality, the lower estimate of ii) for p = 1 is equivalent to the following
statement:

(*)For any finite sequence (x) C So there exists a function f € Loo(£2; S)
such that

J?(Ek) =z and HfHLOO(Q;Sm) <c H(kacﬁgm[sm]v

o~

where f(ex) = E(fex) with E denoting the expectation on the probability
space ({2, P).

< 1. Let

Let zp € S be selfadjoint and such that H(:ck)HCR (50] <

g:Zz’kak.
k
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ka + ijfk Tk + TET;)

i<k

Then

and
E(gh) = (Y a2)" + 3 (wjan +aray)?
k i<k

<1+2 Z(xjxixj + zpriay)

j<k
= 1+2ij(zgci)xj <3
J k#j

Now let A be a positive number to be determined later. Set

=gl n(g) and gx=g— fr,
where 1j_y yj(g) denotes the spectral projection of g corresponding to the

interval [=A, A]l. By definition, || fAl|z.(2:s..) < A. On the other hand, letting

zr. = E(gaek), we have
S22 <E(g).
k

However,
2 2 4
AMgx<g°.

Therefore, combining the preceding inequalities, we find

V3

/ / /
122D oo < NEWR) I, sy < A HIEGD) N5y Sy -
k

For A = 2v/3 let
FO=f, o =E(fO%), 20 =2z
Then

1
=2l 42", 1 Oleisn 230 G lons < 5-

Repeating the same argument with 22,20) instead of xx, we find a function

fM) and a finite sequence (z,(fl)) such that

1
2z,(€0) = :c,(fl) + z,(:), ”f(l)”Loc(Q;Soc) <2V3, | (= (1))HCR o] S 9

where .
x,(f ) = E(f(l)ek) .
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Continuing this procedure we obtain a sequence ( f(”)) of functions in
Loo(£2; Soo) and a sequence (xén)) in S, such that

we =3 27", f sy S2V3, oY = E(fMey).
n>0

Put

f _ Z 2—nf(n) )
n>0

Then
£z <4V3 and = E(fey).

Thus the statement (x) is proved for selfadjoint xj. The general case is easily
reduced to the selfadjoint one by decomposing each zj, into its real and imag-
inary parts. Note that the final constant ¢ obtained in this way is 8v/3. We
refer to [HM] for a more careful argument which yields v/3 as constant. O

Remark 7.6. Let R, be the closed subspace of L,({2) generated by the &.
Using Corollary 6.2, we can rephrase Theorem 7.5 as the fact that R, is
completely isomorphic to C'R,. This remark also applies to Theorems 7.8
and 7.9 below.

Remark 7.7. The Rademacher sequence (gj) can be replaced by a standard
Gaussian sequence. More generally, let () be an independent sequence of
random variables on (§2, P). Assume that () is symmetric in the sense that
(¢r) has the same distribution as () for any sequence of signs. Assume
further that

O<ir;f||<pk\|p, sup |lpkll2 < oo forl <p<2
k

and
0< irlgf lorll2,  sup|lewllp < oo for2 <p < oc.
k

Then Theorem 7.5 holds for (o) instead of (ex) with relevant constants
depending on (¢) too.

Since now we are in the noncommutative setting, it is natural to consider
Khintchine type inequalities for noncommutative random variables instead
of (). We first consider the tracial case by giving two important exam-
ples. Namely, free generators and semicircular systems. We start with free
generators.

7.4 Free Generators. Consider a discrete group G. Let (d4)gec be the
canonical basis of ¢2(G), i.e., d4 is the function on G that takes value 1 at g
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and zero elsewhere. Let A : G — B({2(G)) be the left regular representation.
Namely, for any g € G, A(g) is the unitary operator on ¢3(G) defined by

(Mg)e)(h) = @(g7'h), h,g € G, ¢ € ly(G).

Note that A(g)d, = g4, for all g,h € G. Then the group von Neumann
algebra VN (G) is the von Neumann subalgebra of B(¢2(G)) generated by
{A(g) : g € G}. Namely, V. N(G) is the w*-closure of all finite sums )" azA(g)
with oy € C. VN(G) also coincides with the left convolution algebra of £5(G).
Recall that if ¢, 1 € £2(G), their convolution is defined by

prip(g) =Y ev(h'g), geq.

heG

Then x € VN(G) iff there exists ¢ € ¢3(G) such that zy) = ¢ x 1) for every
1 € la(G). Let 7¢ be the vector state on VN(G) determined by ., i.e.,
TG (x) = (xde, Oc) for any x € VIN(G). Then it is easy to check that 7¢ is
faithful and tracial.

If we identify an operator x € VN(G) with its symbol zd. in ¢5(G),
then Ly(VN(QG)) is nothing but £2(G). L1(VN(G)) is traditionally called the
Fourier algebra of G and denoted by A(G). Since an operator in L1 (VN(G))
is a product of two operators in Ly(VN(G)), a function ¢ on G belongs to
A(G) iff there exist two functions v, p € £2(G) such that ¢ = 1) p. We refer
to [KR] for more information.

If G is abelian, VN (G) ie equal to Loo(@)7 so is commutative, where G is
the dual group of G.

An important example of non abelian groups is a free group F on n gener-
ators (gx) with n € NU{oo}. The sequence (A(gx))x of the unitary operators
given by the generators is of particular interest. With a slight abuse of termi-
nology, we will also call it a sequence of free generators . Note that (A(gx))x
is orthonormal in Ly(VN(F)). Let us determine its linear span in VN(F).
To this end let Fj, be the closed subspace of ¢5(FF) generated by all those
basic vectors §, for which ¢ is a reduced word starting with gk_l. The Fy,
k = 1,2, ..., are mutually orthogonal. Let Fj be the orthogonal projection
from ¢5(FF) onto Fy. Now, given a finite sequence (ay) C C write

Do arlgr) = Y Ao Fi + Y argr) Fir -
k k k

By the mutual orthogonality of the Fj, we have

1" ardgn) Fl 2, = | (Z Oék)\(gk)fk)(z arA(gr) Fr)*||
k

= Z |k *A(gr) Frd(gr) | . < Z |ag|?.
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To treat another term, observe that for k # j the range of )\(gk)*)\(gj)fj- is
contained in F}, so .?’-'kl)\(gk)*)\(gj).7-"]4L = 0. Then it follows that

DIRRRE R  SRAE SO AT
fHZ\OéM Firlloo <Z|ak\2

Therefore,

1Y axdtan)]| <203 lanf?)?.
k k

The converse inequality with constant 1 is obvious for
132 eron)ll 2 2 ol = (X lanl?) ™
k k k

Consequently, for any 1 < p < oo the closed subspace generated by the \(gx)
in L,(VN(F)) is isomorphic to 2. More precisely, for any finite sequence

(Otk)C(C,
I3 e, ~ (o )2,

where c is a universal constant. This inequality remains true if the scalar coef-
ficients () are replaced by operator coefficients. The resulting inequalities
are the Khintchine inequality for free generators . In the following state-
ment L,(B({2)@V N(F)) is the noncommutative L,-space associated with
the von Neumann tensor product B(¢2)®@V N (F), equipped with the tensor
trace Tr ® 7w, which is a normal semifinite faithful trace. Note that

Lp(B(l2)®VN(F)) = Sp[Ly(VN(F))].

The following theorem is due to Haagerup/Pisier [HP] for p = 00,1 and to
Pisier [P2] for 1 < p < occ.

Theorem 7.8. Let 1 < p < co and (x1) be a finite sequence in Sp. Then
| ka ® )\(gk>HLP(B(Z2)®VN(]F)) ~e H(xk)HCRp[SP} (7.3)
k

with a universal constant c. Moreover, the closed subspace of L,(VN(F)) gen-
erated by the N(gk) is completely complemented in L,(VN(F)) with relevant
constant < 2.

Proof. Here we prove (7.3) only in the cases p = oo, 1 and the complemen-
tation assertion. The remaining cases are postponed to subsection 7.6. For
p = oo we have the following inequalities
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[ (2 HCR (o] = | Zxk ® Agw)| 5 (£2)®V N (F < 2|, HCROC[SOC] (7.4)

for any finite sequence (x) C S. The proof of the second inequality above
is the same as in the scalar case. Let us show the first one. Take a unit vector
& € ly. Then

I3 0 Nan 2 (X aw @ Naw)(§ 05, T Monie @ 8)
= ka gkv Zxk ®59k
k
= (@), z(©)) = O wpae(€), &);
& k

whence

(S i) ) < 130 ok @ M)
k k

Taking adjoints, we find
(Cawai) . < | ow @ Ma]
k k

Therefore, the lower estimate of (7.4) is proved.
Dualizing (7.4), we get the case p = 1:

1

9 H(xk)Hcm[sl] < Zk:xk ® )‘(gk)HLl(B(b)@vzv(F)) = H(xk)Hcm[sl] (7.5)
for any finite sequence (z1,) C S;. Indeed, let (y) C S be such that
1@l oy, = ;Mm and |[(v)llep s <1
(see Proposition 7.1 iii)). Set
2 =Y wk®@\(gr) € Li(B(L2)RVN(F)), y=> y®(gk) € B(l2)VN(F).

k k

Then by (7.4)

Y Tr(yian) = Tr @ m(y™e) < llyllo 2l < 20l(w)lloraisa Izl < 2]l -

This is the lower estimate of (7.5). To show the upper estimate we consider
the projection P from the algebra of all finite sums ) agA(g) with oy € C
onto the linear span of the A(gx). Let @ = I—P. It is easy to see that P(x) and
Q(z) are orthogonal relative to the scalar product of La(V N(IF)). Thus the
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extension of P on Lo(VN(F)) is the orthogonal projection from Lo(V N(IF))
onto the closed subspace generated by the A(gi). Now let 2 = 3 p2,®A(g)
be a finite sum with x4, € So. Write

z=ids, ® P(z) +ids,. ® Q(x) =Yz ® Mgk) +ids, ® Q(x).
k

Then using the argument yielding the first inequality of (7.4), we get

l@)llon s < Il (7.6)
Together with a duality argument as above, this inequality implies the upper
estimate of (7.5).

Combining (7.4) and (7.6), we get

1P(2)]loo < 2[[2/loo -
On the other hand, note that
Tr @ 7e(y"P(x)) = Tr @ v (P(y)" =)

for all finite sums @ = Y pxg®A(g) and y = 3 pyy ®A(g) with 24 € S
and y, € S1. We then deduce that P extends to a completely bounded map
Py on Ly (VN(F)) (with || P1]|es < 2), which is a pre-adjoint of P. This implies
that P extends to a completely bounded normal projection on V N(FF). Note
that P; coincides with P on the family of finite sums as above, which allows
us to denote P still by P. Finally, by interpolation P extends to a complete
bounded projection on L,(V N (F)) for every 1 < p < oo. O

7.5 Semicircular Systems. Let H be a complex Hilbert space. The asso-
ciated free (or full) Fock space is defined by

F(H) =P H"",

n>0

where H®? = C1 (1 being a unit vector, called vacuum), and H®" is the
n-th Hilbertian tensor power of H for n > 1. The (left) creator associated
with a vector & € H is the operator on F(H) uniquely determined by

c)m®---@n =@M - Ny

for any n1,...,m, € H. Here 1 ® - -- ® 1y, is understood as the vacuum 1 if
n = 0. It is clear that ¢(§) is bounded and ||¢(€)]| = ||€]|- The adjoint of ¢(&)
is given by

C(g)*nl Q- QN = <7717 §>772®"'®77n

for any n1,...,n, € H with n > 1 and ¢(£)*1 = 0. This is the annihilator
associated with ¢ and is denoted by a(£). Note that the map £ — ¢(§) is
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linear, while £ — a(&) is anti-linear. We have the following free commutation
relation:

a(ne(§) =& m1, V¢ neH. (7.7)

Now assume that H is the complexification of a real Hilbert space Hp.
The vectors in Hg are called real. Let £ € H be real and define

s(§) = c(§) +a(§).

s(€) is a semicircular element in Voiculescu’s sense. We will also call it a free
Gaussian variable . Note that the map £ — s(€) is real linear from Hy into
B(F(H)). Then the free von Neumann algebra I'(H) associated with H is the
von Neumann subalgebra of B(F(H)) generated by all s(§) with real £ € H:

Io(H) = {s(¢): ¢ € Hr}" € B(F(H)).

The vector state 19 defined by the vacuum, x — (21, 1) is faithful and tracial
on I'y(H). We refer to [VDN] for more information.

Let us mention some basic properties of free Gaussian variables. Let £ € H
be a unit real vector. By definition, s(£) is selfadjoint; its spectrum is [—2, 2]
and the corresponding measure induced by 79 is the so-called Wigner measure

1
dp(t) =, V4 —t2at.

Thus for any 1 < p < 00

Hs(f)”p: {/_22 7 /4 — 12 ;lfr}l/P.

Therefore,

8
ls@©ll =2 ls@©f, =1 ls@ll, = 5 -

Now let (&) be an orthonormal sequence of real vectors of H. (s(&x))
is then called a standard semicircular system. Like the classical standard
Gaussian variables, (s(&)) has the following invariance property. Let (o) C
R be such that >, [ax[* = 1. Then Y, aps(&x) (convergence in the strong op-
erator topology) is again a free Gaussian variable, i.e., s(§) with & = Y, oy &
More generally, if s(&1),...,8(&,) is a standard semicircular system and
u = (u;)) an orthogonal n x n matrix, then

( Z ujks(fk)) 1<j<n
k=1

is still a standard semicircular system. Indeed,

S uns(en) = 53 ik &) = s(0y),
k=1 k=1
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where 7; = 3", uji &. The n; form an orthonormal family. This orthogonal
invariance implies that if (s(&x)) is a standard semicircular system, then for
(a) C R such that >, |ax|? < co and any 1 < p < oo

I3 ansenll, = (3 o) [ls()1l,-

k>1 k>1

In particular, (s(¢x)) is an orthonormal sequence in Lo(I'(H)).

For simplicity we now assume that H is infinite dimensional and separable
and put Iy = Ih(H). Let (ex) be an orthonormal basis of H and set s, =
s(ek). Thus (s) is a semicircular sequence and I is generated by the sy.
The following inequality for semicircular systems comes from [P2] .

Theorem 7.9. Let 1 < p < oo and (zx) be a finite sequence in S,. Then
| Zwk ® skHLP(B(£2)®FO) ~e H(xk>HCRP[SP] : (7.8)
k

Moreover, the closed subspace of L,(Iy) generated by the sy is completely
complemented in Ly(I0) with constant 2.

Proof. This proof is similar to that of Theorem 7.8. Again, the case 1 <p < 0o
will be proved later. By the free commutation relation (7.7), we have

HZxk@c ek Zxk®c ek Zxk®c ek H 7H2xk:ck”

Similarly,

| Zfﬂk ®aler)||, = || Zwk!l
It follows that

HZxk@SkH <H(Z 0"l +1IC Zw wt) [l

For the lower estimate, take a unit vector £ € ¢5. Then

’|Z$k®8k”2 Zxk®sk§®ﬂ Z$k®8kf®ﬂ>>
k
:Zxk ®6k,zxk ® ex)
k
:<Zx;;xk€7§a
k
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whence

(X aten) e < Y an @il -
k

k

Similarly,

I asai) e < Y an @il -
k k

Thus the lower estimate of (7.8) for p = oo follows.

(7.8) for p = 1 and the complementation assertion are proved in the same
way as the corresponding assertions of Theorem 7.8. The only difference is
the fact that the linear span of the s is no longer w*-dense in I. Instead,
we have to use the family of polynomials in the s, which is w*-dense in
Iy. This family is the linear span of all Wick products associated with the
elementary tensors formed from the basis vectors ex. It then remains to note
that these Wick products form an orthonormal basis of La(Ip). We omit
the details. O

Remark 7.10. The free Gaussian variables in the theorem above can be re-
placed by Bozejko-Speicher’s g-Gaussians for —1 < ¢ < 1 (see [BKS] and
[BS]). This inequality remains also true for the case ¢ = —1, for which the
corresponding Gaussians become the so-called Fermions. Note that the case
q = 1 corresponds to the classical Gaussian case. In strong contrast with the
case —1 < ¢ < 1, the analogue for ¢ = +1 of Theorem 7.9 fails for p = cc.

7.6 Complete Unconditionality. Noncommutative Khintchine inequali-
ties are closely related to complete unconditionality. Let M be a von Neumann
algebra equipped with a normal faithful tracial state 7. Let (ay) be a sequence
in L,(M), 1 < p < oo. Assume that the noncommutative Khintchine inequal-
ity holds for (ag): for any finite sequence (xj) in S,

1w @ anll mmenn ~ 1@llenygs,
k

It then follows that the subspace E generated by the aj in L,(M) is com-
pletely isomorphic to CR,, (see Remark 7.6). Since the canonical basis of CR,,
is completely unconditional , so is the sequence (ay). Namely, there exists a
constant A such that

H;skxk(@aka S)\H;mg@aka (7.9)

for any finite sequence (ry) C S, and any e, = 1. This property can be
rephrased as follows. Given any sequence (ej) of signs the map »_, apar —
Zk erarar on F is c.b. with cb-norm < A. Therefore, if the noncommutative
Khintchine inequality holds for (ay), then (aj) is a completely unconditional
basic sequence. The converse is also true with some additional mild conditions



Interactions between Quantum Probability and Operator Space Theory 151

for p < co. We consider here only the case 1 < p < 2. The following result
is proved independently by the author and Junge/Oikhberg [JO]. The latter
paper contains more results of the same type.

Theorem 7.11. Let M be a von Neumann algebra equipped with a normal
faithful tracial state 7. Let 1 < p < 2 and (ag)g>1 C L,(M) be a completely
unconditional basic sequence with constant \. Assume that

0= ir]if llagllp >0 and A =sup|ax|2 < co.
k

Then the noncommutative Khintchine inequality holds for (ay) with relevant
constants depending only on \, § and A. More precisely, for any finite se-
quence (xy) C S

05)‘_1”(3%)“01%[3?] < ka ® a’pr < AA H(kacz?,p[sp] ’ (7.10)
k

where ¢ is an absolute positive constant.

Proof. Let (x)) C Sp be a finite sequence. We then have (7.9). Averaging the
left hand side of (7.9) over the €, and using the noncommutative Khintchine
inequality in Theorem 7.5, we get

inf {[| (32 vevi) L, + 112 2ez) L} < x| Y an o all,.
k k k

where the infimum runs over all decompositions x; ® ar = Y + Z with Y},
and Zy in Ly(B(¢2)®M). Fix such a decomposition z; ® ar = Y + Z. Now
choose by, € L,/ (M) such that

T(agbk) =1 and  [|bglly = [lax],*
Then
o = 1dOT((2s®ar) (10bg)) = id@ (Vi (10bg))+Hid@T(Zs (10bk)) < i+ 21.

Note that id ® 7 is the natural conditional expectation from B(f2)@M
onto B(¢2) (B(f2) being viewed as a von Neumann subalgebra of B(¢2)&M
via ¢ < z ® 1). Also note that y; and z; belong to S,. We need to

majorize || (3= yiyr)'?llp (resp. (30 2e25)"2[lp) by (2 Yy Ye)' /2l (resp.
(32 ZeZ{)Y?|,). To this end, let (uy) C Sy be such that [|(3°, uruf)'/?|
< 1. By the Hélder inequality in Proposition 7.1

\ZTrykuk y_\2ﬁ1d® (Vi (1 ® by) uky_yZﬁ®rYk(uk®bk)]y

Z ukuz X bkb* 1/2
k

1/2H
p
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We claim that

H ( Z uku}; ® bka) 1/2
k

p = Suplbelly b

(> wpup)'?
k

Indeed, this is obvious for p’ = 2 and p’ = oco. Then complex interpolation
yields the case 2 < p’ < co. Combining the preceding inequalities, we find

(3 wui)? (Zk:Yk*Yk)l/QHp

1> Tr(yeu)| < Sup 16k ||,
k
<o vy,
k

k

p/

Thus taking the supremum over all (uy), we get
I Ek:yiyk)ml\p < o7 M|( %:Yk*Yk)l/QHp-

Similarly,

H@zkz:)mup < 6‘1\\<§Zkzz>”2up~

Therefore, we deduce
1@l on,s,) < €0 A D wn @ ar],,-
k

To prove the upper estimate we use again the complete unconditionality
of (ax) and the noncommutative Khintchine inequality. Then we have

1
I s, <2, g (S sioe @ i),

Tr=Yr+2k

X 2t @ axai) * )

k

Now our task is to remove ajay and apaj, from the terms on the right. To this
end we use the natural conditional expectation E from B(¢2)®M onto B({3),
already mentioned earlier. E is determined by E(z @ u) = 7(u)z ® 1 ~ 7(u)x
forx € B(¢2) and uw € M, i.e., E=id®7. E is normal and faithful. As usual,
E extends to a contractive projection on Ly (B(¢2)@M) for every 1 < g < oo.
For our purpose here we need to consider the case ¢ < 1. We claim that if X
is a positive operator in L,(B({2)@M) N L1 (B(¢2)@M) with ¢ < 1, then

1 XTlg < IECX)q - (7.11)

This is a consequence of the operator concavity of the map X +— X1?
for 0<g<1. Indeed, using Stinespring’s dilation theorem and Hansen’s
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inequality [Ha|, we deduce that (E(X))? > E(XY) for any positive X €
B(¢3)®M. This clearly implies (7.11).
Return back to our task. Using (7.11) with ¢ = p/2 (recalling that 1 <
p < 2), we deduce that

1/2

(Z?ﬁ;yk ® apar) H; = | Zyl:yk ® a};aka/Q
k k

< H]E[Zy}iyk ® ajax] Hp/z
k
= | >_ vy @ T(agan)1],
k
< sup faul 13| wi) -
k

Therefore,
* « o \1/2 « \1/2
(D vy @ agar) 77|, < AN wiww) 7,
k k
A similar inequality holds for another term involving the z;. It thus follows

that
1> on @ axll, < AX|@0)]lcpy s,
k

This is the desired upper estimate, and so the proof of the theorem is
complete. O

End of the proofs of Theorems 7.8 and 7.9. The A(gx) are unitary, so
IA(gk)|lp = 1 for any 1 < p < oo. On the other hand, for any sequence
(er) of signs, there exists a unique representation 7 of VN (F) determined by
m(Agk)) = exA(gr). Moreover, m is trace preserving: 7y o m = 7. It follows
that 7 extends to a complete isometry on L, (VN (F)) for every 1 < p < oo.
Therefore, for any finite sequence () C S, we have

Hz€kﬂfk®)\gk —HZ%@A%

Thus the sequence (A(gx)) is completely unconditional with constant 1. Then
Theorem 7.11 implies (7.3) for 1 < p < 2. The case p = 2 is trivial. The case
2 < p < oo is obtained by duality and using the complementation property
in Theorem 7.11.

The proof of Theorem 7.9 is similar. This time to get the representation
m of Iy such that 7(sk) = ersk, we have to use second quantization (see
[VDN]). O

Remark 7.12. There exist many examples satisfying the assumption of
Theorem 7.11. This is the case of a sequence of ¢-Gaussians mentioned



154 Q. Xu

in Remark 7.10. In particular, for ¢ = —1, we get the noncommutative
Khintchine inequality for a sequence of Fermions.

7.7 Generalized Circular Systems. Remind that we wish to embed OH
into a noncommutative Li-space by using a certain noncommutative Khint-
chine type inequality. Namely, we have to prove that OH is completely iso-
morphic to the closed subspace generated by a sequence of random variables
in an Ly(M) for a von Neumann algebra M. Such a sequence cannot sat-
isfy the assumption of Theorem 7.11 for OH is not completely isomorphic
to CR;. In fact, Pisier [P5] showed that OH cannot completely embed into
an L1 (M) with M semifinite (i.e., of type I or IT). This explains why we are
forced to seek for Khintchine type inequalities for random variables in a non
tracial probability space, i.e., the underlying von Neumann algebra is of type
III. We give below only one example of this kind.

Fix an infinite dimensional separable Hilbert space H as in subsection 7.5.
Let {e+x}r>1 be an orthonormal basis of H. We also fix a sequence { A }x>1
of positive numbers. Let

gr = clex) + \/)\k ale—_).

(9k)k>1 1s a generalized circular system in Shlyakhtenko’s sense [S]. Let I" be
the von Neumann algebra on the full Fock space F(H) generated by the gy.
Let p be the vector state on I" determined by the vacuum 1. Then p is faithful
on I'. By the identification of L1 (I") with the predual Iy, p is a positive unit
element of Ly (I), so for any 1 < p < oo, pl/p is a positive unit element of
Ly(I"), and thus gg p'/? € L,(T") for any k.

Shlyakhtenko proved that the algebra I" is a type III) factor (0 < A < 1)
if not all Ay are equal to 1. I'" is not hyperfinite. Recall that I" is the free
analogue of the classical Araki-Woods quasi-free CAR factors. The latter
factors are hyperfinite type III,.

The following is the noncommutative Khintchine type inequalities for gen-
eralized circular systems , proved in [PS] for p = oo and in [X2] for p < co.

Theorem 7.13. Let (x,,) be a finite sequence in S,, 1 < p < co.
i) Ifp>2,

1 1
szk®9kp”|le(B(22>®p) ~e maX{H(Zwak)Qllp Z)‘ mkxk 2” }-
k k &
i) If p <2,
1 1
1" 2k ®9k07 |1, sesyar ~e mE (D2 viww) 2 [, + [I( > P s )20,}
k k k

where the infimum runs over all decompositions xy = yr + 2 in Sp.
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iii) Let G, be the closed subspace of L,(I") generated by {grp*/P}r>1. Then
Gy is completely complemented in L,(I") with constant 2.

Proof. We prove only the cases p = 0o, 1 and the complementation assertion.
The proof of i) for p = oo is the same as that of (7.4). Let us prove iii), which
will imply ii) for p = 1 by duality. As in the semicircular case, consider the
projection P from the algebra of polynomials on the g onto the linear span
of the gi. Let Q@ = I — P. It is easy to see that P(z) and Q(z) are orthogonal
relative to both scalar products (a,b) — p(b*a) and (a,b) — p(ab*). Now let
x be a polynomial on the g, with coeflicients in S.,. Write x as

z =ids, ® P(z) +ids,. ® Q(z) = Y ar ® gi +ids.. ® Q(x).
k

Then using the argument yielding the first inequality of (7.4), we get

max {|| (Y azar) [ 11O Mearad) (|} < llelloe
k k

Therefore, using i) in the case p = oo, we deduce that P is completely
bounded. This implies, in turn, ii) for p = 1 by duality. Let us also note
that P extends to a completely bounded normal projection on I'. Indeed, by
the density of {xp : 2 polynomial on the g} in Lq(I"), we find that ii) in the
case p = 1 shows that P admits a pre-adjoint on L;(I") which is completely
bounded. Finally, by interpolation we obtain iii) for 1 < p < oo. O

Remark 7.14. In the spirit of Remark 7.6, Theorem 7.13 can be reformulated
as a complete isomorphism between the subspace G, and a weighted version
of CR,. Given a sequence (py;) of positive numbers we denote by C((u)) the
weighted ¢a-space £2((u)) equipped with the column Hilbert space structure.
More generally, for any p > 1 we define C),((11%)) to be the weighted version of
Cp. Note that Cp((ur)) is completely isometric to C), and its operator space
structure is determined as follows: for any finite sequence (x) C S,

* /
H Zk:xk ® e’f”sp[cp((uk))] = H(Z};“k xkxk)l QHSP :

Similarly, we define the weighted p-row space R,((i)). Then Theorem 7.13
implies that G, is completely isomorphic to Cp N Ry (1)) for p > 2 and to

Cp + Ry((ug)) for p < 2, where py, = )\]1672/”.

Remark 7.15. It is worth to note that the proof of the previous Khintchine
inequalities in the free case (i.e., for free generators, semicircular systems
and generalized circular systems) is relatively easy. The main obstruction in
proving these inequalities in the case 1 < p < oo is the fact that one can-
not proceed by interpolation. Indeed, it is a priori not clear why the spaces
CR,[Sp] form a (complex) interpolation scale. A posteriori this is a conse-
quence of the Khintchine inequalities and the complete complementation in
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Theorem 7.8 or Theorem 7.9. This is how Pisier shows that the CR,[S,] form
a complex interpolation scale (see [P2, Theorem 8.4.8]). In the same way, us-
ing Theorem 7.13 one deduces that the weighted versions of C'R,[S,] defined
in the previous remark are also an interpolation scale (see [JPX] for more
details).

Remark 7.16. Theorem 7.13 admits a Fermionic analogue. In this case the
corresponding algebra is an Araki-Woods hyperfinite type III factor. The re-
sulting inequality holds only for p < oo and the relevant constants depend
only on p and blow up as p — co. We refer to [J3] and [X1] for more infor-
mation (see also [HM] for an alternate approach for the case p = 1).

Exercises:

1) Prove the classical Khintchine inequality (7.1). (Consider first the case of
an even integer p.)

2) Prove by counterexample that there exists no constant ¢, depending on p
such that

H ZxkE"HLP(Q;SP) < ¢ H(xk)Hcp[sp] ifp>2
2

or
H(xk)Hcp[Sp] <o ZxkanLP(Q;SP) ifp <2
k

holds for all finite sequences (zx) C Sp.

3) Prove Remark 7.7.

4) Let G be a discrete group. Prove that the vector state 7¢ determined by
de is faithful and tracial on VN(QG).

5) Prove that the vector state 7y determined by the vacuum 1 is faithful and
tracial on the free von Neumann algebra I'o(H).

8 Embedding of OH into Noncommutative L,

Now we use the Khintchine inequality for generalized circular systems to
embed OH completely isomorphically into a noncommutative Li-space, i.e.,
to show that O H is completely isomorphic to a subspace of a noncommutative
L;. This is a remarkable theorem of Junge [J2]. The following representation
of OH as a quotient of a subspace of C'® R will be crucial.

Theorem 8.1. OH is completely isometric to a quotient of a subspace of
C ® R.

The direct sum in the /.-sense can be replaced by a direct sum in the
{1-sense at the price of a constant 2. Since the complete embeddings in the
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sequel are only completely isomorphic, we will forget the index oo or 1 in all
direct sums. The preceding theorem is Exercise 7.8 of [P3]. The proof there
gives the following more precise statement.

Theorem 8.2. There exists an injective positive selfadjoint (unbounded) op-
erator A : C — R such that OH is completely isometric to a quotient of
G(A), where G(A) is the graph of A

G(A) = {(h,AR) : he D(A)} CC @R,
considered as a subspace of C @ R.

Recall that both C' and R are isometric to £ as Banach spaces. Thus A
is an operator on ¢ with domain D(A). Since A is positive and injective,
its range is also dense. Passing to duality, we see that OH* is completely
isometric to a subspace of G(A)*. Since OH* = OH completely isometrically,
embedding OH into an L; is reduced to embedding G(A)* into an L;.

To see why Khintchine type inequalities can help us for such a matter, let
us describe the operator space structure of G(A):

G(A) = {(h, A(h)) : he D(A)} € Cou R.

Let 21 € Soo and hy, € D(A). Let x = Y, 21 @ (hi, A(h)) € Soc @min G(A).
Then

2]l 5w ®minc(a)

= max {|| Y (h, hj>x;rxkug/j,
k,j

| S (AM), Ak ]|}
k,j

This is a continuous version of the space (for p = 00) introduced in Remark
7.14. To simplify our discussion and without loss of generality by a simple
argument of approximation, we may assume that A has pure point spectrum,
i.e., {5 has an orthonormal basis (ej) of eigenvectors of A. Let (ux) be the
associated eigenvalues: Aey = prek. It then follows that G(A) coincides
(completely isometrically) with the diagonal subspace C' N R((Ax)) of C @
R((A\g)), where A\, = 3.

By duality, we deduce that G(A)* = Cy + Ri((\;')). More precisely, the
operator space structure of G(A)* is determined as follows: for any finite
sequence (x) C Sy:

lallsuioary = if {1 wi) N, + 1A 202) s,
k k

where the infimum runs over all decompositions x; = yi+ zx in S1. Therefore,
by the Khintchine inequality in Theorem 7.13 with p = 1, G(A)* is completely
isomorphic to G; there. Thus we have proved the following
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Theorem 8.3. OH is completely isomorphic to a subspace of a noncommu-
tative L1-space.

Remark 8.4. 1) The proof of Theorem 8.3 gives much more. In fact, it shows
that the dual space of any graph in C' & R completely embeds into an Lj.
From this one can deduce that a quotient of a subspace of C @& R completely
embeds into an Li. We refer to [J2], [P4] and [X1] for more information.

ii) The von Neumann algebra I is not hyperfinite. OH also completely
embeds into the predual of a hyperfinite algebra (see [J3], [HM]).
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Dirichlet Forms on Noncommutative
Spaces

Fabio Cipriani

Abstract We show how Dirichlet forms provide an approach to potential the-
ory of noncommutative spaces based on the notion of energy. The correspon-
dence with KMS-symmetric Markovian semigroups is explained in details
and applied to the dynamical approach to equilibria of quantum spin sys-
tems. Second part focuses on the differential calculus underlying a Dirichlet
form. Applications are given in Riemannian Geometry to a potential theoretic
characterization of spaces with positive curvature and to the construction of
Fredholm modules in Noncommutative Geometry.

1 Introduction

Our purpose in these notes is to introduce the reader to those aspects of
Potential Theory underlying the notion of energy on noncommutative spaces
such as

fractal spaces whose topology is not underlying any manifold structure
Riemannian manifolds in spin geometry

space of orbits of dynamical systems

space of leaves of Riemannian foliations

space of irreducible unitary representations of a discrete group

space of observables of spin systems in Quantum Statistical Mechanics
space of random variables in Free Probability.

To handle the complexity of spaces of this type, the classical tools of analy-
sis like measure theory, topology and differential calculus, are unfitted or
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162 F. Cipriani

insufficient as they force to treating these spaces as singular. However, as
emphasized by A. Connes in Noncommutative Geometry, the properties of
these spaces are naturally encoded in algebras which, generalizing the famil-
iar abelian ones of measurable, continuous or smooth functions, are in general
noncommutative.

The aim of this introduction is to recall briefly the role of energy in Newtonian
and Beurling-Deny generalized potential theories, then to show the natural
emergence of a potential theory in various noncommutative spaces and then
to describe the content of the sections of these notes.

Classical potential theory analyzes properties of force field F' in Euclidean
spaces R?, like incompressibility, irrotationality or conservativity, in which
case one is looking, at least locally, for potentials U such that F' = VU. In
regions {2 where charges are absent, the potential U is harmonic, as it solves
the Laplace equation AU = 0. One of the most important achievements of
eighteenth century analysis was the solution of the Dirichlet problem, i.e. the
determination of the potential U harmonic in {2 once its boundary values are
known, under suitable regularity assumptions on 9f{2. One of the methods
invented to solve this problem focuses on the construction of the Green’s and
Poisson’s kernels on (2, by which a solution U admits an integral representa-
tion in terms of its boundary values on 9f2.

To recall the multiple connections of classical potential theory with other
fields of mathematics, it suffices to mention those with conformal geometry.
In fact, by methods dating back to B. Riemann and D. Hilbert (see [AbK]
for a nice account of that long story), the conformal equivalence given by
the Uniformization Theorem, between a simply connected region (2 having
smooth enough boundary and the unit disk of the complex plane C, gives
rise to the Green function of 2.

A second method to solve the Dirichlet problem is variational in nature and
it consists of seeking the solution U as the unique minimizer of the Dirichlet
energy integral

Em%:ﬁJVu@H%m (1.1)

among the continuous functions having the prescribed boundary values. The
characteristic property of this energy functional is that it does not increase
upon modifying the function from w to u A 1 := inf(u, 1):

EluA1] < E[ul. (1.2)

It is easy to recognize here a basic feature of the energy functional of many
physical systems, such as the case where v is meant to describe the values of
the potential at the vertices of an electrical circuit.

In the fall of the ’50’s of the previous century, A. Beurling and J. Deny
developed in two seminal papers [BD1] and [BD2| a generalized potential
theory on locally compact spaces. As their approach relies upon the notion of
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energy where potentials appear as derived objects, it is a kernel-free point of
view.

In that theory a Dirichlet space is a locally compact topological Hausdorff
space X equipped with a Dirichlet form £ : Cp(X) — (—o0, +00]: this is just a
quadratic, lower semi-continuous functional, defined on the algebra Cy(X) of
continuous functions vanishing at infinity, which is finite on a dense subspace
and satisfies the characteristic contraction property (1.2).

In studying these functionals, Hilbertian methods are quite natural: by a
result of G. Mokobodzki [Mok], there always exists a positive Radon measure
m on X such that & admits a lower semi-continuous extension to L?(X,m).
In other words, the functional £ may be considered, in a natural way, as the
closed quadratic form of a self-adjoint operator H on L?(X,m), with respect
to a large family of reference measures on X.

The nuance between the theory on the algebra Cp(X), and the one on the
Hilbert space L?(X,m), relies on the geometrical character of the former and
the dynamical character of the latter.

In this respect, A. Beurling and J. Deny discovered the fundamental dynam-
ical characterization of the contraction property of an energy functional £ on
L?(X,m), in terms of the semigroup {e~* : t > 0} generated by H: the con-
traction property of £ is equivalent to the so called Markovianity property.
This consists of positivity, in the sense that the maps e ' preserve posi-
tivity of functions, and of contractivity, by which e * is contractive both
with respect to the Hilbertian norm of L?(X,m) and with respect to the uni-
form norm of the algebra L>°(X,m). In turn, by interpolation and duality,
this implies contractivity with respect to the whole scale of Lebesgue spaces
LP(X,m). In other terms, the solution u(t) = e *#u(0) of the generalized
heat equation J;u = —Hwu associated to H satisfies a mazimum principle.

The dynamical point of view is also fundamental for the probabilistic coun-
terpart of the theory. By the work of M. Fukushima (see [FOT]), a Dirichlet
form £ on Cy(X) gives rise to a family of Markov-Hunt stochastic processes
on X. These processes are indexed, essentially, by the Radon measures m
having X as support with respect to which £ is closable in L?(X,m). In a
sense, the various processes are essentially the same in that they differ one
from another by a random time change only, associated to their speed mea-
sures m. In this sense the functional £ on the algebra Co(X) is a geometric
object representing an equivalence class of stochastic processes on X having
the same paths.

The transition functions of these processes coincide with the heat kernels of
the Markovian semigroups and one obtains a probabilistic interpretation of
the solution of the generalized heat equation, which extends the well known
relationships among Laplace operator, heat equation and Brownian motion
on R” (see for example [Do)).
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The essential tool needed to associate a Markov process to a Dirichlet form
& and a speed measure m on X, in the Beurling-Deny generalized potential
theory are those functions u, called potentials, such that

Elu+v] > Efu] + &E[v] (1.3)

for all positive functions v. The class of potentials then define a notion of
smallness, called polarity, for subsets of X, which is well suited to discuss both
the fine analytic properties of energy and the fine probabilistic properties of
the process.

The need to extend tools like Dirichlet forms and Markovian semigroups,
beyond the above commutative setting, was recognized a long time ago in
Quantum Field Theory, where, for example, quadratic form techniques were
employed to generate and analyze Hamiltonian operators representing the
energy of the system.

In the second quantization of Boson systems the symmetric Fock space is
isomorphic to the Lebesgue space L?(X ,v) over an infinite dimensional
Gaussian space (X ,7) and the number operator N into the generator of
a symmetric Markovian semigroup over the commutative von Neumann alge-
bra L>°(X,~). This allowed the developement of non perturbative techniques,
like hypercontractivity and logarithmic Sobolev inequalities, helping the con-
struction of interacting quantum fields (see [RS Section X.9, Notes]).

An extension of these methods, requiring a noncommutative setting, was de-
veloped by L. Gross in [G1], to deal with problems of existence and uniqueness
of ground states of Hamiltonians describing Fermions systems. There, the rel-
evant algebra is the Clifford algebra CI(h) of an infinite dimensional Hilbert
space h. This is a noncommutative von Neumann algebra, with trivial center
and finite normal trace 7, hence a II; factor, which is another example of
those algebras (discovered by F.J. Murray and J. von Neumann [MvN] in
the early days of the theory of operators algebras) displaying a continuous
geometry.

L. Gross discovered that the Hamiltonian operators H of these systems are
the generators of Markovian semigroups on the Clifford algebra, and then
of a family of contraction semigroups on the noncommutative LP(CI(h),T)
spaces associated to the trace. The construction of these spaces, which gen-
eralize Lebesgue’s one in the commutative case, was achieved by I. Segal [Se]
and reformulated by E. Nelson [Ne|. The method concerning the uniqueness
problem may be seen as a generalization of Perron’s theory of matrices with
positive entries, while the tools needed to approach the existence problem
exploit hypercontractivity again.

The study of Dirichlet forms in the moncommutative setting of a C* or
von Neumann algebra 91 and a semifinite trace 7 on it was pioneered by
S. Albeverio and R. Hoegh-Krohn in [AHK1,2], where, in particular, they
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obtained the generalization of the Beurling-Deny characterization of Markov-
ian semigroups, in terms of Dirichlet forms.

This theory was subsequently developed by J.-L. Sauvageot [S2,3],
E. B. Davies-J. M. Lindsay [DL1,2]. In particular, D. Guido - T. Isola -
S. Scarlatti [GIS] generalized the Beurling-Deny correspondence to non
symmetric Dirichlet forms and Markovian semigroups.

This theory met several fields of application. In [S4] and [S7] the au-
thor constructed the transverse Laplacian operator and the corresponding
transverse heat semigroup on the C*-algebra of a Riemannian foliation,
defined by A. Connes in the framework of Noncommutative Geometry [Co2].
This Markovian semigroup was subsequently dilated in [S6] to a noncom-
mutative Markovian stochastic process in the sense of Quantum Probability
[AFLe], [Par].

In the framework of Riemannian Geometry, E. B. Davies - O. Rothaus proved
[DR1] that the Bochner Laplacian of the Levi-Civita connection of a Rie-
mannian manifold M generates a Markovian semigroup on the Clifford alge-
bra of M, and used the result to investigate spectral bounds [DR2]. Markov
structures on the Clifford algebra of a Riemannian manifold were also stud-
ied in [SU]. In [D2] E. B. Davies combined the technique of Dirichlet forms
on von Neumann semifinite algebras with some ideas of A. Connes in Non-
commutative Geometry, to obtain sharp heat kernel bounds on graphs, hence
approaching through “noncommutative tools” a purely commutative classi-
cal problem. More recently, D. Goswami and K.B. Sinha [GS], using the first
order differential calculus associated to a Dirichlet form developed in [CS1]
and illustrated in Chapter below, see also [CS4], succeeded in constructing a
noncommutative stochastic process associated to a Dirichlet form, solving a
quantum stochastic differential equation with unbounded generator.

Despite the fact that traces on operators algebras are quite rare and even
sometimes absent, the need to extend the theory to non tracial states or
weights on C* or von Neumann algebras was suggested by possible applica-
tions in at least two fields of Mathematical Physics.

In the theory of Quantum Open Systems [D1] and in Quantum Measurement
Theory [B], Markovian semigroups, also called dynamical semigroups, appear
naturally as solutions of the master equation: they model dissipative dynam-
ics of quantum systems coupled to thermal reservoirs [AFLu] or continuous
measurement processes of a “small” quantum system coupled to a larger one
(which represents the instrument).

On the other hand, the progresses made by D. Stroock - B. Zegarlinski at the
end of the eighties in the stochastic approach to the equilibrium in Classical
Statistical Mechanics [Lig] suggested the developement of similar tools for
KMS equilibrium states in Quantum Statistical Mechanics [MZ1], [MZ2],
[MOZ]. At finite temperature however, KMS-states are never tracial states
but give rise to type III von Neumann algebras [Del].
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This led to a general formulation of Dirichlet forms and symmetric Markovian
semigroups on von Neumann algebras and to an extension of the Beurling-
Deny correspondence with respect to faithful and normal states [Cipl],
[GL1,2] and to faithful, normal and semifinite weights [GL3]. This approach
provides in particular a maximum principle for solutions of Dirichlet prob-
lems on C*-algebras [S5], [Cip2], [CS3].

There are two main differences with respect to the tracial setting. While in
the commutative and tracial cases (9, 7) it is quite clear how to construct
the Hilbert space L%(9M,7) on which the Markovian semigroups should act,
in case of a generic state w on M the situation offers several possible choices.
Beside the GNS space H, of the Gelfand-Neimark-Segal representation
(Tw, Huw, Ew) of M, concrete situations may provide more natural candidates,
as for example when 90 is the group von Neumann algebra A(G)” of a locally
compact group G.

The second difference concerns the order structure on the Hilbert space
L?(9M ,w), with respect to which we will consider positivity and Markovian-
ity of semigroups. In the commutative case, the positive cone of L?(X,m) is
generated by the positive cone of the von Neumann algebra L>°(X,m). This
is still true in the tracial case as there is a preferred embedding of the von
Neumann algebra 9 into the the various choices of L?(901 7). In case of a non
tracial state w there are infinitely many possible choices.

In Chapter 2 we explain how to overcome these difficulties, adopting the
point of view of the Tomita-Takesaki modular theory and, in particular, using
standard forms of von Neumann algebras. This will allow the generalization
of Beurling-Deny theory to Markovian semigroups on von Neumann algebras
satisfying the w-symmetry condition with respect to a fixed, faithful, normal
state w.

In the same section, however, we introduce a more fundamental symmetry
condition for maps and semigroups, not necessarily positive or Markovian,
on a C*-algebra A. It is a symmetry relation to be verified with respect to a
fixed (a, 5)-KMS state of a dynamical system o = {a; : t € R} on A.

The adopted name of KMS symmetry is intended to suggest that this prop-
erty is deeply related to, and in fact a deformation of, the KMS condition
characterizing the equilibrium states of quantum dynamical systems.

By virtue of the KMS-symmetry, it is possible to study semigroups, not nec-
essarily positive or Markovian, in the standard forms of the von Neumann
algebra generated by the KMS state w. In Chapter 3 we illustrate applications
to the convergence to equilibrium in Quantum Statistical Mechanics initially
developed by Y. M. Park [P1,2].

We emphasize the fact that the KMS symmetry condition, despite its simi-
larity with the detailed balance conditions often considered in literature when
dealing with Quantum Open Systems, does not imply the semigroup com-
mutes with the dynamics. This fact is crucial for applications to the conver-
gence to equilibrium in Quantum Statistical Mechanics.



Dirichlet Forms on Noncommutative Spaces 167

In Chapter 4 we describe the construction of the canonical first order differ-
ential calculus associated to regular Dirichlet forms on a C*-algebra endowed
with a faithful and semifinite trace, developed in [CS1]. When this calculus
is applied to classical potential theory, on a Riemmannian space M say, this
process allows the reconstruction of the Hilbert space of square integrable
vector fields L2(T M) and the gradient operator V from the energy integral

Ela] = /M Va|2dm .

The differential calculus is understood in terms of derivations with values
in Hilbert bimodules over A, i.e. in terms of representations of the mazximal
tensor product A Qmax A°. The content of this section is taken from [CS1].
Under the stronger hypothesis that the domain of the self-adjoint generator
associated to the Dirichlet form contains a dense sub-algebra, it was pre-
viously proved in [S2,3]. Applying decomposition theory of representations
of C*-algebras, we clarify the meaning of this differential calculus analyzing
the Beurling-Deny-Le Jan decomposition of Dirichlet forms £ on commuta-
tive C*-algebras. Other noncommutative examples of this differential calculus
are illustrated on groups and Clifford C*-algebras. In Section 4.4 we describe
certain derivations appearing in D. V. Voiculescu’s Free Probability.

The last two chapters are devoted to illustrating two applications of the
canonical differential calculus.

The first one, Chapter 5, concerns the relationships between noncommutative
potential theory and Riemannian geometry. We first illustrate the work of
E. B. Davies and O. S. Rothaus [DR1,2] showing that the Bochner Laplacian
V*V is the generator of a Markovian semigroup on the Clifford algebra Cl1(M)
of a Riemannian manifold M. Then we characterize Riemannian manifolds
with nonnegative curvature operator as those in which the Dirac Laplacian
D?, the square of the Dirac operator D on CI(M), generates a Markovian
semigroup on the Clifford algebra.

The aim of the final section, Chapter 6, is to convince the reader that Dirichlet
forms, commutative or not, share a flavor of geometry, in the sense of A.
Connes’ Noncommutative Geometry ([Co2]). In particular we show how a
regular Dirichlet form £ on a compact space X gives rise to a Fredholm mod-
ule, in the sense of M. Atiyah [At], on the function algebra C(X), provided
that the spectrum of the self-adjoint operator associated to £ is discrete and
its Green function G is finite [CS4]. This last condition implies the spectral
dimension of £ to be strictly less than two. Although very restrictive at first
sight, it applies however to the regular harmonic structures, constructed by
J. Kigami, on post critically finite self-similar fractal spaces [Ki]. These are
interesting examples of spaces whose topology does not underlie any differ-
entiable manifold structure in the classical sense. As a consequence of the
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boundedness of G, a finite energy function a on X has a noncommutative
differential

da :=i[F, d]
lying in the Hilbert-Schmidt class of compact operators, F' being the phase
operator of the Fredholm module. This reveals the direct role that the poten-
tial theory of Dirichlet forms may play in differential topology in the sense
of Nnoncommutative Geometry.

These notes are based on a series of lectures held at the International
Spring School “Quantum Potential Theory: Structures and Applications to
Physics”, which took place at Greifswald Germany from February 26" to
March 9" 2007. I wish to thank warmly the organizers as well as all the
participants for several valuable discussions.

2 Dirichlet Forms on C*-algebras and KMS-symmetric
Semigroups

In this chapter we show how the Beurling-Deny theory can be generalized,
in a natural way, to situations in which the relevant algebra is no longer
the commutative algebra of continuous functions Cy(X) over a locally com-
pact, metrizable Hausdorff space X or the commutative algebra of essentially
bounded functions L>°(X, m), but rather a noncommutative C*-algebra A or
a noncommutative von Neumann algebra 1.

The objects of interest will be maps, semigroups and quadratic forms which
behave naturally, from the point of view of potential theory, with respect to
the order structures of these types of spaces. The difficulties one encounters
in dealing with these order structures, which are proportional to the degree of
noncommutativity, are taken care of by the fundamental part of noncommuta-
tive measure theory concerned with the Tomita-Takesaki theory. This theory,
essentially, develops the tools needed to generalize the Radon-Nikodym the-
orem at the level of von Neumann algebras. One of these tools, fundamental
for our purposes, will be the existence and properties of the standard form
of a von Neumann algebra.

Sesquilinear scalar product in Hilbert spaces will be assumed to be linear in
the right-hand entry and conjugate linear in the left-hand one.

2.1 Tomita-Takesaki Modular Theory and Standard
Forms of von Neumann Algebras

A detailed exposition of the Tomita-Takesaki modular theory would fall be-
yond the scope of these lectures. In this section we content ourselves with
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collecting some of the tools which will be in use throughout the paper. Nice
references for this material are [BR1,2], [T1]. The background material about
C*-algebras and von Neumann algebras may be found in [Arv], [Dix1,2], [Ped].

A C*-algebra is an involutive Banach algebra A, in which the norm, involution
and product are related by

la*all = [lal*  a€A.

The involution determines the positive cone A := {a*a € A : a € A},
so that A is, in particular, an ordered vector space. Assume for simplicity
that A is unital and denote by 14 its unit. A state w € A, , i.e. a positive
linear functional of norm one, gives rise to the cyclic or Gelfand-Naimark-
Segal representation (7., Hy, &) of A, with cyclic and separating vector &,, €
H,. The double commutant M := 7, (A)” is then a von Neumann algebra
of operators in H,, whose positive cone M coincides both with the set of
elements of 9T which are positive operators on H,, as well as with the weak
closure of the image m,(Ay) of the positive cone of A.

To analyze at a Hilbert space level maps and semigroups on A and 91, which
leave globally invariant the positive cones, one is lead to consider in H,, the
structure of an ordered vector space, and to relate it with those of A and 9.
There are, in general, several ways to do that, but only one is standard. This
will be constructed and analyzed by the Tomita-Takesaki modular theory.

A natural choice for a positive cone in the GNS space H,, could be

M, & (2.1)
as it is justified by the following

Ezample 2.1. (Self-polarity in classical measure theory) When A is commuta-
tive and unital, hence isomorphic to the algebra of continuous functions C'(X)
over a compact Hausdorff space X, the state w is represented by a positive
Radon measure y,, on X, H,, is identified with L?(X, p.), the representa-
tion 7, is given by the obvious action of continuous functions on the square
integrable ones and the von Neumann algebra 9 coincides with L>°(X, py,).
Since the cyclic vector &, corresponds to the constant function 1 € L?(X, u,,),
in this setting positivity has the usual pointwise meaning and one realizes
immediately that the positive cone HJ = Li(X, i) 18 self-polar in the sense
that a function g in L?(X, p,,) is positive if and only if

/ fgdu, >0
X

for all functions f in the positive cone L2 (X, pu,).
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Re-writing the property above, using the scalar product of L?(X,u,) as
follows

Li(X, po) = {9 € L*(X, p) = (flg) 20 Vf € LE(X, po)}

one realizes that self-polarity can be considered in arbitrary Hilbert spaces.

Definition 2.2. (Self-polar cone) In a complex Hilbert space H, a subset
‘HT C H is self-polar if it coincides with its polar

HY={¢eH:(&n) >0 VneH}. (2.2)
In particular a self-polar set is a closed convex cone.

Together with facial homogeneity and orientability, self-polarity is one of
three fundamental properties characterizing von Neumann algebras in terms
of ordered vector spaces [Col]. Our interest in it relies upon the fact that self-
polarity is the key property needed to treat Dirichlet forms and Markovian
semigroups on general von Neumann algebras, avoiding being limited to type
I or type II von Neumann algebras and to trace functionals on them.

A self-polar cone H' endows a Hilbert space H with an order structure which
behaves, in some respect, similarly to the one of Example 2.1. In particular
we will make use of the following properties, referring to [Io] for the proof.

Proposition 2.3. (Jordan decomposition in self-polar cones) Let H' be a
self-polar cone in a complex Hilbert space H. Then

i) H is the complezification H = H’ @ iH’ of its real subspace
H ={¢eH: (¢n)eR WmeH )

ii) the cone H™ gives rise to the structure of an ordered real vector space on
H7 and to an anti-unitary involution

JH—H  JE+in)=E(—in,  EneH;

i) any J-real element & € H' can be written uniquely as a difference & =
& — & of two orthogonal, positive elements £ € HY. This decomposition
characterizes self-dual cones among the closed and convex ones. It is usually
referred as the Jordan decomposition.

The positive part &, of a J-real element & € H” is, by definition, the
Hilbertian projection of ¢ onto the closed convex subset H+ C H”7: &, is
the unique element minimizing the distance between & and the positive cone
‘H™T. The negative part is defined by difference: £_ := & — €.

Ezample 2.4. (Jordan decomposition in commutative von Neumann algebras)
In the commutative case of Example 2.1, the Jordan decomposition of a
square summable, complex function f into its real and imaginary parts and
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the splitting of these into their positive and negative pieces, has the usual
familiar meaning. In this case, the positive part f of a square summable, real
function f can be understood as the composition of f with the real variable
function ¢(z) := z Vv 0.

Ezxample 2.5. (Jordan decomposition in type I and type II von Neumann
algebras) Beyond the commutative case, the choice of the closed convex cone
M &, in the GNS Hilbert space H,, does not always match self-duality and
it does if and only if the state w is a trace:

w(ab) = w(ba) a,be A. (2.3)

If this is the case, an element x&, is J-real if and only if x = z* € 97 and
its Jordan decomposition, given by &, = &, — v_&,, essentially reduces
to the Jordan decomposition x = x4 — z_ in the von Neumann algebra 1.
Hence, even in noncommutative case, as long as the state w is a trace, the
order structure of the GNS space given by the cone 9 &, is essentially the
order structure of the von Neumann algebra 9.

We will need the construction of a self-dual convex cone H, in the case
when the state w is not necessarily a trace. This will be done with the help
of the Tomita-Takesaki modular theory which we now briefly recall. The self-
polar cone H} will be, in a precise sense, intermediate among 9 £, and
M’ €, denoting by M’ the commutant von Neumann algebra of 9t on H:

M ={ze€ B(H):2y=yx ye€ B(H)}.

To work in complete generality, we consider a von Neumann algebra of

operators M, acting on a Hilbert space H, and a cyclic and separating vector
¢ for it. The first property means that H = ¢, while the second means that
for x € M, ¢ = 0 if and only if =z = 0.
Equivalently, one may consider £ to be the vector representing a faithful,
normal state w of M, in the GNS representation, having in mind, as a proto-
type, the case where 91 is itself generated in a GNS representation of a given
C*-algebra A and a state w on it.

The isometric involution map x — x* on 91 gives rise to the anti-linear map
&€ — x*¢ on ‘H, densely defined on M & C H. This map is isometric if and
only if the vector state w(-) = (£|-€) is a trace on M. The starting observation
of the Tomita- Takesaki modular theory is that this map is always closable. In
the polar decomposition of its closure S¢

1/2
S{ = Jgﬂg/ (2.4)

the anti-unitary part Je is called the modular conjugation while A¢ = S¢Se
is called the modular operator associated with the pair (9, &). The modular



172 F. Cipriani

operator A measures how the state w differs from being a trace (in which
case A¢ reduces to the identity).

Theorem 2.6. (Tomita-Takesaki theorem) Let I be a von Neumann alge-
bra, acting on the Hilbert space H and & be a cyclic and separating vector.
Let A¢ and Je be the associated modular operator and modular conjugation,
respectively. It follows that

JeMJe = M (2.5)

and that _ '
ALMAT =M teR. (2.6)

Now let 9T be a von Neumann algebra, w a faithful normal state on it
and (7., Hw, &) the associated cyclic representation. Denoting by A, the
modular operator associated to the pair (m,,(9M), &), the Tomita-Takesaki
theorem allows one to construct one of the main tools of the theory.

Definition 2.7. (Modular automorphisms group) The modular automor-
phism group o : R — Aut(9M) of the pair (9, w) is defined through

o (x) == 7w (A7, (2)AL™) reM, teR. (2.7)

This construction shows that the pair (9, w) is a dynamical object. The
celebrated Connes’ theorem of Radon-Nikodym type consists of a cocycle
relation among the modular groups of different states on the same von Neu-
mann algebra. A fundamental characterization of the modular group is the
following.

Theorem 2.8. (Modular condition) The modular group o : R — Aut(9M)
of the pair (M, w) satisfies the following properties (referred to as the modular
condition):

i) {oy :t € R} leaves the state w invariant,

w=wooy teR (2.8)

ii) for all x,y € M there exists a bounded continuous function F, , on the
closed strip D = {z € C: 0 <Imz < 1} which is holomorphic in the interior
D of D and satisfies

F(t) = w(of (x)y), F(t+1) = w(yoy (x)) teR. (2.9)

Moreover, given w, the modular group is uniquely determined by the above
modular condition.

The celebrated KMS-condition on one-parameter automorphism groups and
states of C*-algebras, deeply related to the above relation (2.9), plays a fun-
damental role in Quantum Statistical Mechanics in association with the ideas
of time evolution and equilibrium. See Section 2.3 and Chapter 3.



Dirichlet Forms on Noncommutative Spaces 173

Ezample 2.9. (Modular automorphisms groups on type I factors) When 9t =
B(H) is the algebra of all bounded operators on a separable Hilbert space H,
a normal state w can always be represented as

w(z) = Trace(px) x € B(H) (2.10)

for some positive, trace-class operator p € B(H), so that w is faithful if and
only if p is not singular. The modular automorphism group then reduces to
0¥ (x) = ptap~® for all x € B(H) and t € R. In particular, if M = M, (C),
{er; k, 1 =1,...,n} is the system of matrix units and p is diagonal, one has

Mg it
gt(@kl):()\];) ekl kl=1,...,n,

where {\; : k =1,...,n} denote the list of eigenvalues of p.

Ezample 2.10. (Modular automorphisms groups on Powers factors) Let 91,
be a copy of My(C) for all n € N* and consider the sequence of states w,, :
M,, — C, corresponding to a fixed A € (0,1) and given by

wn([‘rij]ijzl) = Az + (1 - )‘)x22 [xijﬁj:1 eM,.
Let A be the (unital) inductive limit of the C*-algebras
An 2:m1®m2®...mn,

obtained embedding A,, into A,11 by a — a ® 1. On the C*-algebra A, a
state w is defined such that

Wr1® ... 2, ®1®...) =wi(z1)wa(x2) ... wn(zy) n € N* |

so that we may consider the von Neumann algebra 9t generated by A in the
GNS representation of w. The modular automorphisms group of its normal
extension is then given by

o1 ®...0, @1®...) =0} (x1)02(22) ... 07 (1) n € N*,

where o} is the modular group of w, on M, = My(C), described in the
previous example.

Let 2 be a von Neumann algebra of operators acting on a Hilbert space H
and let £ € H be a fixed cyclic and separating for 9. To define the standard
cone in H, denote by je : MM — M’ the anti-linear, involutive isomorphism
defined by the Tomita-Takesaki theorem:

Je(x) == JexJe reMCBH). (2.11)
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Notice that if £ is a trace vector, in the sense that the associated functional
w(-) = (§] - §) is a trace, this map coincides with the involution: je(z) = z*
for all z € M.

Definition 2.11. (Standard cone of a von Neumann algebra) The standard
cone Hg associated with the pair (90, &) is defined as the closure of the set

{zje(x)§ e H:x e M}.

Ezample 2.12. (Standard positive cone of finite von Neumann algebras) Since,
by the Spectral Theorem, any positive element y € M can be written as
y = xz* for some x € M, in case £ is the trace vector representing a finite trace
on M, as in Example 2.5, the cone ’Hg‘ coincides with My &,,. In particular, in
the commutative case of Example 2.1, the definition above allows the recovery
of the fact that positive, square integrable functions can be approximated by
positive, essentially bounded ones.

The above example and the properties listed below suggest that the natural
positive cone Hg should be considered as the analogue of the cone of posi-

tive L2-functions of the commutative case. We omit the proof and refer to
[BR1 2.5.4].

Proposition 2.13. Let 9 be a von Neumann algebra acting on the Hilbert
space H, with & € 'H a cyclic and separating vector for M. The natural positive
cone ng has the following properties:

i) ng is a self-dual set and in particular is a closed, convexr cone in H;

i) HE = A e = AV o €

iii) Je& = & for all € € HE;

iv) 95{7'5(96)’1-[5+ C ’H; for all x € M;

v) AYHE =HS for allt € R;

vi) f(log Ag)Hg C ng for all positive-definite, continuous functions f on R.

Property i), together with Proposition 2.3, implies that the Jordan decompo-
sition can be achieved in the ordered vector space (He, ’ng), while property
iii) reveals that J¢ coincides with the anti-unitary involution associated to the
positive cone Hg, as in Proposition 2.3. Property iv) is a consequence of the
very definition of Hg and the fact that for z,y € M, z € W and je(y) € M’
necessarily commute. The identities in item ii) show that the natural positive
cone is an intermediate deformation of the cones M &, and M, &,. Prop-
erty v) provides a first natural example of a one-parameter family of positive
operators, i.e. operators leaving globally invariant the natural positive cone.
Maps and families of this type will be of interest below. Property vi) fol-
lows from v) since continuous, positive definite functions are, by a classical
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result S. Bochner on the Fourier transform of finite, positive measures. Ex-
amples of continuous, positive definite functions are ff(z) = €"* for t € R,
fi(x) = e " for t > 0 and f(z) = ¢!l for ¢ > 0.

Remark 2.14. (Non self-polar cones) H. Araki studied in [Ara] properties
analogous to those above, in particular generalizations of the Jordan de-
composition, for the whole family of cones Vi = AgM £ for o € [0,1/2].

Despite the lack of all the symmetries the cone V;/ 1= ’H; has, the posi-
tive cones corresponding to a # 1/4, although non self-polar, are important
constructing an interpolating family of spaces LP(9M), 1 < p < 400, which
generalizes at the von Neumann algebra level the familiar family of Lebesgue

spaces (see [Ko|, [Te]).

In the commutative case, equivalent measures p, v on a space X give rise to
the same von Neumann algebra L (X, u) = L*(X,v). We can look at this
as two different representations of the von Neumann algebra of essentially
bounded functions defined by the o-algebra of sets of vanishing measure. In
a precise sense this holds true for general von Neumann algebras and to state
it correctly we introduce the following definition.

Definition 2.15. (Standard form of a von Neumann algebra) A standard
form (M, H,H", J) of a von Neumann algebra 9 acting on a Hilbert space
H consists of a self-dual cone Ht and an anti-linear involution J, satisfying:
i) JMJ = M;

i) JaJ = z* Ve e MNM  (the center of M);

iii) Jn=n  VpeHT;

iv) zJaJ(HT) CHT Ve ed.

In the commutative case, in which the von Neumann algebra is described as
L (X, p) for some finite measure p on X, all standard forms appear as

(LX), L2(X,v) , L3 (X,v), J)

for some measure v equivalent to p. Here the antilinear involution is just
complex conjugation: Ja(x) = a(x), v-a.e. on X.

Proposition 2.13 tells us that modular theory allows the constructionof stan-
dard forms of von Neumann algebras starting from faithful, normal state on
them. As in the commutative case, we are going to see that all standard forms
look essentially the same.

Proposition 2.16. (Uniqueness of standard forms of von Neumann alge-
bras) Let (M, Hi, i, J;), i = 1,2, be standard forms of two von Neumann
algebras My , Mo, If o : My — My is an isomorphism of My onto Mo then
there exists a unique unitary U : Hy — Ha such that:
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i) a(x) =UzU* x € My;

ii) Jo = UJU*;

iii) Hy = UH; .

iv) Moreover, when Hy = Ha, the map U — ay(-) := U - U* establishes a
topological isomorphism between the subgroup

(UecUH)  UMU* =M, UJU*=J, UH'=H}

of the group U(H) of all unitary operators on H and the group Aut(9M) of all
automorphisms of IN.

Hence, in the above sense, all standard forms of a von Neumann algebra are
unitarily equivalent; a unified notation for them is (901, L*(9M), L3 (9M), J), as
justified by the properties listed in Proposition 2.3, Proposition 2.13 and by
the consideration of the commutative case discussed above.

We already met an example of property iv) in the above proposition, by which
any automorphism, or group of them, can always be unitarily implemented
in any standard form: namely the modular group of a faithful normal state
(see Definition 2.7 and Proposition 2.13 v)).

A practical consequence of the uniqueness of a standard form is that in work-
ing with them we have the freedom to choose the most suitable for the prob-
lem at hand. Here are some illustrations of this.

Ezample 2.17. (Hilbert-Schmidt standard form of type I factors) Let 9T =
B(H) be the type I factor of all bounded operator on a Hilbert space H.
In the Hilbert space £2(H) of all Hilbert-Schmidt operators on H, the cone
L% (H) of the positive ones is self-dual. The related involution J associates
to the Hilbert-Schmidt operator £ its adjoint £*. Moreover

(B(H), L*(H), L3.(H),J])

is a standard form of B(H). This standard form may be constructed by
an extension of the Tomita-Takesaki theory which deal with faithful, semi-
finite, normal weights on von Neumann algebras, as indeed is the trace Tr :
B(H)4+ — [0, +00] on the algebra of all bounded operators. Notice that, under
the identification £?(H) = H ® H, the positive cone £3 (H) is generated by
the elementary elements of the form x ® x, x € H while the involution acts
as J(x®y) =y®u, x,y € H. Here H denotes the opposite Hilbert space and
x,y its elements. In terms of the Dirac’s bra-ket notation: z ® y = |z)(y|.

Ezample 2.18. (Generalized Hilbert-Schmidt standard form) The construc-
tion above of standard forms of Type I factors, may be generalized to any
von Neumann algebra using the relative tensor product of Hilbert modules

(see [S1]).
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Ezample 2.19. (Modular operators on type I factors) Consider on the above
type I factor B(H), the normal state w(x) := Tr(px) associated to a positive,
trace-class operator p € B(H). By Proposition 2.16 the standard form of the
GNS representation of w is isomorphic the Hilbert-Schmidt standard form
considered in Example 2.17. We may then look for the realizations of the
modular operators in this representation. Clearly the modular conjugation
coincides with the operation of taking the adjoint, as it depends upon the
positive cone only, by Proposition 2.3. The state w can be represented as
w(z) = (&plx€y) 2y for a unique positive Hilbert-Schmidt operator &, €
Eﬂ_ (H) which then represents the cyclic and separating vector associated to
w. Since this means that Tr(px) = Tr(§,x¢,) for all Hilbert-Schmidt operators
z on H, one identifies £, = p'/2. To recover the action of the modular operator
notice that, by definition,

JA1/2($EP) =", z€B(H).
Then AY2(xp'/2) = p'/2x for all z € B(H) so that
AV2¢ = pl/2g )12

for all ¢ € D(AY?) := {n € L2(H) : p*/?np~'/? € L2(H)}. One may check
that the ideal of finite rank operators is an operator core for A'/2. This result
then makes it easy to identify the action of the modular group:

o¥(z) = ptap™™ r e B(H), teR.
An important example of standard form in harmonic analysis is the

following one.

Ezample 2.20. (Standard forms of group von Neumann algebras and the
Fourier transform) Consider a unimodular, locally compact group G and de-
note by s,t... its elements and by ds,dt... a fixed Haar measure on it. On
the Hilbert space L?(G) the left reqular representation X\ of G is defined by

MG — B(L*(@)), MG = f(s7') s,teG, felLl*G).

The associated von Neumann algebra is, by definition, the weak*-closure in
B(L?(@G)) of the group of unitaries A\(G). By von Neumann’s density theorem
[Dix2] it coincides both with the double commutant A(G)” of A(G) and with
the weak*-closure of the algebra L!(G) acting on L?(G) by left convolution

(frg)(t) = /G f&)g(stds  teG,  feING), geL*C).

A standard form of A(G)" is defined in the Hilbert space L?(G) by considering
the involution

Jf(s)= f(s71), se€G, felL*QG)
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and the self-polar cone
HE={f*Jf:[€C(G)},

where C.(G) denote the space of compactly supported continuous functions
on G. Hg coincides with the cone of positive definite, square summable func-
tions on G. These properties are proved in [Dix2]. Their generalization to a
non unimodular group can be found in [Pen].

When G is commutative, the von Neumann algebra A(G)” is isomorphic to
the abelian von Neumann algebra LOO(@) of essentially bounded functions on
the Pontriagyn dual G , with respect to any of its Haar measures. The Fourier
transform F : L2(G) — L2(G), is then a unitary operator with the proper-
ties 1), ii) and iii) of Proposition 2.16, which implements that isomorphism.

2.2 Order Structures and Symmetric Embeddings

The positive cones M, H* and M., endow the von Neumann algebra 1,
the standard Hilbert space ‘H and the pre-dual space 9. with structures of
ordered vector spaces. More precisely, what we get is a complex vector space
E, complexification E = Er P Er of a real subspace Eg, which in turn is
linearly generated, over R, by the cone F,: Fr = E; — E,.

The order relation between real elements elements e, ea of an ordered vector
space (E, E;) will be indicated as customary: e; < es will mean that ea—e; €
E . The elements of £y are exactly those real vectors e in E such that 0 < e.
The order interval [ey, e3] C F, defined by two real elements ey, e of E such
that e; < es, is defined by

[er,ea] :i={e € E:e; <e<ea}.

For example, the order interval [0,1] in the abelian von Neumann algebra
L>(X,m) (resp. in the standard Hilbert space L?(X,m)) consists of those
real valued functions a, m-a.e. defined on X (resp. belonging to L*(X,m))
such that 0 < a(x) <1 for m-almost all z € X.

Complex linear maps L : E — F between complex ordered vector spaces
(E,Ey) and (F, Fy.), will be called real if L(FERr) C Fg and positive if moreover
L(Ey) =F;.

The tools we need to compare maps and semigroups on von Neumann alge-
bras, their standard Hilbert spaces and their pre-dual spaces, are the symmet-
ric embeddings. These embeddings, for example, make it possible to recognize
the elements of the von Neumann algebra 91 within the standard Hilbert
space H, in such a way that an element is positive in 9 if and only if is pos-
itive in ‘H. These embeddings generalize the commutative situation in which,
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for a finite measure m, one has

L*(X,m) C L*(X,m) C L*(X,m).

Let (M, H,H",J) be a standard form of a von Neumann algebra 9, with
Jo, Ap the modular operators associated to a cyclic and separating vector
& € HT and wo(-) = (& - &) the corresponding normal state.

When 91 is commutative, or at least when &y is a trace vector, the embedding
x — x&y of the von Neumann algebra 971 into the Hilbert space H is injective,
continuous with norm dense range and positivity preserving. In case & is not
a trace vector, a “distortion” of the above embedding makes it possible to
keep all these properties throughout.

Definition 2.21. (Symmetric embeddings) The symmetric embeddings as-
sociated to the standard form (9, H,H™,J) and a cyclic and separating
vector & € HT are defined as follows:

i) ig: M —H io(x) = Aé/4x§0 r € I,
i) doe s H = M (i (€),y) = (io(y*)|€) = (A *y&l &) e H,yem;
111) jo M — M., <]0($),y> = (Joyfo@fo) X,y € M.

These maps are well defined because MEy C D(Aé/ 2)7 by the definition of

the modular operator, and because D(A(l)/2) C D(A(l)/4) by the Spectral

Theorem.

In the following we consider the spaces M, H , 9, ordered by their posi-
tive cones My , H', M, . We will denote by o (90, M,.) the weak*-topology
of M, by o(M,, M) the weak-topology of M, and by o(H,H) the weak-
topology of H.

Proposition 2.22. The above maps are bounded, positivity preserving injec-
tions with norm dense range. Moreover we have

i) 1o is the dual map of ig« and jo = Qs © io;

it) i is an order isomorphism between the order-intervals [0,14] in 9 and
[07 50] in H:'

iii) ips s an order isomorphism between the order-intervals [0,&y] in H and
[0, w()] mn m*;

iv) the map iy is o(IM, M) — o(H, H)-continuous
v) the map iosx is o(H, H) — o (M., M)-continuous
vi) the map jo is o (M, M) — o (M., M)-continuous.

In particular, item ii) tells us how to identify the algebra 9t in the Hilbert
space H: for example, an element & € H™ is of the form Aé/ 4x§0 for some
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z > 0 if and only if 0 < & < k&g for some k > 0. Moreover, the algebra norm
can be read from the order structure of the positive cone:

]l = inf{k € [0, +00) : 0 < € < k&} .

Ezample 2.23. (Symmetric embedding on type I factors) Consider on the type
I factor B(H), the normal state w(x) := Tr(px) associated to a positive, trace-
class operator p € B(H) and the Hilbert-Schmidt standard form considered
in Example 2.19. It is easy to verify that AY/4¢ = pt/4¢p=1/4 for all € €
D(AY*) so that, since the cyclic vector is £, = p'/2, we have A/4(z¢,) =
AV (xp/?) = pt/2xpt/4 for all x € B(H). Tt is then clear why the symmetric
embedding iy carries a positive element z of the von Neumann algebra into
a positive element ig(z) of the standard Hilbert space. The isomorphism in
item ii) of the above proposition reduces, in this case, to the fact that for
a positive bounded operator z on H and some k > 0, p'/*zp'/* < kp'/? is
equivalent to x < k- 1.

Since IME, C D(A(l)/2) C D(Aé/zl)7 for any x € 9 we have

lio(2) 12, = (Ay*zéo| Ay *w€o)r = (Ay > a0 2€0) 1 = (Joa™&o| z€0)n
= (o(x),2) < [[&*am - lljo(@)llam. = [|=]lom - [ljo(@)]lam. -

This may suggest that these embeddings form the skeleton of a symmetric,
complex interpolation system among the spaces 91, H, M.. This is in fact
the case and it is the starting point for the construction of noncommutative
LP-spaces (see for example [H2], [Ko|, [Te]). We refer to Sections 5 and 6
of Quanhua Xu’s Lectures in this volume for a detailed exposition of this
matter. In particular we extrapolate the following result from [Te], which we
will need later on.

Proposition 2.24. (Noncommutative interpolation) Let (9, H,H™,J) be a
standard form of a von Neumann algebra M, & € HT a cyclic and separating
vector and ig, 10+ and jo the associated symmetric embeddings of M into H,
H into M, and M into M., respectively.

Let Ty : M, — M, be a map such that

T1(jo(9M)) € jo(M), T1(i0x(H)) C do«(H).
Denote by T : M — M and Ty : H — H be the maps determined by
TlojO:jOOTooy TloiO*:io*OTQ.

Then, if T1 and T are bounded with norm My and My, respectively, then
T> is bounded with norm less than Mll/2 MY

IToEll7 < My Mi€lll7, €€ M. (2.12)

In particular, if Ty and Ts are contractive then Ty is contractive too.



Dirichlet Forms on Noncommutative Spaces 181

2.3 KMS-symmetric Maps and Semigroups
on C* and von Neumann Algebras

In this section we introduce one of the main object of our investigation: KMS-
symmetric semigroups on C* and von Neumann algebras and, in particular,
KMS-symmetric, positive and Markovian semigroups. In the von Neumann
algebra case and with respect to the modular automorphism group, this class
of semigroups was introduced in [Cip1], [GL1,2]. KMS-symmetric positive and
Markovian semigroups were introduced in [Cip2]. The consideration of KMS-
symmetric semigroups on C* algebras, which are not necessarily positive or
Markovian, is a novelty.

Markovian semigroups, symmetric with respect to traces, were introduced
by L. Gross [G1],[G2] to study physical Hamiltonians of Boson and Fermion
systems. A general theory of Dirichlet forms on algebras endowed with reason-
able traces was developed by S.Albeverio and R.Hoegh-Krohn [AHK1,2] and
later studied by J.M.Lindsay and E.B.Davies [DL1,2] and by J.L.Sauvageot
[S2,3].

In a commutative situation, a map @, or a semigroup of them, on the
C*-algebra Cy(X) can be extended to the von Neumann algebra L>°(X,m),
its predual L'(X,m) and the standard Hilbert space L?(X,m), for any finite
Radon measure m on X with respect to which @ is symmetric:

/@(f»gdm:/ f-(g)dm  f.g e Co(X).
X X

These extensions, considered mainly for positive, or Markovian, maps and
semigroups, are of great value for constructing and studying symmetric
Markov processes (see [FOT]) and interacting particle systems (see [Lig]).

In this section we show how such an extension program can be carried out
on any C*-algebra, provided a suitable symmetry holds true with respect
to KMS-states (see [BR2]). States in this class, introduced by the physicists
R. Kubo [Kub], D.C. Martin and J. Schwinger [MS], and identified mathemat-
ically by R. Haag, N.M. Hugenoltz and M. Winnink [HHW], are fundamental
for representing equilibria of quantum systems of infinite degrees of freedom
and thermal reservoirs (see [BR2], [Sew], [KFGV]). The symmetry condition
we introduce is a generalization of the detailed balance condition (see [Al],
[D1] and [KFGV]).

Unless otherwise stated, maps (¢ ,D(®P)) on a C*-algebra A will always be
considered real, in the sense that their domain D(P) is an involutive subspace
of A and ®(a*) = P(a)* for all a in D(P). For simplicity, we will work
with unital C*-algebras. Otherwise, one may add a unit to A or consider A
embedded into its (unital) enveloping von Neumann algebra A**.
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Definition 2.25. (Positive and Markovian semigroups) Amap ®: A —
A on a C*-algebra A is said to be

i) positive if P(A4) C Ay
i) Markovian if it is positive and @(a) < 14 whenever a = a* and a < 14;

iii) completely positive (resp. completely Markovian), if for every n € N* the
matricial extension

D@ I, : My (A) — M, (A) (P @ In)[ail} =1 = [P(aij)]} j=1

is positive (resp. Markovian) on the C*-algebra M,(A) = A ® M, (C) of
n X n-matrices with entries in A.

iv) A one-parameter semigroup {®; : t > 0} on A is said to be positive
(resp. completely positive, Markovian, completely Markovian) provided @, is
positive (resp completely positive, Markovian, completely Markovian) for all
t>0.
Since an element a of A is in the closed unit ball (||a|| < 1) if and only if the
1A a

element (a* 14
semigroups are just completely positive contraction semigroups. This class of
semigroups, often called dynamical semigroups in the literature, is of special
importance for application to Quantum Open Systems [D1] and Quantum
Probability. We refer to Philippe Biane’s Lectures in this volume for the im-
portant connection between Markovian semigroups and stochastic processes
in noncommutative spaces.

The structure of generators of o-weakly continuous, completely Markovian
semigroups on von Neumann algebras, symmetric with respect to traces will
be carefully studied in Chapter 4.

) is positive in Mo (A), one sees that completely Markovian

Ezample 2.26. (Structure of norm continuous, completely positive semigroups)
Uniform continuity forces the semigroup to have a bounded generator L :
A — A (see [BR1 Proposition 3.1.1]):

b= nn' L™,  L"a):=L(L(...L(a))), acA.

n>0

Suppose A is acting on the Hilbert space h and {®; : t > 0} is norm con-
tinuous and completely positive. Then, by a theorem due G. Lindblad [Lin]
and V. Gorini-A. Kossakowsi-E.C.G. Sudarsan [GKS], for matrices, and to
E. Christensen-D. E. Evans [CE] for general C*-algebras, the generator L
may be represented as

L(a) = i[H,a] + (Ra+ aR) — ¢(a),
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where H = H* is a self-adjoint operator on h belonging to the o-weak
closure M C B(h) of A, ¢ : A — M is a completely positive map and
R = L(14) — ¢(14). Moreover, combining this result with the fundamental
Stinespring theorem [Sti] (see Appendix 7.3), one obtains the general form
of the generator of a norm continuous, o-weakly continuous, completely pos-
itive, identity preserving semigroup on a von Neumann algebra 9t C B(h):

L(a) =i[H,a] + Y _ yiyra — 2yayk + ayiyn
kel

where {yr € B(h) : k € I} is a family such that the operator ), ; y/yx
is bounded and ), _; yyayr € M for all @ € M. Operators L of the above
type are called Lindblad generators. The structure of generators of strongly
continuous Markovian semigroups which are symmetric with respect to a
semifinite faithful trace will be investigated in Chapter 4.

To introduce the second main ingredient of this section, we recall that, for
a strongly (resp. o-weakly) continuous group of automorphisms « = {«; :
t € R} of a C* (resp. von Neumann) algebra A, we denote by A, the norm
(resp. o-weakly) dense, a-invariant *-subalgebra of a-analytic elements of A
(see Appendix 7.3).

On a finite dimensional C*-algebra, say A = M, (C), any automorphism
group appears as ' '

ai(a) = eHgetH acA
for a self-adjoint matrix H. It is easy to see, using the cyclicity of the trace,
that the state

w(a) = Trace(e PHa)/Trace(e PH)

satisfies the relation
w(ba) = wlaais(b)  abe A

Moreover, w is the unique state with this property and it may be thought of
as the equilibrium state of a finite quantum system, whose time evolution is
governed by the automorphism group.

States of the above type still exist in infinite dimensional situations, where,
for example, A may be the C*-algebra IC(h) of all compact operators on an
infinite dimensional Hilbert space h. This, however, forces the dynamics to be
generated by a Hamiltonian H with discrete spectrum. To avoid this restric-
tion, one may considers the above relation between w and « as the starting
point for isolating a rich class of states. The only drawback involved in this
point of view is that one has to abandon the idea of representing states in this
class in the above simple way, i.e. by the density matrix e## /Trace(e="H).

Definition 2.27. (KMS-states) Let « := {ay : t € R} be a strongly con-
tinuous group of automorphisms of a C*-algebra A and 3 € R. A state w is
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said to be a (a, 3)-KMS state if it is a-invariant and if the following KMS-
condition holds true:
w(aa;z(b)) = w(ba) (2.13)

for all a,b in a norm dense, a-invariant *-subalgebra of A,. If A is a von
Neumann algebra and a := {oy : t € R} is a o(9, M, )-continuous group of
automorphisms, a state w is said to be a («, 3)-KMS state if w is a-invariant,
normal and the KMS-condition above holds true for all a,b in a o (90T, M, )-
dense, a-invariant *-subalgebra of A,. KMS states corresponding to 8 = 0
are just the traces over A.

These states describe equilibria of quantum statistical systems, whose phys-
ical observables are represented by elements of A, corresponding to the time
evolution represented by the automorphisms group {ay : ¢ € R} (see [BR2]).
The parameter 3, sometimes called the inverse temerature, is proportional
to h/27T, where T is the absolute temperature and h Planck’s constant.

The KMS-condition above can be restated in a form similar to the modular
condition in Theorem 2.8, independent of the consideration of a norm dense,
a-invariant *-subalgebras of A, .

Proposition 2.28. (KMS condition)(/BR2 Proposition 5.3.7]) Let a :=
{ay : t € R} be a strongly (resp. o-weakly) continuous group of automorphisms
of a C* (resp. von Neumann) algebra A, B € R and w a state on A (normal
in the von Neumann algebra case).

Define Dg to be the domain {z € C : 0 < Imz < 8} for 8 > 0 and {z €
C: 8 <Imz < 0} for 8 <0 and let Dg be the closure of Dg if B # 0 and
Dg =R for g =0.

The following conditions are equivalent:

i) wis a (a, B)-KMS state;
ii) for any pair a,b € A, there exists a bounded, continuous function Fo :
Dg — A, which is analytic in Dg and such that

Fop(t) = w(aay (b)), Fop(t+i0) = w(ag(b)a) teR. (2.14)

Furthermore, if the above conditions are satisfied, then the following bound
holds true

[Fap(2)] < llal - [0l 2z € Dg.
Finally, for a € A,b € A,, the function Fy 4 is the restriction to Dg of the

entire function z — w(aco(b)).

A faithful normal state w on a von Neumann algebra 9 is a (o, —1)-KMS
state with respect to the modular automorphism group o“ : R — Aut(9) of
the pair (9, w) (see Definition 2.7).

Ezample 2.29. (KMS-states on CAR C*-algebras) Let hy be a pre-Hilbert
space and b its completion. Then there exists, a unique up to *-isomorphism,
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C*-algebra (h) generated by a family {a(f) € B(h) : f € bho} of bounded
operators satisfying

i) b o f — a(f) is antilinear;

i) a(f)alg) +alg)a(f) =0,  f,g€ho;

iii) a(f)a(g)” +a(g)*a(f) = (fl9) Iy,  fig€ho.

The C*-algebra $4(h) is called the CAR algebra over the Hilbert space b or
the algebra of canonical anti-commutation relations. It represents the algebra
of physical observables of quantum mechanical systems obeying Fermi-Dirac
statistics. Given a self-adjoint operator H on B, the map a : R — Aut(L(h))
defined by

ar(a(f)) = ale™f),  ala’(f)=a’ (™ f)  feho

defines a strongly continuous automorphism group of the CAR algebra, called
Bogoliubov transformations (see [BR2]). Clearly, if h is a dense set of analytic
vectors for H then the *-algebra generated by the family {a(f) € B(h) :
f € bo} is a dense, a-invariant *-sub-algebra of () consisting of analytic
vectors for the automorphisms group. For a fixed § € R, the («, 3)-KMS-
condition for a given state w requires, in particular, that

w(a*(fla(g)) = wlalg)a™(e™f))  f.g€ho.

Since, by the canonical anti-commutation relations,

alg)a” (e P £) = (gle™ 7 p) Ty — a*(e~ " faly).
we should have

w(a*((Ly +e ") f)alg)) = (gle™H f)

and then
wa(fa(g) = (gle P (1 +eP7F) g€,

This formula determines, through the CAR relations, a state wg over U(h)
which is called the gauge-invariant, quasi-free state associated to H and (.
It is the unique (o, 3)-KMS state over $4(h) (see [BR2 Section 5.3]).

Into this framework falls the “Ideal Fermi Gas” where b := L?(R?,dx), by is
the space of rapidly decreasing functions, H := —Hy — - I, Hy denoting the
Laplacian operator on R%, and p € R.

Ezample 2.30. (KMS-states on CCR C*-algebras) Given a complex pre-
Hilbert space ho with Hilbert space completion h, there exists a unique up to
*-isomorphism, C*-algebra $i(fo) generated by a family {W(f) € B(h) : f €
ho} of unitary operators satisfying
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D W(=f)=W(f)"  f€bo;
i) W()W(g) = e ™ VOW ()W (f)  f,9€bo.

This is Weyl’s form of the canonical commutation relations CCR, describing
quantum mechanical systems, possibly having an unbounded number of par-
ticles, obeying Bose-Einstein statistics. The unitaries W (f) are called Weyl
operators.

Consider a self-adjoint, positive operator H on 0, not having zero as an
eigenvalue and such that e’y C by for all t € R and by € Dom(e ?H (I —
e PH)=1) for some 3 > 0. The gauge invariant, quasi-free state over 4(ho)
determined by H and 8 > 0 is given by

T | G (G ) I

The operator H also specifies the group of automorphisms through the Bo-
goliubov transformations of 4(ho):

ar(W(f) =W(e™f), febhy teR.

Although this is not a strongly continuous automorphism group of $4(ho), it is
easy to check that it leaves the quasi-free state w invariant, it defines a group
of o-weakly-continuous automorphisms {a; : ¢ € R} of the von Neumann
algebra M, := 7, (L(ho))” in the GNS representation (m,, ,H,) of w. This
weak extension is indeed a o-weakly-continuous group of automorphisms and
one checks that the weak extension @ is a (&, 3)-KMS state on 91,,. Phase
transitions occur for these systems, accommodating, for example, the phe-
nomena of Bose-Einstein condensation (see [BR2]).

We now define the class of semigroups, we are interested in these lectures.
As already mentioned above, the condition we introduce generalizes the sym-
metry condition of the commutative or tracial cases introduced in [AHK1].
In the particular case of a von Neumann algebra, and with respect to the
modular automorphisms group, it was introduced in [Cip] [GL1,2]. It is a
generalization of the detailed balance condition of the type considered in the
theory of Quantum Open Systems (see [D1], [GKS]). We notice, in particular,
that it applies to dynamical semigroups and KMS states on C*-algebras.

Definition 2.31. (KMS-symmetry and KMS-duality) Let a := {oy :
t € R} be a strongly continuous group of automorphisms of a C*-algebra A
and w be a fixed (a, 3)-KMS state for some 8 € R. A bounded map ® : A — A
is said to be (a, §)-KMS symmetric with respect to w if

w(b@(a)) - w(a_lf (a)B(a, (b))) (2.15)

2

for all a,b in a norm dense, a-invariant *-subalgebra B of A,. A strongly
continuous semigroup {P; : t > 0} on A is said to be («, 3)-KMS symmetric
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with respect to w if &, is (o, §)-KMS symmetric with respect to w for all
t > 0. In the von Neumann algebra case, w is assumed to be normal, maps
and semigroups to be o-weakly continuous and the subalgebra B has to be
o-weakly dense. Two maps @1 ,P, : A — A satisfying the condition

w (bglil (a)) =w (oz_ ip (a)Pa(a i (b))>

for all a,b in a norm dense, a-invariant *-subalgebra B of A, will be said to
be in (o, B)-KMS duality with respect to w.

In the von Neumann algebra case the duality condition above was introduced
in [AC] to fully generalize the notion of conditional expectation and it was
generalized in [Petz] for a weight in place of a state. In the von Neumann al-
gebra case this condition plays a distinctive role in Quantum Communication
Processes as described in [OP].

Notice that if in the above definition § = 0, then w is necessarily a tracial
state and (2.15) simplifies to

w(P(a)b) = w(ad(b)) a,be A. (2.16)

Maps satisfying the above symmetry condition with respect to traces on C*
or von Neumann algebras, were considered in [G1], [AHK1], [S2], [DL1].
Notice also that, for a general («, §)-KMS state w, if the maps ¢ commutes
with the automorphism group « then, using the KMS-condition (2.14), one
easily checks that the KMS-symmetry (2.15) is equivalent to the condition
(2.16). This symmetry condition, introduced in [KFGV] as the quantum de-
tailed balance condition (but also referred to as GNS-symmetry) plays a role
in the theory of Quantum Open Systems.

The essential difference between KMS-symmetry and the quantum detailed
balance condition is that, as opposed to the former, only the latter forces the
map @ to commute with the automorphism group. More explicitly, if a map
& satisfies (2.16) with respect to the (a, §)-KMS state w then it commutes
with a and satisfies (2.15) too (see [Cipl] for the proof and [FU] for several
examples of this fact).

In the framework of the dynamical approach to equilibrium, given a dynamical
system « := {a; : t € R} on A, one would like to find, for each fixed phase
of the system represented by the («, 3)-KMS state w, an ergodic, identity
preserving, positive semigroup ® = {&; : t > 0} on A, having w as a unique,
invariant state. In other words, one requires that

w(Pi(a)) = w(a) ac€A, t>0,
and also that, for all states w’ on A

limw o®; = w,
t—0
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the convergence taking place in weak*-topology of A*. If a phase transition
occurs, these requirements are incompatible with the commutativity between
the semigroup and the automorphism group, i.e. between the dissipative dy-
namics and the time evolution of the system. In that case, in fact, all equilibria
of the system, being in particular a-invariant states, are ®-invariant too, in
contrast to the required ergodicity.

Notice also that, when @ is the identity map then, using the a-invariance of
w only, one may check that the identity (2.15) reduce to the KMS condition

(2.1)):
w(ba) =w (ai ip (a)a, i (b)) =w (aaﬂﬂ (b)) .

In other words, an (o, 8)- KMS symmetric continuous semigroup {&®; : t > 0}
on A represents a one parameter deformation of the («,3)-KMS condition
for w.

Ezample 2.32. (KMS-symmetric, norm continuous, completely Markovian
semigroups) We have seen, in Example 2.26, the general form of the Lindblad
generator L of a completely Markovian, identity preserving, norm continuous,
o-weakly continuous semigroup on a von Neumann algebra I1:

L(a) =i[H,a] + Y _ yjyia — 2y} ayi + ay}yi ,
el

where >, _; %7y: has to converge in 9 and ), ; yiay; € M for all a € M.
Suppose that (9, H,HT,J) is a standard form of 9 and & € HT is the
vector representing a fixed normal state wg on it. Assume I to be a finite
index and the operator coefficients {y; : i € I} as well as H to be entire
analytic with respect to the modular group {o: : t € R} of wy. Notice that,
since L is bounded, the series

is norm convergent and the wo-KMS symmetry of L would imply the wp-
KMS symmetry of @;, which in turn would be a wy-KMS symmetric, norm
continuous, completely Markovian semigroup on 9. In this respect it has
been proved in [P3] that under the assumption

Z x;Jox;Jo = Z Cll‘;kJOx;kJO 3
icl iel
L is wg-KMS symmetric if and only if the following identity holds true

H= Z/Rat(xzafw(xk) —oia(xy)wk) fo(t) dt,

icl
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for z; := 0;/4(y;) i € I and fo(t) := 1/ cosh(2nt) t € R. Moreover, a complete
characterization has been recently achieved in [FU1 Theorem 7.3] in the case
when 9 is a type I factor B(h). Using the Hilbert-Schmidt standard form
of Example 2.19 where the state wq is represented by a positive, trace class
operator p € B(h), wo(z) = Trace(pz), setting

1 . ‘
G = fQZykyksz,
kel

one has that the wg-KMS symmetry of L is equivalent to the following con-
ditions
P26 = GpM? 4 iep!/?
Py = Zukzyzpl/Q kel
ler

for some ¢ € R and some unitary matrix [ugly,—; € M,(C), n being the
cardinality of the index set I.

Using the notation of Proposition 2.28, we are going to see that KMS-
symmetry may be expressed, alternatively in a way which does not refer to a
specific dense, invariant *-subalgebra of analytic elements. For simplicity, we
state and prove this result for C*-algebras only, leaving the reader to adapt
the details to the von Neumann algebra situation.

Proposition 2.33. Let a := {ay : t € R} be a strongly continuous group of
automorphisms of a C*-algebra A and w a (o, 3)-KMS state for some 3 € R.
Then, for a bounded map @ : A — A, the following conditions are equivalent:

i) @ is (o, B)-KMS symmetric with respect to w;

i) for any pair a,b € A, there exists a bounded, continuous function Fyp :
Dg — A which is analytic in Dg and such that, for all t € R,

Faslt) = w(a_y(@layy (0)) . Faslt+i8) = w(ay; 0)P(a_; (@)
(2.17)

Furthermore, if the above conditions are satisfied, then the function Fg is
bounded on Dg and

[Fap(2)] < 2] - [lall - [0}, 2 € Dg.

Finally, fora € A,b € A,, the function Fy 4 is the restriction to Dg of the
entire function

Gup(2) = w(a_; (@B(as; (3), z€C.

2

Proof. Assuming i) and denoting by B C A, the subalgebra occurring in
Definition 2.31, consider, for a fixed pair a,b € B, the function
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Fop(z) = w(a_z(a)d(ay (b)), zeC.

Then F, ; is an entire function and, using the («, 5)-KMS symmetry, we have,

for any t € R,
s (@)P(ay 1 (D)),
Fa,b(t + Zﬁ) = w(ai t+ip (b)@(aJr t+if (a)))
w(a_ it (a_ t (a)®(a, i (a+g (b))))

= w(a+§ (0)P(a_ ¢ (a))) -

As the map z — «a(b) is analytic, it follows that the functions [0,3] > s +—
| is (b)|| are continuous, hence they are bounded and M. := sup{ || i (b)|:

s €0, 8]} are finite. We then have, for all ¢ +is € Dg,

Fa,b(t) = w (Ol,

Bt +i8)] = w1 (s (a))Bas ¢ (oy s (0)))] < 81| - M- - M.,
[Fap(®)] < 2] - ] - 5]
(Eus(t+ )] < 1] - lal - 5]

Applying the Three-Line Theorem [BR2 Proposition 5.3.5], we finally get the
bound

sup |Fo,p(2)| < max{sup [Fop(t)] 5 sup [Fop(t+iB)|}< (1] - [la] - [|o] -
2€Dg teR teR

For general a,b € A one proceeds by approximation, choosing sequences
{a, € B :n > 1} and {b, € B : n > 1}, norm convergent to a and
b, respectively, and uniformly bounded with |la,| < |lal|, ||bn] < ||b]| for
n,m > 1. For z belonging to the boundary lines of Dg, we have

|Fan7bn (Z> - Farrubm (Z)‘
S max{su]g ‘Fan,7bn, (t> - Farrubm (t>| ; Sup ‘Fan,7bn,((t + ZB))
te

teR
= Fap b (O +i0)]}
_ max{igﬂg \w(a,; (an)QS(Oq; (bn))) — w(a,; (a7n)€l5(a+§ (bm)))| ;

ilelﬂg \w(a+£ (bn)®(a_ 14 (an))) - W(O‘-&-; (b7n>q§(a—; (a7n>>) ‘}
< 2l (llan = awll - 61+ lall - b = bl )

This shows that {F,, , : n > 1} is a uniformly Cauchy sequence of bounded,
continuous functions on the boundary of the closed strip Dg, hence, by the
Three-Line Theorem again, it is a Cauchy sequence of bounded, continuous
functions on the whole closed strip. Its limit function Fj p is then a bounded,

continuous function on Dg, which is analytic on Dg and satisfies
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Fou(t) = lim w(oL; (an)P(ary (bn)))

w(afg(a)di(o%;(b))) teR,
Fop(t+i8) = lim w(a+ +(0)P(a_+ (an)))

n—0oo ;
w(a+; (by)P(cr_: (a))) teR,
@[] - flall - 1o -

sup |Fap(2)]
z€Dg

IN

Conversely, assume condition ii) and define the function

Gap(2) = w(o; (@)(as; ().

for a fixed pair a,b € B. Then G, is an entire function such that G, (t) =
F,»(t) for any ¢ € R. Being analytic within the open strip, the functions G,
and F,; have to coincide there and then on the whole closed strip Dg, so
that

Fop(z) = w(a_:(a)d(ay : (b)) z € Dg.
In particular, by (2.18), we have the desired identity

w(aJZa (a)P(a, i (b))) = Gap(+iB) = Fop(+if) = w(bP(a)) .

Corollary 2.34. The («, 8)-KMS symmetry of a map @ : A — A with respect
to a («a, B)-KMS state w holds true with respect to a specific dense, a-invariant

*-subalgebra of a-analytic elements if and only if it holds true on the whole
of Ay .-

Remark 2.35. The above result allows the derivation of alternative forms of
the KMS symmetry, for example the following one:

w(@(a)a+ i (b)) =w(a_ i (a)®(b)) a,be A,. (2.18)

In fact, by Corollary 2.34 we may consider the KMS symmetry (2.15) to hold
on A,. Applying the KMS condition for w to both sides of (2.15) we get
(2.18) because oy s is bijective on A,, the inverse being the map «_ i (see
Appendix 7.3). Usmg the KMS condition on the right hand side of (2. 18)

get our last form of the KMS symmetry:

w(@(a)a, () = w(@b)a s (@) ab€ Aq. (2.19)

Hence, the KMS-symmetry reduces to the symmetry of the bilinear form
(a,b) = w(P(a)a, i (b)) on A,. There is a difference among these formu-
lations of the KMS-symmetry which forces one to prefer (2.15) as the true
definition. While, as a consequence of Proposition 2.33, (2.15) holds true for a
specific dense, a-invariant *-subalgebra B of A, if and only if it holds true for



192 F. Cipriani

all of them, the last two forms of the KMS property are equivalent to (2.15)
when they are given, as above, on the whole algebra A,. This is because
not only a;(A4,) = A, for all ¢ € R, but also a,(4,) = A, for all z € C.
This property is not shared by a generic dense, a-invariant *-subalgebra B
of analytic elements.

The first relevant consequence of the KMS-symmetry is that it allows to
study maps and semigroups in GNS-representation (7, Ho, &) of the KMS-
state w. This is based on the following result.

Lemma 2.36. Let {a; : t € R} be a strongly continuous group of automor-
phisms of a C*-algebra A and w be a fized («, 3)-KMS state for some 3 € R.
Then a map @ : A — A which is («, §)-KMS symmetric with respect to w
leaves globally invariant the kernel ker(m,,) of the GNS-representation of w.
With the obvious assumptions, the same occurs in the von Neumann algebra
case too.

Proof. As kerm, = {a € A : w(a*a) = 0}, kerm, is clearly a-invariant.
Assuming a € ker 7,,, we then have ay(a) € kerm,, for all ¢t € R. By condition
(2.18), the a-invariance of w and by the Cauchy-Schwarz inequality, we have,
for a fixed b € A and all t € R,

|Fap(t)I? <w( (@) g (a) w(P(ay (b)) Py (b))
w(a’a) - w(P(ay 1 (b)) V(o (b)) =0.

Being analytic, Fy ; vanishes identically, so that, again by condition (2.18),

w(bd(a)) = Fay(+iB) = 0.
Choosing b = @(a)* we finally have &(a) € kerm,,.

Proposition 2.37. (Weak extension of the KMS-symmetry maps) Let o :=
{as : t € R} be a strongly continuous group of automorphisms of a C*-
algebra A and w be a fized (o, 3)-KMS state for some 8 € R. Let (7., Hw, &)
be the corresponding GNS-representation, w the normal extension of w to
M =7, (A)" and & := {&; : t € R} the unique o-weakly continuous group of
automorphisms of MM such that

dy(my,(a)) = mu(ay(a)), acA teR, (2.20)

with respect to which & is a (&, 5)-KMS state (see [BR2 Corollary 5.5.4]).

Suppose that & : A — A is a (a,ﬁ)-AKMS symmetric map. Then there exists
a unique o-weakly continuous map @ : M — IM determined by

B(no(a)) = mo(P(a)) a€ A. (2.21)
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This extension is 0-KMS symmetric in the sense that

(b ) =o(a, (@)9) (2.22)

for all x,y in a o-weakly dense, &-invariant *-subalgebra of M. Moreover,
|2|| < ||@|| and if @ is positive then @ is positive too.

Proof. By Lemma 2.36, formula (2.21) validly determines a unique, o-weakly
densely defined map (&, D(®)) on M, its domain being D(P) := 7, (A) C M.
By Corollary 2.34, we may suppose the KMS symmetry of w satisfied on
the whole algebra of analytic elements A,. As the modular group o; of the
normal extension & of the («, 3)-KMS state w coincides with the group a_g;
(see [BR2 Corollary 5.3.4] and the discussion after [BR2 Definition 5.3.1]),
the @-KMS symmetry condition (2.22) follows directly from (2.18) and it is
satisfied on the o-weakly dense, g-invariant *-subalgebra 7, (A4,) C M.

For the sake of simplicity, we shall assume from now on that 7, is faithful, so
that ker 7, = {0}. In particular, we shall identify elements a of A with their
images 7, (a) in M so that A C M and D(P) = A.

To extend the map ® to the whole von Neumann algebra 9, we start by
noticing that it is bounded on its domain:

I18(a)|| < ] - a]  VaeACmM.

We now proceed to show that the ©-KMS symmetry condition (2.22) implies
the map (®, D(®)) is o-weakly closable on 9. In fact, let {z; :i € I} C A be
a net in its domain, o-weakly converging to zero, for which the net {®(z;) :
1€ 1} C M is o-weakly convergent to some z € 9. Then by (2.22)
5(=6_ ;) =limd(B(x)5_; ()
=i A(A ()@ )
lim (o ; (2:)9(y)

= lim (& |4 " 2:A7* D (y)6s) (2.23)

= lim (& |1 452 D(y)6)
=0

for any y € A,. Choosing y = 5+; (), we have &W(zzx) = 0 for all z € A,.

Since A, is o-weakly dense in 9 we get z = 0, thus proving @ to be o-
weakly closable. To show that (2.21) determines a o-weakly continuous map,
defined everywhere on 9, we are left to prove that the o-weak closure of
(®, D(®)) is o-weakly continuous. This will be a consequence of the Closed
Graph Theorem, once we show that the closure of (&, D($)) is everywhere
defined. Let = € M be a generic, fixed vector and choose a net {z; : i € I}
C A o-weakly converging to it. The boundedness of the map o implies that
{®(z;) : i € I'} is bounded in Mt so that it is, by the Banach-Alaoglu Theorem,
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a o-weakly relatively compact set. Possibly considering a suitable subnet, we
deduce that {&(z;) : i € I} is o-weakly convergent in 9, so that z is in the
domain of the closure of the map (&, D(®)).

To extend the bound ||@(z)| < ||| - ||z|| from x in A to the whole von
Neumann algebra, consider x in the unit ball of 9t. By Kaplanski’s density
theorem [BR1 Theorem 2.4.16], there exists a net {z; : ¢ € I} in the unit
ball of A, which is o-strongly™, hence o-weakly, convergent to x. Since P is
o-weakly continuous, for every normal functional 7 € 9, we then have

(7, ®(x))| = \liiEH;HTﬁ(xm <

illon = [[7flan. - 12,

thus ||@(z)| < ||@||. Since this holds true for all z in the unit ball of 9, we
get the desired bound.

We now proceed to show that if @ : A — A is a positive map then oM — M
is positive too. Fix an element x € 9t and consider, by Kaplansky’s Density
Theorem, a net {z; : i € I} in A, o-strongly* convergent to it in 9. Since
convergent nets are bounded, by [T2 Chapter IT Lemma 2.5] we have z; — x
strongly* and hence strongly. Applying [T2 Chapter II Theorem 4.7], we
have |x;| — x strongly and, by [T2 Chapter Proposition 4.1], |z;| — z in the
strong® topology too. Using again [T2 Chapter II Lemma 2.5] we have that
|z;| — « in the o-strong® topology and then o-weakly too. By the o-weak
continuity of the map @, we get @(|z;|) — ®(x) o-weakly in M. Since the
positive cone M is o-weakly closed, we get Qg(:c) €My

With the hypotheses of the previous theorem we have the following

Corollary 2.38. (Duality relation of KMS-symmetric maps) The map o,
M, — M, determined by restricting to the pre-dual space M, the adjoint
map O* : IM* — IM* satisfies the duality relation

b, 0y =jood, (2.24)

where jg : M — M, _is the symmetric embedding determined by w. Moreover,
if @ is positive then o, 8 posztwe and if @ is Markovian then @, is Markovian
in the following sense @.(0) < &, or, more explicitly,

5(®(a)) <Bla)  acM,.

Proof. Denoting by &; the cyclic vector representing the state & and by
Ag , J the associated modular operators, we have J3§ = & and A2E; = &
for all z € C.

To prove the duality relation (2.24), recall that 7.(z) = AZz A" for all
complex numbers z and all analytic vectors x (see for instance the discussion
following [BR1 Corollary 2.5.24]). From the W-KMS symmetry (2.22), the
definition of j; (see Definition 2.21 iii)) and the properties of the modular
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operators, it follows that, for all  and y in the subalgebra MM; C I of
analytic elements of the modular group, we have

Since M5 is o-weakly dense in M, we get the duality relation on the whole
of M. The statements concerning positivity and Markovianity follow di-
rectly from the order properties of the symmetric embedding jz stated in
Proposition 2.23.

The next result shows that not only single maps but also KMS symmet-
ric, continuous semigroups may be extended to the von Neumann algebra
associated to the GNS representation.

Theorem 2.39. (Weak extension of KMS-symmetric continuous semigroups)
Let o := {ay : t € R} be a strongly continuous group of automorphisms of
a C*-algebra A and w be a fived (o, 3)-KMS state for some 3 € R. Let
(T, Huw, &w) be the corresponding GNS-representation, & the normal exten-
sion of w to M = w,(A)” and & = {a; : t € R} the induced o-weakly
continuous group of automorphisms of .

Suppose that {®, : t > 0} is a strongly continuous semigroups on A, («, 3)-
KMS symmetric with respect to w. Then there exists a unique o-weakly con-
tinuous semigroup {®; : t > 0} on M determined by

By (m,(a)) = 7o (Bi(a)) acA,  t>0. (2.25)

This extension is W-KMS symmetric in the sense that

(@@ ) =0(5, @)  t=0, (2:20)
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for all x,y in a o-weakly dense, o-invariant *-subalgebra of M. Moreover, if
{®; : t > 0} is positive, completely positive, Markovian or completely Markov-
ian then {®; : t > 0} shares the same properties.

Proof. Applying Proposition 2.37 to each individual map of the family, we
get a semigroup {®; : t > 0} of o-weakly continuous maps on . What is
left to prove is its o-weak continuity as a semigroup. This is in fact equiv-
alent to the weak, and hence to the strong continuity of the semigroup of
o (M, M)-continuous maps {P. : t > 0} on the predual space M., defined
using Corollary 2.38 and satisfying (2.24). Hence, by definition, we have that
|@r]| = ||@;]|. Since, moreover, {®; : t > 0} is a strongly continuous semi-
group, there exist constants M > 0, v € R such that [|&;]| < [|®] < M - et
(see [BR1 Proposition 3.1.3]). This gives the bound

1@ (T) = 7| < | @6 (7) = S (7| + 1@ (7)) = 7' + |7/ = 7|
S NPl - llm = 7'l + | () = | + 17" = 7
SA+M-e")flr =7 +[|8(r) — |
for any 7,7" € M., by which it is enough to verify the strong continuity of
{P¢x : t > 0} on a norm dense subspace of M,. Since 7, (A) is, by definition,
o(9M,M,)-dense in M and the symmetric embedding j; : M — M, has
norm dense range (Proposition 2. 23) it is enough to prove strong continuity

on js(m,(A)). By (2.24) one has @t* °js = js o q}t for all ¢t > 0, so that on
Jo(mw(A)) the restriction of @y, acts as

D1 (o (m(a))) = Juo (7 (B1(a))) -

The strong continuity of {Q/S\t* :t >0} on jgu (7, (A)) then follows from that of
{®; : t > 0} on A. The proofs of the stated order properties follow easily from
the order properties of the symmetric embeddings listed in Proposition 2.23.

Notice that the strongly continuous semigroup on the predual space 91,
considered in the proof of the previous result, and determined by the relation

B0 jo = jo o P, t>0,
is Markovian with respect to & in the sense that
P (B)<B  Vt>0,
or, more explicitly,

o~

@(Pt(a)) < &(a) YaeM,y, Vt>0.
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2.4 Markovian Semigroups on Standard Forms
of von Neumann Algebras

So far we have succeeded in extending maps and semigroups, which are KMS
symmetric with respect to a KMS state w, from a C*-algebra to the von Neu-
mann algebra and to its predual space generated by the GNS representation
(T s Huw , &w). Our next task is to perform a further extension to the Hilbert
space H,,, in such a way as to keep, when they hold, positivity and Markovian-
ity. Notice that, while the presence of the standard cone H, makes obvious
the formulation of positivity for maps on H,,, the notion of Markovianity has
to be introduced.

To simplify notations, but also for the sake of generality, we start byworking in
the standard form (9, H ,H™,J) of a von Neumann algebra 9, on which a
fixed normal state wy is considered. We shall denote by & € H™ the positive,
cyclic and separating vector representing it: wo(-) = (& - & ). Fundamental
for us will be, in particular, the continuity and the order properties of the
symmetric embeddings i, jo associated to wp, introduced in Section 2.2.

Unless otherwise stated, maps T on H are always assumed to be real, in the
sense that T(H7) C H7.

Definition 2.40. (Positive and Markovian semigroups on Hilbert
spaces of standard forms) Let (9,H,H",J) be a standard form of
the von Neumann algebra 9t and & € H™ the vector representing a fixed
normal state wg on it. A map T : H — H is said to be

i) positive it T(HT) C H*;
it) Markovian with respect to &y if it is positive and T'¢y < &o;

iii) completely positive (resp. completely Markovian) if, for every n € N*|
the map

TRI,: H®Mn(C) > H®M,(C) (T x L)[&;]7 =1 = [T&;517 =

is positive (resp. Markovian) on the Hilbert space H ® M,,(C) of the standard
form of M & M, (C) (in the tensor product of Hilbert spaces H ® M,,(C), the
factor M, (C) and its scalar product is understood as the Hilbert -Schmidt
standard form of the von Neumann algebra M,,(C); the cyclic vector rep-
resenting the normalized trace being the suitable multiple of the identity
matrix).

iv) a semigroup {7} : t > 0} on H is said to be positive (resp. Markovian,
completely positive, completely Markovian) if T; is positive (resp. Markovian,
completely positive, completely Markovian) for all ¢ > 0.
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It is easy to check that T is Markovian with respect to & if and only if it
leaves globally invariant the order interval [0, &) C H*:

0<¢E<é = 0<TE< .

Notice that, while the notion of positive map on H deals with the structure
of ordered Hilbert space only, Markovianity depends upon the choice of a
cyclic vector & € H™.

Given a positive semigroup {7} : t > 0} on H and a number v > 0, vectors
n € HT such that
e Tim<n Yt>0

are called y-ezcessive, so that the semigroup is Markovian with respect to &g
if and only if this vector is 0-excessive with respect to it.

In the commutative case, where M = L>°(X, u), H = L*(X,p) and Ht =
Lf_(X , i) is the cone of positive, square summable functions with respect to
a positive Radon measure p on X, positivity has the usual meaning. Then, as
long as the measure is finite, and one considers as cyclic vector the constant
function & = 1, both positivity and Markovianity in the above sense reduce
to well known classical notions (see [FOT] for example). However, even in
this commutative setting, the above definition makes it possible to consider
as Markovian a wider class of semigroups than those which can be treated
by the classical definition.

Ezample 2.41. (Markovianity of Schrodinger semigroups with respect to a
ground-state) Consider, for example, the semigroup e~* on L?(R", dx) gen-
erated by a Schrodinger operator H = —div o grad 4+ V' associated to a nice
potential function V. By the uniqueness of the Beurling-Deny-Le Jan decom-
position (see Example 4.19 below), these semigroups are positivity preserving
and not Markovian in the classical sense, unless the potential is positive. How-
ever, if H admits a unique ground-state ¢y, i.e. the bottom —~ of its spectrum
is an eigenvalue of multiplicity one, then the corresponding normalized eigen-
vector ¢q is strictly positive and -excessive. This is the case, for example,
when for some A < 0 the negative part (V' —\)_ of the function V — X belongs
to the space L2 (R",dz). In the case when v < 0, e~ is then Markovian
with respect to ¢g in the above sense. Notice that the associated normal state
wo gives the distribution of the position of the particle of the quantum system
described by H in its ground-state.

Ezample 2.42. (Stability of Markovianity under subordination of semigroups)
Let U : G — B(H) be a strongly continuous representation of a lo-
cally compact abelian group G leaving the positive cone globally invariant:
U(g)yHt = H™T for all ¢ € G. Suppose that {u; : ¢ > 0} is a symmetric
convolution semigroup of probabilities on G. The subordinate semigroup

Ty = /G w(dg)U(g)e €M
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is a strongly continuous, symmetric, contractive and positivity preserving
semigroup. It is also (completely) Markovian with respect to any cyclic vector
&o € HT left invariant by the representation. This applies, in particular, to
cases in which the representation is given by the modular automorphism
group of any faithful, normal state on 9. Consider, for example, the case
where

G=R pe(de) == (47Tt>71/2€712/4t de, t>0, po:=0do

and U(t) = A where Ay is the modular operator corresponding to a cyclic
vector & € Ht. Then we have

T, =e o8&l ¢ >0,
Other example of this construction are discussed in [Cipl Chapter 3].

Notice that, while the definition of positive map on the Hilbert space
of a standard form only depends upon the order structure of the Hilbert
space, Markovianity is a property deeply connected with the behavior of the
map at the algebra level. The next result will show that Markovian maps
and semigroups on H are exactly those which extend to normal, positive
contractive maps on the von Neumann algebra 9t and to weakly continuous,
positive, contractive maps on the predual 91,.

Proposition 2.43. Let ¢ : M — M be a (real) linear map on the von Neu-
mann algebra 9. Then the following properties are equivalent:

i) D is wo-KMS symmetric

w(@(x)o_;(y)) = wlog; (@)2(y) 2,y €My ;

i
2

i) the densely defined linear map T : D(T) — H on the Hilbert space H,
given by
TOiO :i()0¢7 D(T) = io(mg),

18 symmetric
(T€[n) = (&[Tn)  &,ne D(T);

ii1) the densely defined linear map @, : D(®P.) — M., on the predual space
M., given by
Di0jo=Jjoo P, D(®.) = jo(Ms) ,

18 in duality with @:
(@ (o(@))ly) = Go()|P(y)) =y M.

Suppose that the previous symmetry conditions hold true. Then
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i) @, T and @, are bounded maps and @ is o (M, M,.)-continuous;
v) the Markovianity of @, T and P, are equivalent.

Proof. Notice first that, by Proposition 2.23, D(T') is norm dense in H be-
cause M, is o (P, M, )-dense in M and i is (M, M..) —o(H , H) continuous
with dense range.

Analogously, D(®.) is o(M.. , M) dense in M, because, M, is (M M. )-dense
in M and jo is o(M, M) — o(M M) continuous with dense range. Since for
all x,y € M, we have

w(@(z)o_; (y)) = (Sl () Adyto) = (io(®(x")) io(y)) = (Tio(x*)]in(y))

and

w(o (x)P(y)) = (%o A3 2 B(y)6o) = (io(a™)|io(@(y))) = (io(a")| Tio(w))

the wo-KMS symmetry of ¢ and the symmetry of T are equivalent. Analo-
gously, as for all z,y € 9, we have

w(B(x)o_ (1)) = (ol B(2) Ad yéo) = (G| B(x) Ty" TEo)
= (Jy&o| D)%) = (jo(@ ()| )

and

w(o; (@)B(y)) = (€ A3 * D)) = (€l 2IB(y)" I&) = (jo(x)| B(y))

the wo-KMS symmetry of @ and the duality between the maps ¢ and &, are
also equivalent properties.

Suppose now that one of the above conditions holds true. By the duality
relation with @,, the map @ has a densely defined adjoint map, and hence
is o (M, M, )-closable. As it is also everywhere defined, it is o (9, 9M.) and
norm continuous. Consequently, the map @, is o(M, , M) and norm contin-
uous. The boundedness of T follows from the interpolation bound (2.12) (see
Proposition 2.24).

The last statement concerning the equivalence between Markovianity of @, T
and @, easily follows from the order properties of the symmetric injections
(see Proposition 2.22).

The following is the main result of this section: the class of strongly contin-
uous, symmetric semigroups on the Hilbert space H which are Markovian with
respect to &y, the class wo-KMS symmetric, o(9M, M, )-continuous Markovian
semigroups on the von Neumann algebra M and the class of wo-Markovian,
strongly continuous semigroups on the predual space M. are in one to one
correspondence.
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Theorem 2.44. Let (M, H ,H*,J) be a standard form of the von Neumann
algebra M, and & € HT be a cyclic vector representing a fizred normal state
wo on 1it.

i) Let {®y : t > 0} be a wo-KMS symmetric, o(9, M..)-continuous semigroup
on M. Then the relation
Tt ] io = io o @t

iduces a strongly continuous semigroup on the Hilbert space H; analogously,
the relation
Dt 0 jo = jo o Py

mduces a strongly continuous semigroup on the predual space M.

it) Suppose that {T; : t > 0} is a symmetric, strongly continuous semigroup
on H, Markovian with respect to &. Then the relation

Ttoio:ioo@t

induces a wo-KMS symmetric, (9, M, )-continuous, Markovian semigroup
on IM; analogously, the relation

Dt 0dgx = tox 0 T}

induces a strongly continuous semigroup on the predual space M,

Moreover, positivity, complete positivity, Markovianity and complete Marko-
vianity, are properties shared by all or none of the above semigroups.

Proof. A direct application of Proposition 2.43 verifies both the correct def-
inition of semigroups of continuous maps on the spaces H and 9., in item
i), and on the spaces 9t and 9., in item ii), and their order properties. The
proof of the continuity with respect to the parameter ¢ is straightforward and
is left to the reader.

2.5 Ergodic, Positive Semigroups

A classical result, due to G. Frobenius and O. Perron, states that the eigen-
value ||a|| of a hermitian irreducible a € M, (C), with nonnegative entries
is simple and there exists an associated eigenvector with nonnegative co-
ordinates. This uniqueness result has been extended by L. Gross [G1], in
an infinite dimensional setting, to symmetric, positive operators acting on
Hilbert spaces of type L?(X,m), where positivity has the usual pointwise
meaning. The same author also extended the result in the noncommutative
setting, for positive operators acting on the Segal standard form L2(9M,7)
of a finite von Neumann algebra 9t (see [Se]). In this framework the author
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discussed existence and uniqueness of ground-states of physical Hamiltonians
for Boson and Fermion systems in Quantum Field Theory (see also [F]).

In this section we illustrate how to extend the uniqueness result to positive
operators acting on Hilbert spaces of standard forms (9, H,H™ ,J) of von
Neumann algebras 1.

Let us recall that a closed sub-cone F' C H™ is called a face of H™T if it is
hereditary, in the sense that

EeF, neHT, n<¢ = nerF.

A face is proper if it is different from the trivial ones: {0} and H™ (see [Col]).

Definition 2.45. (Ergodic maps and semigroups) A positive map T : H —
‘H is said to be

i) ergodic if for all £, € H*', £, # 0, there exists n € N* such that
&lTmn) > 0;

ii) indecomposable if it leaves invariant no proper faces of H™, i.e. for a face
F CHT, if T(F) C F then necessarily F = {0} or F = H™T.

A positive semigroup {7} : t > 0} on H is said to be

iii) ergodic if for all £,n € HT, £,n # 0, there exists ¢ > 0 such that
(€] Tin) > 0;

iv) indecomposable if T} is indecomposable for some ¢ > 0.
Ezample 2.46. (Faces of positive cones of commutative von Neumann alge-
bras) In a cone like L3 (X, m), the subcone Fp of all positive functions van-

ishing on the complement of a Borel set B C X of positive measure is a face,
and all of them arise in this way.

Faces of the self-polar cone H ™ are in one-to-one correspondence with projec-
tions of the von Neumann algebra 91 (see [Col]). In fact, setting P, := eJeJ
for projections e € Proj(M), one has that

F=P.(H")
is a face and all of them can described in this way.

Theorem 2.47. (Ergodicity of positive maps and semigroups [Cip3]) Let T :
H — 'H be a symmetric, positive map.

The following properties are equivalent:

i) ||T| is a simple eigenvalue and there exists a corresponding cyclic eigen-
vector in H™T;

it) T is indecomposable;
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iii) T commutes with no proper projection P,., e € Proj(IM);
iv) T is ergodic.

Corollary 2.48. (Ergodicity of positive semigroups [Cip3]) Let {T; : t >
0} be a strongly continuous, positive, symmetric semigroup on H, and let
inf o(H) be the infimum of the spectrum of its self-adjoint generator H.

The following properties are equivalent:

i) info(H) is a simple eigenvalue and there exists a corresponding cyclic
eigenvector in HT;

ii) {Ty : t > 0} 4s indecomposable;
iii) {T; : t > 0} is ergodic.

We will meet later, in Example 2.58 and in Corollary 3.4, examples of ergodic
semigroups. Non ergodic Markovian semigroups will appear naturally in the
geometric setting of Chapter 5 (see Remark 5.13).

2.6 Dirichlet Forms and KMS-symmetric, Markovian
Semigroups

A classical result due to A. Beurling and J. Deny characterizes Markovian
semigroups on Hilbert spaces of square integrable functions, in terms of a
contraction property of the quadratic forms associated to their generators,
with respect to projections onto a suitable convex set.

In this section we will prove an extension of that result in the framework of
standard forms of von Neumann algebras. This part is taken from [Cipl]. See
also [GL1,2] for a development of the theory in the framework of Haagerup
LP-spaces.

In this section we consider a strongly continuous, symmetric semigroup
{T; : t > 0} on the Hilbert space H of a standard form. We will denote
by (H,D(H)) its self-adjoint generator and by (£,F) the associated closed
quadratic form. It will be useful to regard the quadratic form as a lower
semicontinuous, convex functional

E:H — (—o0,+0o0] so that  F:={{eH:E[{] < +oo}.
The quadratic form will be assumed to be J-real in the sense that
elJgl=¢¢l  ¢eH
and bounded from below in the sense that for, some § € R,

gl =Bl cen.
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The domain F is then a J-invariant linear manifold, and it can be shown
that & is determined by its restriction to the J-real part F7/ := FN'H’ of its
domain. Notice that the hermitian, sesquilinear form, defined by polarization,

§:FxF—C &6 n) = | {Eletn-El—n+islerin—igle—inl} €neF,

allows us to re-construct the quadratic form as £[¢] = £(£,€). As the lower
semicontinuity of the quadratic form is equivalent to its closedness, the scalar
products on the domain F

Elmxr=EEn) + A& £eF,A> -0

define a family of Hilbert structures with equivalent norms given by [|£[|3 =
(€l

To motivate the introduction of the tools needed for the characterizations al-
luded to above, let us briefly review the commutative case. There, a Beurling-
Deny criterion (see [BD2], [Den]) characterizes Markovian semigroups as
those corresponding to quadratic forms which do not increase their values
under the nonlinear map v — u A 1:

Elunl] < Eul,

i.e. in terms of so called Dirichlet forms.

To extend this criterion to the noncommutative setting, where, essentially,
the cone L% (X, p) in L?*(X, ) is replaced by the self-polar cone H* in H,
one is tempted to replace the constant function 1 by a cyclic vector & € HT
and interprets £ A&y as inf(€, &), i.e. in terms of a lattice operation. However
(H,H™") is not a vector lattice apart from the commutative case (see [Io]).
The way to bypass these difficulties can be found by noticing that, in the
commutative case, the function u A 1 is the projection of u € L3(X, i) onto
the closed convex set

1— L3(X,p) = {v e LA(X,p) v < 1}.

Definition 2.49. Let us denote by Proj(¢,C) the projection of the vector
¢ € H’ onto the closed convex set C' C H”. Then define, for £ ,n7 € H’

EVn:=Proj(&,n+C) and ENn:=Proj&,n—C).

We list below, omitting the proof (see [Cipl], [Io]), the main properties of
these nonlinear operations.

Lemma 2.50. Let £,1 € H’. The following properties hold:

i) if sup(&,n) (resp. inf(&,n)) exists then sup(&,n) = £V n (resp. inf(§,n) =
EAn);
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i) EVO=¢E&r, ENO=E_;

i) SNV =n+(E =)y and EAn=n—(E—n)-;

w) EV =nVEand EAn =1 NE;

v) EVN+EAN=E+n and NV —EAn=[§—nl;

vi) 1€Vl + [I€ Anll® = [1€]1* + lInll* .

We may now define the main object of a noncommutative potential theory.

Definition 2.51. (Markovian and Dirichlet forms) Let (9, H,H™',J) be a
standard form of a von Neumann algebra 9t and & € HT a cyclic and
separating vector.
A J-real quadratic form £ : H — (—o0, +00] is said to be Markovian with
respect to &y if

E[EN&) <ElE]  VeEeH!. (2.27)

A closed Markovian form is called a Dirichlet form.

In particular, if £ is Markovian and £[¢] is finite then E[€ A &o] is finite too.
In other words, under the Hilbertian projection & — & A &, the value of the
quadratic form does not increase. As noticed above, this definition reduces
to the usual one in the commutative setting. We are going to see that in any
standard form, Dirichlet forms represent an infinitesimal characterization of
strongly continuous, symmetric Markovian semigroups.

Theorem 2.52. (Characterization of Markovian semigroups by Dirichlet
forms) Let (M, H,H",J) be a standard form of a von Neumann algebra
M and & € HT a cyclic vector. Let {Ty : t > 0} be a J-real, symmel-
ric, contractive, strongly continuous semigroup on the Hilbert space 'H and
E:H — [0,400] the associated J-real, closed quadratic form. The following
properties are equivalent

i) {T; : t > 0} is Markovian with respect to &o;
it) € is a Dirichlet form with respect to &.

Proof. Let us denote by C the closed convex set & — HT and by &c the
projection onto C of a vector ¢ € H”. Assume property i) and consider & €
H”. Since £¢ € C by definition and Tiéc € C by hypothesis, the properties
of Hilbertian projections then imply that (£ —&c|Tiéc —Ec) < 0 for all ¢ > 0.
In terms of the bounded, positive quadratic forms &[] := t=1((I —T3) - |),
this can be written as follows: £'[¢c] < E4(E,€¢). By the Cauchy-Schwarz
inequality we get E¢[Ec] < E4[E] for all ¢t > 0 and by the Spectral Theorem,
letting t — 0, we obtain E[¢c] < E[¢].

To prove the converse we start noticing that Markovianity of the semigroup
is equivalent to Markovianity of its resolvent family {Ry : A > 0} defined
through Ry = fooo e MT, dt for all A > 0: specifically A\RyC C C for all X > 0.
In one direction this follows from the convexity of the set C = £ —H™ and the
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fact that the measures Ae > dt are probabilities. The opposite implication

comes from the well known representation T; = lim,, (QLR? )n.

To show that if £ € C then £ := AR\¢ € C, consider the functional F' : H —
[0, 0] defined by

F(n) = A"+ lln— €17

By the Spectral Theorem one sees

F(n) = F(&) = [(ARN) "2 (n = O],

so that & is the unique minimizer of F'. The definition of . as the nearest
point to £ in C and the assumption £ € C imply [|£- — &|| < [|€ — &]|. Since
by assumption £[¢-] < £[¢] we then have

F(Ec) = NTEec] + llEc — €17 S ATHEE + Nl — €117 < F(9).
By uniqueness of the minimizer, £~ = ¢ which means ¢ € C.

Our second characterization concerns positive semigroups. Apart from its
independent interest, it will provide an intermediate tool for proving Marko-
vianity. The result generalizes the so called “second Beurling-Deny criterion”
(see [BD2], [Den)).

Theorem 2.53. (Quadratic form characterization of positive semigroups)
Let (M, H,HT,J) be a standard form of the von Neumann algebra M.
Let {T; : t > 0} be a J-real, symmetric, strongly continuous, semigroup
on the Hilbert space H and € : H — (—o0, +00] the associated J-real, closed
quadratic form. The following properties are equivalent

i) {T; : t > 0} is positive;
i) E(|E]] < E[€] for all € € HY. In particular if € € F7 than |¢] € F7;
iii) € € F7 implies £, ,6_ € F and E(£4,€) <0.

Proof. Assuming the property i), the following identity

ENey — 6] = E'[Er + 6] = A(E4IThé-) — 4(&4]6-) = 4(&4]Te-)

establishes property ii) for the family of bounded quadratic forms £* depend-
ing on t > 0. Letting ¢ approach zero we get the property ii) for £. To prove
the converse we still go via positivity of the resolvent, this property being
equivalent to positivity of the semigroup by reasoning similar to that used in
the previous theorem and based on convexity.

To prove that for each sufficiently large A we have Ry(H™') C H*, notice
that the resolvent map R, may be seen as the adjoint I* : H — F of the
embedding [ : 7 — H when the domain F is endowed with the graph norm
|| - llx- Let € be in Ry(H™). To prove that £ € H* we will show that & = [£].
Since by the Spectral Theorem Ry(H) C F, we have that ¢ € F/. Hence by
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hypothesis i) we have |¢| € F/ and [||¢[[|x < ||€]/x. Suppose that n € HT is
such that & = Ryn = I*n. Then

(I€11&)x = (€I n)x = (€l 1m) = [(€]lm] = 1€ T n)al = lI€]3

so that by the Cauchy-Schwarz inequality we obtain

€113 < (111 < Tl - l1gls < NElR

and thus |£] = €. The equivalence between ii) and iii) easily follows from the

identities 265 = [¢|-£€ and E[€]]—E[€] = ElE+E-]~E[64 —E-] = 4E(E4, ).

The application of the criterion in Theorem 2.53 above is frequently sim-
plified by the following situation.

Theorem 2.54. Let £ : H — (—o00,+00] be a non-negative, J-real closed
quadratic form such that

e i) & is non-negative,

o i) & € F and E(&0,€) >0 for all £ € FNHT,

o i) E[lE)] < E¢] vVEen.

Then &£ is a Dirichlet form with respect to &.
Proof. Since, by hypothesis i), {g € F and, by Lemma 2.27 iii), { A & =

&0 — (€ —&o)—, the Markovianity property E[E A &y] < E[€] of € can re-written
as follows:

Eléo — (€ —&0)-] < €[50 + (§ — &o)]
Elo] —2E(&o, (€ — o)) +E[(§ — &o)-] < E[o] — 2E(&0, & — &o) + E[€ — &o]
—2E(80, (€ —&0)+) < €[ — &o] — E[(§ — o) +] -

Since by hypothesis ii) the left hand side of the last inequality is negative, to
prove the result it is enough to show that the right hand side is positive, i.e.
EMy] < En] for all n € H’, or even

Emy] < EMmy] +EMm-] —2EMm+,n-) .

This follows by assumptions i), iii) and the equivalence in Theorem 2.30
between statement ii) and iii).

Ezample 2.55. (Bounded Dirichlet forms) Let (9, H ,H*,J) be a standard
form of the von Neumann algebra 91 and & € H™ a cyclic vector. Consider,
for a set of elements a; € 9N and positive numbers uy , v >0, k=1,...,n,
the operators

dp : H—H dp = i(prar — vrj(ag))
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the quadratic form
n

ElE] ==Y lldeg]®

k=1

and its associated symmetric, contractive semigroup {7} : ¢ > 0}. Then we
have

e i) & is J-real if and only if

Z[,uiaiak — viagaj] € MO M ;
k=1

e ii) if £ is J-real then {T} : t > 0} is positive;

e iii) if £ is J-real then & is {x-Markovian if and only if

n

Z[uiaiak — mvi(ang(ar) + agj(ay)) + viaraglé € H;
k=1

e iv) {1} : t > 0} is conservative (T;& = & for all ¢ > 0) if and only if the

numbers (u/vi)?, k = 1,...,n, are eigenvalues of the modular operator
Ag,, corresponding the eigenvectors ar&y. In particular, this is the case
when px = vy for all kK = 1,...,n and the elements a; belongs to the

centralizer of the state wo(-) = (§o] - §o) associated to &,
M, = {x € M: wo(ay) = wo(yx) Vye M}.

To verify i) notice that

n

€[] = > (El(urai — vij(ar)) (prar — vii(ai,))€)

k=1

and
n

E[TE = (lvrar — pri(ap)) (viar — pri(ar))E)

k=1
so that & is J-real if and only if

n n

> vilarai + jlagan)) = Y pilagar + j(arai)).
k=1 k=1

Rearranging this last equation as >, _, [p2ajar—viara}] = j(Or_; [Hiafar—
viagaj]) we get the desired condition in item i), as a = j(a) for a € M if and
only if a belongs to the center MM N M’ of M.

Assuming £ to be J-real, to prove the positivity property of the semigroup,
we are going to verify condition iii) in Theorem 2.53. Let £&x € HT be two



Dirichlet Forms on Noncommutative Spaces 209

positive orthogonal vectors. Denote by s/, € 9 the support projection in
M’ of the vectors £: these are, by definition, the projection onto the closure
of the subspaces MM'¢+ (see [Ara]). Since s/, and s’ are orthogonal, s, s" =
s”_s'. =0, and they commute with the operators a; ...,a, € 9 we have

n

E(&4,60) =D ((mwar — vij(ap))Sr e (ar — vij(ar))s-)
k=1

=— Z vk ((arg(ar) + agj(ag))é+1€-)
k=1
<0

by Proposition 2.13 iv).

Assuming £ to be J-real, to prove Markovianity of £, we may use Theorem
2.54: since the form is nonnegative by construction, and condition iii) of
Theorem 2.54 is satisfied, by the above calculation and by Theorem 2.53,
what is left to be shown is that &y is excessive for £: £(, &) > 0 for all
¢ € HT (in this case the form domain coincides with the whole of H). A
direct calculation gives

n

E(&,&0) = Y _(&ldidro)

k=1

= (¢ Yotudaian — movnlani(@) + aiilai)) + vii(arai)o)
k=1

Since H™T is self-dual, the vector & is excessive for £ if and only if the vector
Sriiatar — prve(agi(ag) + ajj(ay)) + viaraj)éo is in HT.

Conservativity of the semigroup generated by £ is clearly equivalent to the
fact that & belongs to the kernel of the generator and then, by the Spectral
Theorem, to £[¢y] = 0. This means that dpy =0 for all k = 1,...,n. By the
definition of the operators dj this happens if and only if

praréo = vrjag)éo k=1,...,n.

Using the properties of the modular operators, we may re-write this equation
in the form

praréo = vij(ay)éo = viajéo = v JAY *ar&o = v A *arko

from which the statement in item iv) above follows. When all the coefficients
ax belong to the centralizer of wy, they strongly commute with the modular
operator Ag, and the last equation simplifies as follows

1/2 1/2
pkaréo = Vkﬂ&f arbo = VkakA&{ o = vear&o -
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This is verified if and only if pug = g forall k =1,... n.
Notice that, in this example, the generator H has the form

n

H=>"prarar — pevr(ari(ar) + apj(aq)) + vijlaray) ,
k=1

similar to that of the Lindblad generator of a dynamical, uniformly continuous
semigroup (see Example 2.26). The similarity is even more evident if, beside
the (say left) action of 9t on H considered so far,

HxM> (&,z)— Ex eH,
we also consider the right one, defined by
HXxM> (&x)— Ex:=ja")=Jz*JE€EH.

Using this action, we have in fact that

n

HE =Y piakars — mvr(abaj, + apbar) + vi€agaj, .
k=1

Notice, moreover, that the maps di : ‘'H — H, by which we constructed
the Dirichlet form & are covariant derivations with respect to the bi-module
action above. In fact, considering the derivations of 9t given by

Op : M — M op(a) :=i[b,a] = i(ba — ab) a,be M,
the following Leibniz rules hold true:
dk: (G/g) = 5#1,(11, (a’>§ + adk (5) ) dk (§a) = dk (f)a + gal/im (a’> .

Compare this with Chapter 5, equation 5.9. In the tracial case constructions
similar to those above have been considered in [GIS] to generate non sym-
metric Dirichlet forms and non symmetric Markovian semigroups.

Ezample 2.56. (An unbounded Dirichlet form) Let (a, D(a)) be a self-adjoint
operator, affiliated to the von Neumann algebra 9t, and consider the operator
defined by

dg : D(dy) — H dy :=i(a—j(a)), D(d,) :== D(a) N JD(a),
together with the positive, J-real quadratic form
Elel = ldalll*,  F=D(da).

Notice that, since a and j(a) commute strongly, the operator d, and the
quadratic form £ are closable on the domain F = D(d,). We are going
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to show that if a is affiliated to the centralizer M, then £ is Markovian.
This will be done by a monotone approximation procedure. By Haagerup’s
representation lemma (see [H1]), for each fixed vector £ € H there exists a
unique, positive, bounded Borel measure v supported on Sp(a) X Sp(a) such
that

/ F(s)g(t) v(ds, dt) = (€] F(a)i(g(a))€)
Sp(a)xSp(a)

for continuous functions f and g on the spectrum Sp(a) C R of a. Using this
measure we have the following representation

El¢] :/ |s — t|*v(ds, dt).
Sp(a)xSp(a)

Consider the sequence {f, € Cy(R) : n € N*} of bounded, continuous func-
tions defined by f,(t) =t for t € [—n, +n], while f,(t) = n-sgn(t) otherwise,
and the sequence of bounded quadratic forms:

Enl€] = I fn(@)€ — Efnla)]*.

Since f,(a) € M,,,, by the previous example, we have that the&, are Dirichlet
forms. Using the measure v we may represent these forms as follows:

am:/ () = Ful®)? v(ds, dt) .
Sp(a)xSp(a)

Since, as is easy to verify, | fn(s)—fn(t)| < |frr1(8)— fnr1(t)] for all (s,t) € R?
and n € N*, we have that the quadratic form £ is monotone the limit of the
sequence of Dirichlet forms &,:

ElE] =sup&,l¢] VEeH.

Markovianity of £ follows from the Markovianity of the approximating forms
&n. The closure of £ is then closed and Markovian, so that it is a Dirichlet
form.

Ezample 2.57. (Quantum Ornstein-Uhlenbeck semigroup, Quantum Brownian
motion, Birth-and-Death process) We describe here the construction of a
Dirichlet form on a type I factor von Neumann algebra B(h) which generates
a Markovian semigroup of those types appearing in quantum optics (see [D1]).

Let us consider, on the Hilbert space h := [2(N), the von Neumann algebra
B(h) and its Hilbert-Schmidt standard form

(B(h),L*(h), L3(R), )
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discussed in Example 2.17. Let {e, : n > 0} C h be the canonical Hilbert
basis, and denote by |en,)(en|, n,m > 0, the partial isometries, having Ce,
has initial space and Ce,, as final one.

For a pair of fixed parameters u > A > 0, set v := A\?/u? and let
v () = Tr(p,x) x € B(h),

the normal state on B(h) represented by the trace-class operator

pvi=(1-v) Zyn‘en><en|~

n>0

The associated cyclic vector &, in £2 (h) is then given by

& =p/2 = (1=v)"2Y vPlen) el
n>0

so that ¢, (x) = (£,|x€,). The creation and annihilation operators a* and a
on h are defined by

Vnen—1 if n > 0;

a*en = \/n + 16’rL+1 y a€n 1= {O ifn=0

They are adjoint to one another on their common domain

D(a)=D(a") ={ech: > vnlle|en)]” < oo},

n>0
and satisfy the Canonical Commutation Relation
aa*—a'a=1.
The quadratic form given by
E[€] = [lpag — Aea™ ||* + [|pag™ — A&*a*|?
is well defined on the dense subspace of £2(h) defined as
D(E) := linear span{|en)(en|,n,m > 0}.

In fact, it is easy to check that for £ € D(E), the operators a, a*§, a and
&a* are bounded. Tt is then possible to prove that the closure of (£, D(£)) is a
Dirichlet form with respect to &,, generating the so called quantum Ornstein-
Uhlenbeck Markovian semigroup (see [CFL]).

Moreover, it is easy to check that £ vanishes only on the multiples of the vec-
tor &, so that, by Corollary 2.48, the associated quantum Ornstein- Uhlenbeck
semigroup is ergodic. In [CFL] it was shown also that, the semigroup has the
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Feller property, in the sense that it leaves invariant the algebra of compact
operators IC(h), and on this C*-algebra the semigroup is strongly continuous.

This example exhibits one of the characteristic features of Noncommutative
or Quantum Probability, namely, the possibility of accommodating different
classical processes in a single quantum process. This point is illustrated in
Philippe Biane’s Lectures in this volume.

In fact, the quantum Ornstein-Uhlenbeck semigroup leaves different mazimal
abelian subalgebras of B(h) globally invariant ([Ped 2.8]): reducing it to a
suitable pair of them, one may obtain, for example, the semigroups of the
classical Ornstein-Uhlenbeck and Birth-and-Death processes (see [CFL]).

When A = p, the role of the invariant state ¢, has to be played by the nor-
mal, semifinite trace 7 on B(h). However, even in this case, using the theory
developed by [AHK1] (see Chapter 4), it is possible to prove that the closure
of the quadratic form

Ele] = llag — a™|* + |lag™ — &"a*||* €€ D(E)

is a Dirichlet form. The associated 7-symmetric Markovian semigroup on
B(h) may be dilated by a Quantum Stochastic processes, known as Quantum
Brownian motion. On a suitable, invariant, maximal abelian subalgebra, the
dynamical semigroup reduces to the heat semigroup of a classical Brownian
motion (see [CFL]).

A whole family of Quantum Ornstein-Uhlenbeck semigroups, Markovian with
respect to suitable quasi-free states on the CCR algebra, has been introduced
and deeply investigated in [KP].

We would like to illustrate now a construction due to Y.M. Park [P1,3] which,
though similar to that of Example 2.55, is better suited for applications to
Quantum Statistical Mechanics (see Chapter 3).

Definition 2.58. (Admissible functions) Let us denote by Iy, the strip
I, :={z€C:|Imz| < \} A>0,

and consider the subspace 9ty of elements = € M for which the map R >
t — oi(x) € M can be extended to an analytic map in a domain containing
the strip 1.

An analytic function f : D — C, defined in a domain D containing the strip
I 4, is called admissible if the following properties hold true:

e i) f(t) >0 for all t € R,

o ii) f(t+i/4)+ f(t—1i/4) >0, forallt € R

e iii) there exist M > 0 and p > 1, such that the bound

[f(t+is) < M(1+Jt)™"

holds uniformly for s € [-1/4,+1/4].
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For example, the function

2 .
f@) = \/ /(ek/4t + e*k/‘*)*le*krzme*”k dk teR,
™ JR

is admissible for all p > 1. We will also consider the function f, : R — R

given by
1

t) =
fo®) cosh(27t)
This function, which plays a distinguished role in the proof of the Tomita-
Takesaki Theorem (see [Br2], [T1], [V]), is almost admissible in the sense that
it has an analytic extension to the interior of I /4, denoted fo again, and, on
the boundary of I, 4, it is a distribution satisfying

fot+i/4) + fo(t —i/4) = 6(t).

_ 2(627Tt 4 6727rt>71 te R.

Admissible functions will play the role of coefficients for the class of Dirichlet
forms we are going to discuss.

Proposition 2.59. ([P1,3]) Let (M, H,H',J) be a standard form of the
von Neumann algebra MM and & € HT a cyclic vector. Consider x € M4,
and let f represent an admissible function or equal the function fo. Then the
quadratic form £ : H — [0, 4+00), defined by

Ele] = /R 1(01—iya(@) = j(or—ija(@))EI?f(B)dt €M, (2.28)

18 a Dirichlet form.

Proof. In this proof, for the sake of clarity, we will denote the scalar product
in H by angle brackets (-| -). We will consider the case f = fy only. The proof
in case of admissible functions is similar. Notice that, by the assumption
x € My 4, we have (see Appendix 7.3)

ov—ija(x) = ov(0_;i/4()) teR, (2.29)
so that
lor—ija(@)l| = lo—ija(z)| teR

and & is well defined on the whole H, as fy is integrable. To apply Theorem
2.53, we are going to verify the property appearing there in item iii). Consider
two orthogonal, positive elements £+ € H™T, and decompose E(£4|&-) as
follows:

E(&r]€-) = E1(E] &) + &8 | €-) + ET (6 [E) + &5 (8416-),  (2:30)
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where
61 6) = [ (ot oyalo)e) +

(2.31)
(01-iya (@)= | opiyala)Es)) Folb)at,

s €)= [ ((ora@el doniata ) +

G(oria @l o iga(@e-)) oty

and E7 (&4 |€-), E5(E4|&-) are obtained from & (£4]&-), E2(&4]&-), respec-
tively, replacing z by x*. Reasoning as in Example 2.55, we get

E1(€4]€-) = &7 (6+]€-) =0

as {4 and £ have orthogonal support projection in 9’ and o,_;/4() , 0¢—i/4
(z*) € M. To evaluate the second and fourth part in expression 2.30, notice
that

(2.32)

Orija(x)" = 0ppia(@),  J(0rpisa(@)") = 01-iya(i(@)) .

We then have
easr1€) = [ (6l oisiaaitees) +

(2.33)
(&4l orijalwi(x))E-)) folt)dt

&(6:16) = - [ (16l ornpateitne) +

(2.34)
(€4 O—t—i/4(x*j(x*))€7>) Jo(t)dt,

E(Erlé) =~ / ({641 (@174 + o—iya) (oulwi(@) + " j(@"))-)) Fo()dt
(2.35)
Setting
)= [ ahod  yem.

we may re-write (2.35) as follows:

E(&+1€-) = (&4l (oia + o—ipa) (o (wj(z) + 27j(27)))E-) . (2.36)

Notice that, in the formulas above, the modular automorphism group is un-
derstood to act, not only on 9, but on the whole algebra B(H) of bounded
operators on H. It may be shown (see [P1,3], [Br2 Theorem 2.5.14], [T1
Lemma 3.10], [V Lemma 4.1]) that
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I()((Ui/4 + 0—1/4)(9)) =y Vye B(H).

By Proposition 2.13 iv), we then have

E(Er|€-) = = (&4l (wj() + 27 (27))§-) <0. (2.37)

Applying Theorem 2.53, the semigroup generated by £ is positive, and that
the following contraction property holds true:

ellgll<elel gen.

As & is, by construction, nonnegative, applying Theorem 2.54, we then have
that & is a Dirichlet form, provided we verify it vanishes on &y. This follows
from the identities

(Utﬂ‘/zx(m) - j(atfi/él(x*)))fo
_ Ait+1/4 A*it71/4£ . JAit+1/4x*A7it71/4J§O
io(oe(x)) = J(io(o¢(x7)))
io(o¢(x)) — J(io(o¢(x)"))
=ig(0¢(x)) — io(o¢(x))
=0.

Applying essentially the construction above, we describe next a class of
Dirichlet forms on the CCR and CAR algebras, studied in [BKP1,2]. The
corresponding semigroups are W-KMS-symmetric with respect to the normal
extensions @ of the quasi-free KMS-states w introduced in Example 2.29 and
Example 2.30.

Ezample 2.60. (Dirichlet forms and quasi-free states on CAR algebras) Within
the framework of Example 2.29, let (m,, , H, &) be the GNS-representation
of the CAR algebra $l(ho) with respect to the quasi-free state w, defined by
the Hamiltonian operator H at the inverse temperature (3. Strengthening,
the previous assumptions made on fg, i.e. assuming that

e D is a dense subspace of analytic elements for the unitary group R 3 ¢ +—
CitH

o e#H¢ cpyforall € €hyandzeC,

one obtains that, for f € bg, a(f) is entire analytic with respect to the
modular group of w.

The construction of Proposition 2.59 will be, in this particular situation,
modified so ad to take into account the natural Zs-grading, given by the
involutive, *-automorphism

U(bo) — U(ho)  ~(al(f)) :=—alf)  f€ho.
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As v leaves w invariant, by Proposition 2.16, there exists a positive, unitary
operator Uy : H,, — H, such that y(z) = vaU;l, x €My, Uy&, = &, and
U$ = I. It is easy to check that U,x&, = v(z)&, for all z € M,,.

Consider now a complete, orthonormal system {gx : k > 1} C b and an ad-
missible function f, normalized so to have integral one over R. The quadratic
form &€ : H,, — [0, +o<]

£le] ::Z/ (01 —isalalgr)) = j(o1—i/ala™(ge)))ULENP () dt - & € Ho,
k21 7% (2.38)

is then a Dirichlet form and the associated Markovian semigroup commutes
with the symmetry ~. It can also be shown that the semigroup is independent
of the choices of the orthonormal basis so that, in particular, it commutes
with the modular group. Moreover, the semigroup is ergodic and independent
of the choice of the normalized admissible function.

This construction applies, for example, to the “Ideal Fermi Gas” where
b := L?(R?,dx), o is the subspace of functions having compactly supported
Fourier transform, H := —Hy — - I, Hy denoting the Laplacian operator on
R?, € R and 3 > 0.

Ezample 2.61. (Dirichlet forms and quasi-free states on CCR algebras) As in
Example 2.30, let (7, ,H, &) be the GNS-representation of the CCR C*-
algebra 4(ho) with respect to the quasi-free state w, defined by the Hamil-
tonian operator H and by the inverse temperature S > 0. Denote by

Wo(f) i=7m(W(f))  f€bo,

the Weyl operators in the GNS-representation. As the functions R > ¢ +—
w(W (tf)) are continuous, for any fixed f € by, the state w is regular and the
unitary groups R 3 ¢t — W, (tf) are strongly continuous (see [BR2 5.2.3]).
Denote by @, (f) their self-adjoint generators

W, (tf) =e®()  teR,
and define the annihilation and creation operators as follows

Pu,(f) + %o (if)
V2 ’
Py, (f) = iPu(if)
V2 '
These are densely defined, closed operators, adjoint to one another, satisfying
the Canonical Commutation Relations. Strengthening again, the standing

assumptions made on f, exactly as we did in Example 2.59, one may verify
that

A (f) =
(2.39)

ag(f) =
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e the subspace M, &, is dense in the Hilbert space H,,,

e the functions R 3 ¢ — o¢(a(f))¢ and R 3 t — o¢(a*(f))€ admit entire
analytic extensions for all f € b, & € M, &,

e on vectors in M,&,, these analytic extensions are given by

ox(a(f)) =ale™™f)  o.(a’(f)) =a"(e*f)  feho.

Consider now a complete, orthonormal system {gr : k& > 1} C ho and a
normalized admissible function f. The quadratic form & : H, — [0, +o0]

Ele] = Z/R [(e—isa(algr)) = j(or-isala™ (@))EIPF(H)dt € € Ho
k>1
- (2.40)

is then a Dirichlet form which is independent of the choice of orthonormal
basis and the normalized, admissible function. Moreover, the corresponding
semigroup is ergodic.

This construction applies, for example, to the “Ideal Bose Gas” where
b := L?(R?,dx), o is the subspace of functions having compactly supported
Fourier transform, H := —Hy + - I, Hy denoting the Laplacian operator on
R?, p>0and 3> 0.

3 Dirichlet Forms in Quantum Statistical Mechanics

In this section we apply the theory developed so far to the construction of
Dirichlet forms in the framework of Quantum Statistical Mechanics. We il-
lustrate here a construction due to Y.M. Park [P1], [P2]. The reader may
consult the work of A. Majewski-B. Zegarlinski [MZ1,2] and A. Majewski-R.
Olkiewicz-B. Zegarlinski [MOZ], for alternative approaches based on gener-
alized conditional expectations.

The problem to face is the dynamical approach to equilibrium. Consider a time
evolution of a quantum system, hence a continuous group of automorphisms
{ay : t € R} of a C* or von Neumann algebra A. At any fixed inverse
temperature 3, the set of (a, 5)-KMS states, representing the equilibria of
the dynamical system, are the solution of the KMS equation. For each fixed
(o, B)-KMS state, one would like to construct a dissipative dynamics, hence a
continuous semigroup {P; : t > 0} on A, ergodic and and admitting w as the
unique invariant state. In this section a partial answer to this problem will
be provided, through an L? approach based on the construction of a suitable
Dirichlet form. The discussion of the commutative case may be found in [Lig]
while constructions of semigroups in the framework of Quantum Statistical
Mechanics may found in [Mat1], [Mat2], [Mat3].
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3.1 Quantum Spin Systems

Let us describe now briefly the quantum spin system and their dynamics (see
[BR2 6.2] for a detailed exposition). Let Z? be the d > 1 dimensional lattice
space, whose sites are occupied by spins ; particles. The observables at site
x € Z¢ are elements of the algebra

The algebra of observables confined in the finite region X C Z%, given by

AX = ® A{L} ,

zeX

is then the full matrix algebra My x|(C), where | X| denotes the cardinality
of a set X. Let us denote by L the class (ordered by inclusion) of all finite
subsets of Z¢. When L;, Ly € £ are disjoint regions, Ly N Lo = (J, then

Apur, = AL, ® Ar, .

On the other hand, if L; C Lo and 17, denotes the unit of Ar,, the algebra
Ap, is identified with the subalgebra Ap, ® 15, of A, ur,. The normed
algebra of all local observables is given by

Ag = U Ax,
XeLl

while the gquasi-local C*-algebra A is the norm completion of the local
algebra Aj.

The mutual influence of spins confined to finite regions is represented by
an interaction, i.e. a family @ := {dx : X € L} of self-adjoint elements
®x € Ax. The bounded derivation

Axaab—w'[@y,a] a€A,

generates a uniformly continuous group of automorphisms of A, representing
the time evolution of the observables subject to the influence of the particles
confined to Y. In order to take into account simultaneously the mutual influ-
ences among particles in different regions, one may hope that a superposition
of these bounded derivations may give rise to a closable derivation (8, D(9))
on A, provided the interaction is sufficiently moderate. There are various
conditions on the strength of an interaction providing derivations generat-
ing continuous groups of automorphisms of A. The following classical result,
applicable to interactions for which the many body forces are negligible in
an appropriate sense, is not the most general, as far as the problem of the
existence of the dynamics is concerned. It implies, however, the existence of
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a finite group velocity for the dynamics of the systems, which will be used in
the sequel to construct the Dirichlet form generating the Markovian approach
to the equilibrium. We will denote by D(X) the diameter of a set X.

Theorem 3.1. ([BR2 Theorem 6.2.4, 6.2.11], [LR]) Consider, on the quasi-
local C*-algebra A, an interactions satisfying, for a fized A > 0,

D]y = sup > [X[AXIAPO @y < +oo. (3.1)
©€2? exer

Then, setting

D) :=Ay  b(a):= > i[Py,a] acAx, XeL, (32
XNY #£0

a closable derivation is correctly defined. Its closure generates a strongly con-
tinuous group a? = {af : t € R} of automorphisms of A, satisfying the
following properties

i) analyticity: the time evolutions R >t — af(a) of local observables a € Ay,

admit analytic extensions to domains containing the strip lg,, where By =
A
22l

i) finite group velocity: denoting by d(z,X) distance of the site x € Z¢ from
the region X € L, we have for all a € Ag,y b€ Ax ,t €R

[0 (@), B[l < 2[lall - [B] - || - e~ Pl XD=21I21) (3.3)

Ezample 3.2. (Ising and Heisenberg models) Suppose that, in addition to
an external potential, represented by a one-body interaction, particles may
influence each other only through a two-body interaction. This means that
$(X) = 0 whenever |X| > 3, so that the norms ||®||x in (3.1) are finite if and
only if

sup [|@({z})[| < +o0,  sup Y MY B({w,y})| < +o0.

- d - d
TEZ TEL yezZd

These are just uniform bounds on the energy of the particles occupying the
sites of the lattice. In case @ is translationally invariant, this reduces to

> @0y} < +oo.

yezd

Using the Pauli’s matrices o € Ay, 7=10,1,2,3, at a fixed site z € 7.

. (10 . (01 . (0—i . (10
% =\p1 1= \10 2=\ o0 9% =\op-1)"
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one may choose, for example,

¢({0}) :=hof,  &({0,a}):= ) Ji(x)olo},

i=1

with A € R and

Z Z Mol Ji(z)| < 4o0.

=1 ge74

These choices are referred to as the anisotropic Heisenberg model when J; # 0
and J; # J; for some pair 4, j; the isotropic Heisenberg model when Jy = Jo =
Js #0; the X —Y model when J; # 0, i = 1,2 but J3 = 0; the Ising model
when J; = Jy = 0.

3.2 Markovian Approach to Equilibrium

Let w be a (a? , B)-KMS-state at inverse temperature 3 > 0, corresponding to
the evolution {a? : ¢ € R}, hence to the interaction @ satisfying the assump-
tion of the previous theorem. Let (7, Ho, &) be the GNS representations of
the state w, M the von Neumann algebra 7, (A)” and (M, H,, , H} , J,) the
corresponding standard form.

The normal extension of w to M is a (@® , B)-KMS-state w.r.t. the normal
extension {af : t € R} of the time evolution on A. Hence the modular group
{01 : t € R} of the cyclic vector &, coincides with {a? g o t € R} This
implies, in particular, that the time evolutions of the local observables in 9N
admit analytic extensions to domains containing the strip Ig,/3:

WW(A()) C 937,30/5 .

To construct a Dirichlet form on the GNS Hilbert space H,,, we first apply
Proposition 2.59 with f a fixed admissible function, or with f = fo.

Denote by &, ; the quadratic forms associated to the self-adjoint elements
aj = my(of):

/ 1(01—s/a(a?) — §(orijala)IEI? F(t)dt (3.4)

Notice that, by Proposition 2.59, these forms are correctly defined, and in
fact completely Dirichlet forms, provided the ratio 3/ is greater than 1/2.

Theorem 3.3. Let @ be an interaction on the quasi-local algebra A satisfying
the bound (3.1), for a fized X\ > 0. Suppose that w is a (a® ,3)-KMS-state
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corresponding to the evolution {af : t € R} at an inverse temperature 3 > 0

satisfying
A

[0

Then, for any p-admissible function f with p > d+ 1 and for f = fo, the
quadratic functional

B < (3.5)

E:My— (0,400  E[E]= DY & jlE] (3.6)

zeZd =0

is a completely Dirichlet form on H,,, with respect to the cyclic vector &,
representing w.

Proof. The condition [ < I 45>\Hx guarantees that Gy/0 > é, so that the self-
adjoint, local elements {aj : = € 74,5 = 0,1,2,3} belong to My /o. By
Proposition 2.59, the quadratic forms &, ; are completely Dirichlet forms. As
the functional £ is defined as the supremum of bounded, completely Dirichlet
forms, it shares with them the completely Markovian property. What we have
to prove is that £ is densely defined. We will show that £ is finite on the
symmetric embedding in H,, of the local algebra ,,(Ao).

By the boundedness of the symmetric embeddings, see Proposition 2.22, one
has ||i,, (b)[| < [|b]|, for all b € M. We have for all b € M, a = a* € M, 5

[(o¢-i/a(a) = 5(0¢-isa(a)))iw (O] = lliw(lo:(a), )| < [[[or(a), ]l

and then

Eli (b <ZZ/|| oa®) B|2f (e bem.  (3.7)

7=0 zeZ4

Assume now that b € m,,(Ap), or, more precisely, that b € 7, (Ax) for some
fixed X € L. For each fixed index j = 0,1,2,3, let us split the sum over
x € Z%, in the right hand side of (3.7) as follows:

> [ Nowtag) sy de =1} + 12 (35)
zeZ?
where

p=y ¥ i Nloela) WIS O

NeENd(z,X)=N

=2 2 / ) BIES () at

NENd(z,X)=N
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By Theorem 3.1 ii), and in particular the bound (3.3), if b = m,(¢) for some
c € Ax, as Pauli matrices have unit norm, we have

o (a5), 0]l = ll[oe(ma (7)), mo ()]l = [[[ma(a? 5, (), ms ()]
< lla? g1 (), <]l (3.9)

<2-e|-|1X]- e—(kd(w,X))—%tHl@HA) teR,
Since on the d-dimensional square lattice Z? the following bound holds true
tH{lx ez d(z,X)=N}~N"1 N -0,
using (3.9) we have that

<a-e?xry. > /tKNBO (Av— 2\t|\|¢'|\)\)f( Dt

NeENd(z,X)=N

<4 e X1 ( /f nat) Y Y e

NeENd(z,X)=N

(3.10)

Since ||[o¢(aF), b]|| < 2[[b]| for all ¢ € R and j = 0,1,2,3, in case f = fo, the
decay properties of fo imply that I j2 is finite. In case of a general p-admissible

function
f@&) < M- (1+t)7" teR

for some M > 0 and p > d + 1, so that we still have

Z<aplP-M-> > /t Nﬂ0(1—|—|t\)_pdt
>

NeNd(z,X)=N

<A-fplroMm- Dy ( )(1+N2ﬂ°)1_p<+oo.

NeNd(z,X)=N

(3.11)

Corollary 3.4. ([P2 Theorem 2.1]) Under the assumptions of Theorem 3.3
the following properties are equivalent:

i) w is an extremal (o, 3)-KMS-state;
it) w is a factor state;

iii) the Markovian semigroup {T} : t > 0} is ergodic.

Proof. The equivalence between properties i) and ii) is a well known property
of KMS-states and may be found, for example, in [BR2 Theorem 5.3.30].
Before establishing the equivalence between properties ii) and iii), notice first
that, the subspace K, C H,, where the Dirichlet form (3.6) is vanishing,
coincides both with the subspace where the associated semigroup acts as the
identity

{SGlethzg,tZO},
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as well as with the eigenspace of the generator H corresponding to the eigen-
value zero

{¢ €M, : HE =0},

Notice also that, since the involutive algebra generated by the Pauli matrices
{of 12 € 74,5 = 0,1,2,3}, is norm dense in the quasi-local C*-algebra A,
the involutive algebra generated by {m,(0}) : = € 74,5 =0,1,2,3} is o-
weakly dense in the von Neumann algebra 9. By a more general result, due
Y.M. Park [P2 Theorem 2.1], the structure of the Dirichlet form (3.6) is such
that its vanishing subspace is precisely

Ko =Z(M)&

i.e. the closure of the symmetric image in H,, of the center Z(9M) := MMM’ of
the algebra 9. Suppose now that w is a factor state, so that Z(90) = C- 19y.
Then the eigenvector &, is simple and, by Corollary 2.48, the semigroup is
ergodic. Conversely, if the semigroup is ergodic, Corollary 2.48 implies that
&, is simple, so that the center Z(9M) is trivial and w is a factor state.

4 Dirichlet Forms and Differential Calculus
on C*-algebras

In this chapter we show that, on algebras endowed with semi-finite traces,
Dirichlet forms are in one-to-one correspondence with differential calculi. On
one hand this correspondence provides a tool to construct Markovian semi-
groups symmetric with respect to traces. On the other hand this allows to
analyze Dirichlet spaces from a geometric point of view. The meaning of this
correspondence will be clarified through several examples in this chapter. The
correspondence will be fundamental to prove the geometric applications of
the last two chapters of these notes.

4.1 Dirichlet Forms and Markovian Semigroups
with Respect to Traces

Our aim, in this section, is to show that any regular Dirichlet form on a
C*-algebra A endowed with a reasonable trace gives rise to a first order dif-
ferential calculus on A. The matter of this section is taken from [CS1]. Under
the stronger hypothesis that the domain of the self-adjoint generator asso-
ciated to the Dirichlet form contains a dense sub-algebra, it was previously
proved in [S2,3]. The use of derivation in the construction of unbounded
Dirichlet forms was also considered in [DL2] and [GIS].

Let A be a C*-algebra and 7 a densely defined, faithful, semi-finite, lower
semi-continuous trace on it. When 7 is finite, the theory developed in the
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previous section applies and we have at our disposal good notions of positivity
and Markovianity, for quadratic forms and semigroups, as well as a one to one
correspondence between them. In the finite trace setting, the theory simplifies
due to the fact that the modular operator reduces to the identity so that,
essentially, positivity has the same meaning in the algebra as in the standard
Hilbert space.

We now briefly indicate the changes needed to cover the case of C*-algebras
with a densely defined, faithful, semi-finite, lower semi-continuous trace 7 :
A+ — [O, +OO]

In the C*-algebra A define the subset £ := {a € A : 7(a*a) < oo}. It
is easy to see that £ is a left ideal in A, ANV := L*L is a subalgebra of
A and 7 extends to a linear functional on N. Let L?*(A4,7) be the Hilbert
space defined completing £ with respect to the pre-Hilbert space structure
given by the sesquilinear form associating 7(a*b) to a,b € L. Denoting by
n, : L — L?*(A,7) the natural injection with dense range, the Gelfand-
Naimark-Segal (GNS) representation is defined by

mr i A= B(LA(A,7) (b))l (a)nr(c)) == 7(b"ac)

for a € A and b,c € L. We denote by 9 or L>(A, ) the von Neumann
algebra 7, (A)” generated by A in this representation and by the same symbol
7 the normal extension to 9 of the trace on A. Moreover, we shall denote by
the same symbols £, N we used before for the trace 7 on A, the corrisponding
spaces associated to its normal extension on 901.

From now on we shall not distinguish between a finite trace element of M
and its image in the L*(A,T).

Sometimes, we will denote by L (A, 7) the positive cone M .

In the trace case the involution a — a* of 91 extends to an anti-unitary map
on the GNS space L%(A,7). A self-dual closed, convex cone in the Hilbert
space L2(A, T) is then realized as the closure of the subset

L3 (A7) =Ly
and (M, L*(A, 7)), L7 (A,7),J) is a standard form of 9.

In particular, the positive part (resp. the modulus) of a self-adjoint element
a € MNL*(A,7), wr.t. the cone L% (A, 1), coincides with the positive part
a4 (resp. the modulus |a| = ay + a—) of a in the algebra M.

In the framework of this standard form we can apply directly the part of
the theory developed in section 2.6 concerning positive semigroups and their
characterization in terms of quadratic forms. In particular Theorem 2.53 re-
mains valid in this context.

To extend the notion of Markovianity for semigroup and forms to the present
semi-finite setting, we have only to face the fact that sets like

{eel?(An):£<&),  {Eeli(ATr):€<6)
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(on which we based the definitions of Markovian forms and Markovian semi-
groups w.r.t. states) have to be modified due to the possible lack of a cyclic
vector &, € L?(A, ) representing the semi-finite trace 7. Defining the closed
convex set C C L?(A, 1)

C:={ael:a=0a <lm}, (4.1)

we shall denote by a A1 the Hilbertian projection of a onto the closed, convex
set C. In case a = a* € AN L%(A, ) the projection a A 1 is an element of the
algebra A and coincides with the one obtained, by the continuous functional
calculus of A, composing the continuous function R 3 t+— f(¢t) =t A1 with a.

Definition 4.1. (Dirichlet form with respect to a faithful, semifinite, lower-
semicontinuous trace)
A quadratic functional € : L?(A, ) — (—o0, +00] is said to be

o i) J-real if E[JE] = E[¢] for all € € L2(A,1);
e ii) Markovian if

Eenn) <€l g=JEe L (A ),

where £ A 1 denotes the projection of £ onto the closed, convex set C'
e iii) Dirichlet form if it is a lower semi-continuous, Markovian functional;

e iv) completely Dirichlet form if all of its canonical extensions &, to
L2(My(A), 70)

gn[[aij]gfj:ﬂ = Z Elaij] [aijmjzl € L2(M7L(A>7Tn)

4,j=1

are Dirichlet form for all n > 1; here 7,, denotes the trace 7,, := 7 ® tr,, on
the C*-algebra M, (A) := A® M, (C);

e v) regular if the subspace B := AN F is norm dense in the C*-algebra A
and a form core for (€, F); here the subspace

F={6€ L2(A,7) : £[€] < +oo}

denotes the domain of the quadratic form or functional;

e vi) a C*-Dirichlet form if it is a regular, completely Dirichlet form;

e vii) a J-real, symmetric, strongly continuous, semigroup {7% : t > 0} on
L?(A, 1) will be called Markovian if it leaves globally invariant the subset

CNLAi(A7)={aeLlL:0<a<lm}

e viii) the semigroup is said to be completely positive (resp. Markovian)
if all of its canonical extensions to L2(M,(A),,) are positive (resp.
Markovian).
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As announced before, the one to one correspondence between completely
Dirichlet forms, completely Markovian semigroups on L*(A,7) and com-
pletely Markovian semigroups on the von Neumann algebra M still holds true
starting from a densely defined, faithful, semi-finite, lower semi-continuous
trace T on a C*-algebra A or at least from a densely defined, faithful, semi-
finite, normal trace T on a von Neumann algebra 9.

4.2 Modules and Derivations on C*-algebras
and Assoctated Dirichlet Forms

In this section we show how the construction of the model Dirichlet form, i.e.
the Dirichlet integral

el = [ Vula) mido),

can be generalized in terms of derivations on C*-algebras.

Definition 4.2. (Modules and Derivations on C*-algebras) An A-bimodule
over the C*-algebra A is a Hilbert space H with a left representation and a
right representation of A, which commute. Equivalently, it can be thought as
a representation of the C*—algebra A ®a.x A°, maximal tensor product of A
and its opposite C*-algebra A°.

The left action of @ € A on £ € H will be denoted by a{ € H, while the right
action by £a € H. Since the actions commute, we may denote (a€)b = a(&b)
by a unique symbol a&b for a,b € A and £ € H.

The bimodule H is said to be symmetric if there exists an isometric, anti-
linear involution J : H — H exchanging the right and left actions of A

J(agh) =b*TJ(€)a* Va,be A, E€H.

A derivation 0 : D(0) — H is defined to be a linear map defined on a
subalgebra D(0) of A, satisfying the following Leibniz rule:

d(ab) = 9(a)b+ ad(b) a,be D(9).

The derivation is called symmetric if its domain D(9) is a self-adjoint subal-
gebra, the A-bimodule (H,J) is symmetric and

da*)=J(0a) a€ D).

Ezample 4.3. (Gradient and square integrable vector fields) The standard
example of a symmetric derivation is the gradient operator

V:Cx(M) — L(TM)
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of a Riemannian manifold M, defined on the subalgebra of smooth functions
and taking values in the Hilbert space L?(T'M) of square integrable vector
fields. Bounded continuous functions on M, acting by pointwise multiplica-
tion on vector fields, give rise to a module with respect to which the Leibniz
rule holds true.

Ezxample 4.4. (Derivations associated to martingales and stochastic calculus)
An important example of derivation appears naturally in the theory of sym-
metric Hunt processes {X; : ¢ > 0} on locally compact spaces X (i.e. the
probabilistic counterpart of the theory of classical Dirichlet forms) and in
particular, in the decomposition theory of additive functionals (see [FOT]).
There, the algebra is the space Co(X) of continuous functions f on X, the
bimodule H is the space M of square integrable martingales M of finite en-
ergy, and the left and right actions are given by a suitable defined stochastic
integral f e M. The derivation Jf is given by the finite energy martingale
part of M1 of the cadlag additive functional

A,[:f] = f(Xy) — f(Xo) t>0.

We are going to see that derivations naturally gives rise to Dirichlet forms.

Theorem 4.5. (Construction of Dirichlet forms by derivations) Let (0, D(0))
be a densely defined, symmetric derivation on the C*-algebra A, taking values
in the symmetric Hilbert A-bimodule (H, J). Suppose that D(9) is contained
and dense in L2(A,7) and that (9, D(0)) is a closable operator from L?(A,T)
to H.

Then the closure of the quadratic form (€,F) given by

E:L*(A,7) — [0,00) Ela] = ||0all3,, a€ F:=D(0) (4.2)

1s a C*-Dirichlet form. The generator A of the completely Markovian semi-
group Ty = e~ 4 associated to &, can be represented as the composition of the
“divergence” 0* of the “gradient” O:

A=090%00.
In other words, the derivation O appears as a differential square root of A.

To establish the Markovianity of £ we are going to prove a chain rule formula
for derivations which generalizes the familiar one we have seen in Example 4.3.

For any self-adjoint element a of A, we shall denote by L, (resp. R,)
the unique representation of C(sp(a)), the C*-algebra of continuous, complex
valued functions on sp(a) (the spectrum of a), such that

fla)§if £(0) =0

citf=1 feC(spla)) €M

LAﬁfZ{
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and

§f(a) if f(0) =0
cift f=1

L, ® R, will be the tensor product representation of C(sp(a)) ® C(sp(a)) =
C(sp(a) x sp(a)). When I C R is a closed interval and f € C'(I), we will

denote by f € C(I x I) the difference quotient on I x I, sometimes called the
quantum derivative of f, defined by

B f(Sz:f(t) if s£t
f(s,t) = { f’(s)t P

R.(f)€ = { feC(spla)) E€H.

(4.3)

Next lemma shows that the domain of a closed derivation with values in
a Hilbertian bimodule is closed under C'-functional calculus. The case of
the standard bimodule L?(A, 1) was considered in [GIS], while the case of a
C*-bimodule was analyzed in [S3].

Lemma 4.6. (Functional calculus in the domain of a derivation) Let (H ,J)
be a symmetric Hilbert A-bimodule, (0, D(9)) be a symmetric derivation de-
fined on an involutive subalgebra of A into H, and let a = a* € A. Then

i) for any polynomial f on R, f(a) belongs to D(9), the following chain-rule
holds true

d(f(a)) = (La @ Ra)(f) 0(a), (4.4)

and we have the bound
[O(f(@Nll < 1 llo@p@plld@ll  a € D(0); (4.5)

i) if (0,D(9)) is closable as operator from A to H, then its closure is a
derivation;

iit) if (0, D(9)) is a closed derivation from A to H, the above chain-rule holds
true for all f € C'(sp(a)) such that f(0) = 0. In particular the domain of a
closed derivation is closed under C'-functional calculus.

Proof. 1) When f is a polynomial it is easy to verify (4.4) by direct inspection
and then derive (4.5). Statement ii) follows directly from the Leibniz rule and
the continuity of the left and right actions. To prove the statement in iii),
we may approximate the derivative f’ of a function f € C!(sp(a)) vanishing
at the origin, by polynomials f;, uniformly on sp(a), and then approximate
uniformly f by the primitive polynomials f, vanishing at the origin. Apply-
ing (4.5) we have that df,(a) is a Cauchy-sequence in H so that, since the
derivation has been assumed to be closed, df(a) belongs to that domain and
(4.4) holds true for all f in C*(sp(a)).

Proof. of Theorem 4.5. Let us denote by (£, F) the closure in L?(A, 7) of the
form (£, F) defined in the statement of the theorem. First notice that the
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form is J-real due to the fact the derivation is symmetric. Following the same
reasoning as the one used in the proof of Lemma 4.6 iii), we start by proving
the bound

ELf(@)] < 1F 12 (speay €la] a€F (4.6)

for all f € C!(sp(a)) such that f(0) = 0. Let us fix an element a € F and
denote I the spectrum sp(a). Consider the same polynomial approximation
fn (vanishing at the origin) of the function f. Since f,, and f], are uniformly
convergent to f and f’, respectively, they are uniformly bounded sequence in
C(I). An application of the bound (4.5) and the estimate

I1£n(@)l3 = 7(£n(@)?) < I fallEnym(lal®) = 1 £allEaylall3,

tell us that (f,(a),dfn(a)) is bounded sequence with respect to the graph
norm of the operator (9, D(9)). Hence, possibly considering a suitable sub-
sequence, it is weakly convergent to some (b, &) € F x H. Since f,(a) is also
converging in the norm of A to f(a), we have the identification b = f(a) and
Ef(@)] = lim Efu(@)] < lim 130 Ela] = 1713y Elal.
In particular f(a) € F for all a € F = D(9) and f € C'(sp(a)) such that
f(0) = 0. We will denote Lipy(R) the algebra of all real Lipschitz functions
f on the real line, vanishing at the origin, normed by the infimum || f||Lip, ()
of all numbers A such that |f(s) — f(t)] < A|ls — t], s,t € R. Approximating
locally uniformly the elements of Lip,(R) by functions in C(R) vanishing at
the origin, we obtain from (4.6) the estimate

Ef @] < I Eipgeptap€lal  a€F  f €Lipy(spla)).  (4.7)

Since F is a form core for (€, F), the estimate (3.7) holds true for all a € F.
We get the Markovianity of (€, F) just choosing as Lipschitz function f(t) =
t A 1. Complete Markovianity follows just applying the result to the extension
of the derivation to matrix algebras over A.

4.3 Modules and Derivations Associated to Regular
Dirichlet Forms

In this section we are going to show how Dirichlet spaces, commutative or
not, give rise to a differentiable structure on a C*-algebra. More precisely,
we construct an essentially unique, closable derivation on a C*-algebra, rep-
resenting the Dirichlet form as in Theorem 4.5.

Keeping in mind the model case of the Dirichlet integral on Euclidean spaces
or Riemannian manifolds, what we are going to do is to reconstruct the
gradient operator and the Hilbert space of square summable vector fields
from the energy functional.
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The fundamental hint for the search of a differential calculus associated
to a Dirichlet form is the following observation made in [DL1]. The original
proof, based on the Kadison-Schwartz inequality, works for quadratic forms
associated to 1 %—Markovian semigroups. It is more general than the one we of-
fer here, which is directly based on the fundamental properties of the Dirichlet
form, but requires 2-Markovianity.

Proposition 4.7. Let (£, D(E)) be a completely Dirichlet form on L*(A,T).
Then B := AN D(E) is an involutive subalgebra of M, called the Dirichlet
algebra of (£,D(E)). In case (£, D(E)) is a C*—Dirichlet form, B is a dense,
involutive sub—algebra of A and a form core for (€, D(E)).

Proof. Let a = a* € B be such that ||a]| = 1 so that

2 1
a
:af/ dtant.
2 0

By convexity, lower semicontinuity and Markovianity of £, we have

5[/1dtaAt} g/ldte[a/\t] < €[d]

so that a?> € B. By scaling the conclusion remains true for all self-adjoint

a € B. This implies that, if b = b* and ¢ = ¢* are self-adjoint elements in B,
be+cb=(b+c)? —b*—c* €B.
In turn, since b+ ¢ and b — ¢ are self-adjoint, we have

o2 000+ 0-A0+0)

so that
(b+ic)? = (b* — ) +i(bc + cb) € B.

Decomposing a generic element a € B as

at+a*  a—a*
C= oy T g

we conclude that a® € B. If a,b are generic elements in 3, considering the
matrix

{2 8] € Ma(B),

and applying the above result to the extension & of & on Ms(A), we obtain

[T0]=[35] <o

so that ab € B.
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Next step will be the construction of a Hilbert space on which the algebra
A will act, naturally associated to the Dirichlet form.

Proposition 4.8. The sesquilinear form on the algebraic tensor product B &
B, linear in the right-hand side and conjugate linear in the left-hand one,
which, to ¢ ® d and a ® b, associates

; (E(c, abd”) + E(cdb*, a) — E(db*, c*a)) , (4.8)

s positive definite and defines a pre-Hilbert structure on B ® B.

tA

Proof. By the complete Markovianity of the semigroup T; = e~ "< associated

to £ the resolvent maps
-1 I R
(I+eA) :I+5A: e T, dt >0,
0

are bounded, completely positive, self-adjoint contractions on L?(4,7) and
bounded, completely positive, normal contractions on 91; by the Stinespring
construction ([Sti]), there exists, for a fixed ¢ > 0, a Hilbert space K., a
normal representation 7. of 9 into B(K.) and a linear operator W, from
L?(A,7) into K., with norm less than one, such that

1

I4eA (a) = Win.(a)We

for any a in 9. It is then easy to check, for a, b, ¢, d € 9, the identity

d” A (¢)*ab+d*c*

b—d* *a)b =
I+eA I—I—EA(a) I+5A(c @) (4.9)
1 * 1 '
. d* (WEC — 7TE(C>WE) (Waa — Wg(a)WE)b + . d*c* (I — WIW.)ab.
This implies the positivity of the matrix
A A A
)* i * i) — * i 4.10
[IJreA (a;)"ai + aj I+eA (a:) I+eA (aja ):|i,j:1...n (4.10)
in M,,(A), for any n in N*  aq,...,a, in B and, since the expression in (4.8)

is the limit of the one in (4.9), the positivity of the sesquilinear form.

Definition 4.9. (Hilbert space structure) The symbol Hy will denote the
Hilbert space obtained from B ® B after separation and completion with
respect to the seminorm provided by the positive sesquilinear form of
Proposition 4.9. The scalar product in Hy will be denoted by (-|-)n, (or (-]
if no confusion can arise). We will denote by a ®¢ b the canonical image in
Ho of the elementary tensor a ® b of B ® B. The Hilbert space structure is
then uniquely identified by the following expression
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(c®ed|a®e b)Ho = ; (E(c, abd”) + E(cdb*, a) — E(db*, c*a)) (4.11)

on any pair of elementary vectors a Q¢ b, c Q¢ d € Hy. In particular, we have
lla ®e bH?{O = ;(E(a, abb*) + E(abb*,a) — E(bb*, a*a)) a,beB. (4.12)

The following result guarantees that there exists on Hy, a natural structure
of right module over A.

Proposition 4.10. (Right A-module structure) There exists a structure of
right A-module on Hy, i.e. a representation of the opposite C*—algebra of A
into B(Hy), characterized by

(D ai@ebi)o=> aigebb ,VneN' ai,....anbi,....by €B,bEB.
i=1 i=1
(4.13)

Proof. The positivity of the matrix in (4.10) provides the positivity of the
operator

N A A A
ijz_lbj(l+gA(a)a’+aﬂl+ A( a;) = I+5A(a al))bi

from which we get the inequality

1D ai @e bibl,
=1

n

1 LA A A
215%”(1) (g_:b(u- A( )a”+aﬂl+ A( @) = I+5A(a a”))b’>b>

1 . N A A A
§2|b|21§ﬁ)”(§:b (I+ A( )a”+aﬂl+ A( @) = I+5A(a al)>bl)

n
= [1671Y as ®e bill3y, -
i=1

By continuity we can then extend the right multiplication by any b € A to
the whole Hy. One easily checks, on the linear span of the elementary vectors,
that this operation intertwines the algebraic structures of A and B(H) and
their involutions:

(c®c d] a®g be)y, = (c@¢ de™| a®g by, a,b,c,decB.

A natural left A-module structure of Hp, i.e. a representation of A into
B(Hy), is constructed with the help of the following lemma.
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Lemma 4.11. For any n in N*, any a,ay,...,an,b1,...,b, in B, one has
n n n
1Y " aa;i @ bi —a®e Y aibillw, < llall - 1Y ai @ billw, - (4.14)
i=1 i=1 i=1

Proof. For a fixed € > 0 let (7., K.) and W¢ be the representation of 9t and
the operator from L%(A,7) to K., respectlvely, considered in the proof of
Proposition 4.8. Recall in particular that ;- L \(a) = Wr.(a)W, for any a
in 9. Using these operators one easily checks that

Z bj(l+€A(aaj) aa; + (aa;) I_i_EA(aai) I—|-5A( ‘a aal)>bl

i,j=1
B Z bjaj([—l—eA(a) ¢ta I—I—EA(a) B I—I—EA(a a))albl
— Z bj(WEaj — e (a;)We) a*a(Wea; — me(a;)We)b;

< ||a||2 Z b;(Weaj — me(a;)We)* (Wea; — me(ai) We)b;

i,7=1

which implies
1> aa; @¢ bi — a ®e ZaibiHQ
i=1 -
_15%127-{21) I+ aaj) aa; + (aaj) I+5A(aai)_ I+5A(a3a aa;))b;

. . A A
Zb.7.71'+ ()a’+a I+€A(a>_I+€A(aa>>albz]

3,7=1

< Jlaf?- hmlnf {Z b} (Wea; = molay)We) " (Weai = me(ai) Wb

3,7=1

n
< all® 1) ai @e bl
i=1

(the last inequality following from identity (4.9)).

Proposition 4.12. (Left A-module structure) There exists a structure of left
A-module on Hy, i.e. a representation of the C*—algebra A into B(Hy), char-
acterized by

a(b®g c) =ab®gc—a®gbc, a,b,ceB. (4.15)
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Proof. By the previous lemma, any a € B defines a bounded operator in
B(Hp) whose action a(b®¢ ¢) on b®¢ ¢ is given by ab®¢ ¢ — a ®¢ be, so that
(4.15) holds true. Extending, by continuity, these maps to the whole A, it is
easy to check that this yields a morphism of algebras from A into B(Hy). To
show that it respects involutions, one has to check that

(e(a Qe b) ‘C Re d)')‘lo = (a ®Xeb |€*(C Re d))')‘lo (4.16)
for all a, b, ¢, d, e in B.

We are now in the position to state the main result of this section. Recall
that an A—bimodule is a Hilbert space Hy with a left representation and a
right representation of A which commute (or, equivalently, a representation
of the C*—algebra A ®max A°).

Theorem 4.13. (A-bimodule structure) Let (€, D(E)) be a C*—Dirichlet form
on L?(A,7). There exists a canonical A-bimodule structure on the Hilbert
space Hy, characterized by

a(b®¢ ¢) = ab®g ¢ — a @¢ be (4.17)
(b®g c)a=>b®¢g ca (4.18)
for all a,b and ¢ belonging to the Dirichlet algebra B.

Proof. We have only to prove that the right and left actions constructed
before commute. By continuity, it is enough to show that they commute on
the elementary tensors. In fact we have:

(a1(b®¢ ¢))az = (a1b ®g ¢ — a1 ®¢ be)as
= a1b®Rg cas — a1 ¢ beas
= a1(b ®¢ caz)
= a1((b ®¢ c)az)

for all ay,as,b,c € B.

Once the canonical A-bimodule Hy associated to the C*—Dirichlet form
(€,D(€)) is available, we lead our efforts to the construction of the derivation
on the Dirichlet algebra B.

Lemma 4.14. For a € B, the map l,, defined on the linear span of the set
of elementary tensor products of elements of B by

la(b®g ¢) = ; (E(a, be) + E(b", ca™) — E(b a, c)) b,c € B, (4.19)

extends to a continuous linear form on Hy, with norm not greater than £[a] 2.
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Proof. Fix n in N*| a, by,...,by,c1,...,¢c, in B and consider the represen-
tation I+IEA (a) = Wm.(a)W, used in the proof of Proposition 4.8. We then
have

M:

la(ibi ®¢ ci) ~fim T[(Wga — r(Q)We)* (

cl0 2¢ (W bi — ’/TE(bZ)WE)Ci)+

1

bci)}.

'Mw

Il
—

a*(I — W;‘WE)(

K2

Let us apply the Cauchy-Schwarz inequality

|T(af B +720e)| < T(af Oée+7575)1/2T(5:ﬂa+5:55)1/2

to e = Wea—me(a)We , B =3, (Webs — 7 (bi)We)ei , ve = (1= W2W2)H2a
and 0. = (I — WW.)/2 32, bic;. We have as in the proof of Proposition 4.8

T(alae +777) =

1 A A A
1 c * * _ * < ,
im. o 7'(1,+ A(a Ja+a I+5A(a> I+5A(a a))_E(a a)

lim
el0 2e

and

1;}32 T(B2 6 + 070.) = HZb e Cil I, -

Hence we proved that ’la ( i b ®e Ci) < Elal | S, bi ®e ¢l from
which, by continuity, the statement follows.

Notice that, since B is a form core, [, can be uniquely defined for any
a € D(&). The above result allows us to consider a map, which will be subse-
quently verified to be a derivation, providing a first (possibly left-degenerate)
representation of Dirichlet forms.

Definition 4.15. We will denote by 9y : B — Hq the following linear map:
for any a € B let dp(a) be the vector in H, associated, by the Riesz rep-
resentation theorem, to the continuous linear functional [, provided by the
previous lemma. More explicitly, this map is characterized by

(Go(a)|b ¢ )r, = la(b e ¢)

1
=, (E(a,bc) + &0, ca”) — E(b*am)) b,c € B.

(4.20)

Notice that [|do(a)|[3,, < E[a] for all a in B and then, since B is a form core
for £, Oy can be extended to the whole form domain D(E).

Proposition 4.16. (Possibly left-degenerate representation of C*—Dirichlet
forms) Let (€, D(E)) be a C*—Dirichlet form. Then we have:
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i) Oy : B — Hy is a A-bimodule derivation;

i) for any a in B and b in A one has
dp(a)b=a ®¢ b; (4.21)

iii) the right representation of A is non degenerate: HoA is dense in Ho;

i) for any a in B, one has

1

() ~ o)y, =tim o r(, 2 @), (4.22)

By the definition of dy and Theorem 4.13, it is easy to check the identities
(Go(araz) — a19p(az) + do(a1)az|c @g )3, =0

and
(Go(a)lc ® db*)x, = (a ®¢ blc ®e d)n »

for all ay,az2,a,b,¢,d in B. From these identities the statements i) and ii)
follow by continuity. The main point in statement iii) is to prove the existence
of the limit. We omit the long proof and refer to [CS1 Proposition 4.4 iii)].

Corollary 4.17. (Representation of Dirichlet forms generating conservative
semigroups) Let (€, D(E)) be a C*—Dirichlet form corresponding to a conser-
vative Markovian semigroup:

Ti(lon) = 1om t>0.

Then we have
Ela] = [|0o(a)[l3, — a€ D(E).

To remedy the possible degeneracy of the left A-module structure of Hg, and
the asymmetric aspect of the right hand side of (4.22), we have to analyze
further the structure of the A-bimodule Hy. The result is that a suitable
weight on A will take care of the possible degeneracy of the left action.

Theorem 4.18. (Non degenerate representation of C*—Dirichlet forms) Let
(€,D(E)) be a C*—Dirichlet form. Then there exists a symmetric derivation
(01,H1) in a nondegenerate A-bimodule and a weight K on A such that the
following representation holds true

E66 = 10O, + \K(EEC+EE)  €eDE). (129

In the conservative case K =0 and (0y ,Ho) = (01, H1)

We omit the long proof of the result and refer the interested reader to [CS1
Theorem 8.1]. It is also possible to show [CS1 Theorem 8.2], that even the
quadratic form on the right hand side of (4.23), depending on the weight K,
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may be described in terms of a derivation. The A-bimodule corresponding to
K is completely degenerate.

Under the stronger hypothesis that the domain of the generator A contains a
subalgebra dense in A, the last result has been obtained in [S2,3]. In that case
the tangent bimodule supports a richer structure of a C*-bimodule (see [Co2]
for the definition). The simplest example of such a situation is the one of the
Dirichlet integral of a Riemannian manifold M. There one has not only the
Hilbert bimodule structure of square integrable vector fields L?(7'M ) but also
the C*-bimodule Cy(T'M) of continuous vector fields vanishing at infinity.

The fact that Dirichlet forms may be represented in terms of modules over
C*-algebras, allows to study them along the various decomposition theories
of representations of C*-algebras (see [Dix1]). To illustrate this point of view,
we re-consider a famous formula due to A. Beurling-J. Deny [BD2] and Y. Le
Jan [LJ] concerning the decomposition of Dirichlet forms on locally compact
spaces.

Ezxample 4.19. Dirichlet forms on commutative C*—algebras: Beurling—
Deny—Le Jan decomposition revisited I. Let X be a locally compact, metric
space and m a positive Radon measure on X with full topological sup-
port. The Beurling-Deny—Le Jan decomposition (see also [FOT]) of a regular
Dirichlet form (£, D(E)) on L?(X,m), represents £ as a sum

=80 4 gl) 4 gk
of Markovian forms, on the Dirichlet algebra B, called the diffusive, jumping
and killing parts, respectively.

This decomposition may be obtained in a algebraic way from the representa-
tion of a Dirichlet form in terms of bimodules valued derivation, noticing that
a bimodule H on Cy(X) is just a representation of the algebra Cp(X x X).

e The killing part has the form

£ (a,a) = / la2dk
X

for a positive Radon measure k on X. It corresponds to the degenerate
part of the Cp(X)-bimodule associated with £ by our construction.
e The jumping part has the form

a0 = [ jalo) - aly) P (dn,do)

for some symmetric, positive Radon measure J supported off the diagonal
dx of X x X. It obviously appears as the form a — ||9;(a)||?, where 8; is
the universal derivation

0j(a)=a®1-1®a
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with values in the Co(X)-bimodule L?(X x X \ dx,J). Here left action of
a€Co(X)on feL?X x X\dy,J) is given by

(CL : f)(xay) - a(:c)f(x,y) J—a.e. (l’,y) S X xX \dX7

while the right action is given by

(f-a)(z,y) = f(z,y)aly)  J—ae  (z,y) € X x X \dx.

e The diffusive part is characterized by its strong local property:
Ea+ 0] = E9[a] 4 £p]

whenever a,b € B and a is constant in a neighborhood of the support of
b. By our analysis this part has the form a — [|.(a)||3,, for a derivation
0. with values in a Cp(X)-monomodule H, (where left and right actions
coincide). This is precisely the part of the Cy(X )-bimodule associated with
& by our construction, supported on the diagonal dx of X x X. As the
representation theory of Cp(X) is nothing but measure theory on X, this
means that the derivation d. may be decomposed accordingly. The Hilbert
module H, may be represented as a Hilbert integral H, = ff? H,p(dx) of
Hilbert modules {H, : x € X}, u being a suitable Borel measure on X,
where the Cy(X)-module structure of H,, for each fixed z € X, is given by

(a-&) =a(x)¢ acCy(X), £€H,.

The derivation d. then decomposes as a direct integral 9. = [ ;? 0% u(dr)
of derivations {07 : x € X} and the corresponding Leibniz rule appears as
follows

07 (ab)(x) = a(x)0Z (b)(x) + b(2)0% (a)(x) p—as. zeX.

It may be proved that the class of the Cp(X)-module H,. corresponds to
the class of the measure p and both are identified by the £-polar subsets
of X.

This illustrates how in the commutative situation the analysis we developed
so far, not only gives back the classical Beurling-Deny-Le Jan decomposition,
but also provides an algebraic interpretation of each of the three parts plus
a description of the diffusion piece in terms of a local derivation.

Ezxample 4.20. Dirichlet forms on group C*—algebras associated to
functions of negative type. Let I' be a countable discrete group, with
unit e € I', and denote its elements by s,t¢,.... On the Hilbert space [2(I"),
endowed with its natural basis {€; : t € I'}, consider the left and right regular
representations defined as follows:
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AN: T — B(I*(I)  As)et =€yt s,tel
p: I — B(I*(I) p(s)er == €15 s,tel.

The same symbols, A and p, will denote also the associated representations
of the convolution algebra [!(I"). The reduced C*-algebra of I' is defined as
the norm closure,

rea(I") = AIM(I) € B(*(I)),

of the family of convolution operators associated to A. The unique trace-state
is defined by

T:Crqg(I)—C T(A(s)) := s sel'.

Since T(A(s)*A(t)) = 05,4, the von Neumann algebra associated to the GNS
representation of 7 is isomorphic to the von Neumann algebra generated by
the left regular representation ), i.e. the weak closure A(I}(I"))"” of A(I*(I))
in B(I1%(I')). The corresponding standard form, described in Example 2.20
lies in the Hilbert space (%(I"). The positive cone coincides with the subset
of positive definite sequences, while the symmetric embedding of A(I'(I"))”
into (?(I"), extends the map A(a) — a from \(I*(I")) to I2(I).

Consider now a positive, continuous function d : G — [0,400], of negative
type, in the sense that

n
Zcicjd(si_lsj)g() 81,00 ,8, €T

2,j=1

whenever ¢y ,...,c, € C are such that Z?:l ¢; = 0. Examples, including
word-length functions of finitely generated groups, and in particular on free
and Coxeter groups, may be found in [Boz|, where it is also shown that the
class of these groups is stable under free products. The case of the word-
length functions on the free groups is explicitly illustrated in Section 12.2 of
the Philippe Biane’s Lectures in this volume.

A positive, continuous function of negative type defines a semigroup {7 :
t > 0} of completely positive contractions of C*_ ,(I"), characterized by

red
TE)) = Ae " f)  fel'(), t>0.

The dilation of this completely Markovian semigroup corresponds to a quan-
tum stochastic process on C}.,;(I") which is studied in Section 12 of the
Phillippe Biane’s Lectures in this volume. The semigroup, which can be seen
to be of strong Feller type [S8], is easily seen to be symmetric with respect
to the trace-state, and the associated completely Dirichlet form is given by

Eq: () — [0, 400) Eila] = Zd(s)\a(s)\Q.

sel’
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The form is regular because, the group algebra CI" C [1(I") N [?(I") of finite
support functions, on which £ is clearly finite, is both a form core and a norm
dense subspace of C’_,(I").

To describe the derivation associated to the Dirichlet form &y, we recall that
positive, continuous, functions of negative type d on I', may be represented
in terms of I—cocycles of unitary representations of I'. There exists in fact
a unitary representation w : I' — B(H) and a l-—cocycle ¢ : I' — H, by
definition a map satisfying

c(st) = c(s) + m(s)c(t) s, tel,

such that

(c(s) [e(®)) = ,(d(t) +d(s) = d(s™"F)).

As customary, the same symbol 7 will denote both the unitary representation
of I' and the induced representation of C?,,(I"). Defining a map 0 : D(9) —
H®I*(I') by

D(0) = MCI),  oA(f))=cef, [feCI,
it is easy to check that the following representation holds true
£la] = 10(@)3pey € D@).
AC

* 4(I)-bimodule structure on the Hilbert space H ® [*(I") is defined
by considering the left and right actions given by the representations m; :=
™ ® A and 7, := id ® p, respectively (the symbol id denotes the identity
representation of I" on H). This bimodule structure turns out to be symmetric
with respect to the anti-linear involution given by

J(E®a):=E® J(a) tE@ac HI*(D),

where J(a)(s) = a(s™!), s € I', is just the involution associated to the
standard cone. To verify the Leibniz rule it is enough to prove that for all
s,tel

I(A(es) - Aler)) = m(A(€s))(O(A(€r))) + mr(Aler) ) (O(A(es))) - (4.24)
In fact we have

(A€s))(O(N(€r))) + mr(A(er))(D(N(es))) =
(Ales))(c t)®€t))+7fr( (er))(c(s) ® €s)) =
s))e( ( s)ee +c(s) @ pler)es =
7(s)c(t) ® €st + c(s) @ et =

c(s) +m(s)c(t)) ® est =
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c(st) @ est =
(A(est)) =
O(A(es) - A(er)) -

Since d vanishes on e € I', and the identity of C)_ ,(I") is A(d.), it is easy
to see that the semigroup is conservative, so that the tangent bimodule Hg
associated with the Dirichlet form as in Corollary 4.17 is a sub-C?_,(I")~
bimodule of H ® [2(I") and the killing weight vanishes identically.

Ezxample 4.21. Clifford Dirichlet form of free fermion systems. The
following one is historically the first example of noncommutative Dirichlet
form. It was studied by L. Gross from the point of view of application to
Quantum Field Theory [G1,2]. Let h be an infinite dimensional, separable,
real Hilbert space and Cl(h) the complexification of the Clifford algebra over
h. See Section 5.2 below for a detailed construction of the Clifford algebra,
when h is finite dimensional. It is well known that Cl(h) is a simple C*—
algebra with a unique trace state 7. The associated von Neumann algebra
being hyperfinite type II; factor.

By the Chevalley—Segal isomorphism, here denoted by D, L%(A,7) can be
canonically identified with (the complexification of) the antisymmetric Fock
space I'(h) over h. L. Gross [G1,2] showed that the Second Quantization
I'(Ip,) of the identity operator Ij, on h is isomorphic to the Number operator
N = D~'I"(I;) D, which is the generator of a conservative C*—semigroup over
Cl(h). To describe the structure of N, let {e; : i € N} be an orthonormal base
of h and let {4; : i € N} be the corresponding set of annihilation operators
on I'(h). For each i € N the operator D; := D~ A;D, defined on the domain
D(V/N), is a densely defined, closed operator with values in L?(A, 7) and

N=>"D;D;=D"' (> A;A;)D.

i€N €N

Moreover, D(v/N) is a sub-algebra of CI(h) and on it the following graded
Leibniz rules hold true:

Di(ab) = Di(a))b +(a)(Dy(b)).

Here v is the extension to L?(A, 7) of the canonical involution of CI(h) which
is the unique extension of the map v — —wv on h. This shows that, by con-
sidering on L?(A, 7) the GNS right action of Cl(h) and the new left action
given by v, we obtain a sequence of closed derivations on CI(h) with values
in L?(A, 7). The C*-Dirichlet form then is given by the formula

Ela] = |IN'2(a)[3, = D I1Di(@)IZ2(ar) »
i€EN

where the tangent bimodule is now a sub-bimodule of @, L*(A,7) and the
derivation is €@,y Di-
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Ezxample 4.22. Heat semigroup on the noncommutative torus. This is
a classical example coming from Noncommutative Geometry [Co2], Let Ay
be the non commutative 2-torus, i.e. the universal C*-algebra generated by
two unitaries U and V, satisfying the relation

VU =e*™Uv .
Let 7 : Ag — C be the tracial state given by
T(U"V™) = 65,00m,0 n,meZ.
The heat semigroup {T} : t > 0} on Ay is characterized by
T (U"V™) = e ynym o m e 7,

It is 7-symmetric, and the associated Dirichlet form is given by

Y a0V = 3 (0 4 mannl

n,mezZ n,mezZ

The derivation associated to £ is the direct sum

d(a) = di(a) ® 9a(a)

of the following derivations 0y and Js defined by
N (U"V™) =inU"V™ | R(U"V™) =imU"V™ n,meZ.

The heat semigroup is clearly conservative, and the Ay—bimodule H, associ-
ated with &, as in Corollary 4.17, is a sub—bimodule of the direct sum of two
standard bimodules L?(A, 1) & L?(A, 7).

4.4 Derivations and Dirichlet Forms
in Free Probability

Free Probability is a noncommutative probabilistic theory, developed by
D. Voiculescu, based on a suitable choice of the notion of independence of
random variables, known as free independence. The origin of this type of in-
dependence may be found in the asymptotic behavior of empirical spectral
distributions of large random matrices and in properties shared by certain
subgroups of free groups. Among the various fields of applications, a number
of already avaible results suggest that the theory is a useful tool in approach-
ing long standing problems in von Neumann algebra theory. An introduction
to the matter may be found in [Voil].
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In the framework of Free Probability an important role is played by the rel-
ative Free Entropy x* which is a free analogue of the Shannon’s entropy. A
possible approach to the construction of the Free Entropy is based the free
analogue of the Fisher’s information @* which in turn depends on the non-
commutative generalization of the Hilbert transform. In this section we show
how the noncommutative Hilbert transform is related to a suitable derivation
and a corresponding Dirichlet form (see [Voil], [Voi2], [Bi]).

Let (9, 7) be a noncommutative probability space, i.e. a von Neumann al-
gebra MM with a faithful and normal trace 7 on it. Let 1 € B C 91 be a
*-subalgebra and let X = X* € 91 be a noncommutative random variable.
Denote by B[X] C 9 the *-subalgebra generated by B and X and consider
on B[X] ®a1g B[X] the B[X]-bimodule structure given by

c-(a®b):=ca®bd
(a®b)-c:=a®ch.

If X and B are algebraically free in the sense that no algebraic relation exist
between them, there exists a unique derivation dx : B[X] — B[X]| Qalz B[X]
such that

OxX=1®1
Oxb=0 be B.

In other words, if B[X] is regarded as the algebra of noncommutative poly-
nomials in the variable X with coefficients belonging to the algebra B, the
operator Jx acts as the partial derivation with respect to the noncommu-
tative variable X and the elements of B play the role of constants. More
explicitly one has

Ox (boXb1X ... Xby) = > boXby...be1(1® 1)bpX ... Xby,
k=1
= boXbi...bp 1 ®@bX...Xb,  bo,...bn € B,
k=1

Denoting by W*(B[X]) the von Neumann subalgebra of 9t generated by
B[X] we may consider on it the restriction of the trace 7 and the standard
representation in L?(W*(B[X]), 7). The derivation may be considered as a
densely defined map from the Hilbert space L?(W*(B[X]), ) to the Hilbert
bimodule L*(W*(B[X]) @ W*(B[X]), T ® T).

Under the assumption that 1 ® 1 € D(9%) it may be proved that

e the derivation is closable
e B[X] C D(0%0x) and in particular that X € D(90%0x).

The element

J(X:B):=0%x(1®1) e L*(W*(B[X]),T)
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is then called the noncommutative Hilbert transform of X with respect to B
and the square of its norm

O*(X : B) = |J(X : B)|3 = [9x1® 1|3 = [9x0x (X)I3

is by definition the relative free information of X with respect to B. In case
B = C and px is the distribution of X given by

/R fOux(d) == 7(f(X))  feCoR),

the algebra W*(C[X]) is identified with L>®(R, ux) and the Hilbert space
L?(W*(C[X]),7) becomes L2(R, pux ). The elements f € C[X] are just poly-
nomials on R and Ox f coincides with the difference quotient (4.3)

=10 i g2y
Ox f(5,1) = s—t
v f(s,t) { (s i s =t

In case the Radon-Nikodym derivative p := dg)f‘ with respect to the Lebesgue
measure \ exists in L3(R, \), it is possible to prove that J(X : C) is, up to
a factor 27, the Hilbert transform Hp of p:

Hp(t) :=p.v. ! / p(s) ds.

T Jpl—35
Applying Theorem 4.5 one has that the closure of the quadratic form
exle = lloxel?  F:= BIX]

defined on L?*(W*(B[X]),T) is a completely Dirichlet form generating a com-
pletely Markovian, conservative, tracially symmetric Cg-semigroup on the
von Neumann algebra W*(B[X]). The Dirichlet form £x is deeply connected
with the relative free Fisher information and with the free entropy. In fact
it has been shown by Ph. Biane [Bi] that the Hessian of the free entropy
coincides with £x on the domain where the relative free Fisher information
is finite. Moreover, the Dirichlet form £x satisfies the Poincaré inequality if
and only if the random variable X is centered, has unital covariance and a
semi-circular distribution ([Bi]).

5 Noncommutative Potential Theory and Riemannian
Geometry

In this chapter we will explore certain relationships between noncommuta-
tive potential theory and classical geometry (see [CS2], [DR1,2]). More pre-
cisely we will show the strong interplay among noncommutative Dirichlet
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integrals and heat semigroups on one hand, and the sign of the curvature of
a Riemannian manifold on the other hand.

In any complete Riemannian manifold M without boundary, whose Ricci
curvature is bounded from below, the heat semigroup e ‘4, generated by
the Laplace—Beltrami operator A, is Markovian, i.e. it is a strongly contin-
uous, positivity preserving, contraction semigroup on the C*-algebra Co(M)
of complex continuous functions vanishing at infinity.

From an infinitesimal point of view, one has, correspondingly, that the
Dirichlet integral £[f] := [,,|Vf[? is a Dirichlet form, i.e. a quadratic,
lower semicontinuous functional on Cy(M) satisfying the contraction prop-
erty E[f A1) < E]f).

These fundamental properties of classical potential theory are independent
of the curvature of the space, even though the Remannian metric is, together
with the concept of differential, the main ingredient for the definition of the
gradient operator and the energy functional.

Classical potential theory of Riemannian manifolds, suggests however that, if
a relationship among curvature and some kind of positivity exists, it should
emerge considering energy functionals, heat equations and their solutions, on
vector bundles over the manifold.

The first candidates are obviously the exterior bundle A*M, the Hodge-de
Rham Laplacian operator Apqr on it and the heat semigroup e t4Hdr it
generates. However, while on scalar functions we have a natural notion of
positivity, on exterior forms this is not obvious.

The way to tie together the useful tools of exterior differential calculus with a
good notion of positivity is to look at exterior forms, i.e. continuous sections
Co(A* M) of the exterior bundle A* M, from the point of view of its isomorphic
Clifford bundle CI(M). Precisely, we will work with exterior forms as elements
of the Clifford algebra C§(M) , i.e. continuous sections of the Clifford bundle,
vanishing at infinity:
Ci(A* M) =2 CH(M) .

This is the most natural involutive algebra, indeed a C*-algebra, extending
the algebra Co(M) of continuous functions, vanishing at infinity on M.

In this framework E.B. Davies and O. Rothaus proved in [DR1] that on
any complete Riemannian manifold, the quadratic form associated to the
covariant derivation V on C§(M)

Eplo] == ; |Val|? dm

is a noncommutative Dirichlet form on C¥(M), with respect to a natural
trace, so that the heat semigroup e~ *“® generated by the Bochner-Laplacian

AB ::V*oV
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is a Markovian semigroup. In this chapter we provide a proof of the above
result verifying that V is a closed derivation in the sense of Chapter 3.

Later we consider the Dirac operator D on C§(M). It was introduced in the
Riemannian setting by M. F. Atiyah and G. B. Singer [AtS] (see also [LM]
and reference therein), in their work on the celebrated Index Theorem (see
[LM]). In the semi-Riemannian setting of relativistic quantum theory it was
previously considered by P.A.M. Dirac [Dir].

The Dirac operator is the fundamental elliptic operator of a Riemannian
manifold; from the point of view of the exterior algebra it is just the sum of
the exterior differential and its adjoint

D=d+d*.

Its square D?, the so called Dirac-Laplacian, is just a version, on the Clifford
algebra, of the Hodge-de Rham-Laplacian on exterior forms

D? 2 (d+d*)? = d*d + dd* =: Anar -

A first difference between these two Laplacians is that while Ag reveals the
geometric aspects of M, the operator D? is connected with the topological
ones. For example, in the kernel of Ag one finds the parallel forms, while the
harmonic forms are contained in the kernel of D?.

The second main difference is that, while, by the Davies-Rothaus theorem,
the heat semigroup e *4 is always Markovian, the semigroup e~tP? need
not be.

We will show that the heat semigroup eftDQ, generated by the Dirac-

Laplacian D?, is Markovian if and only if the curvature operator of M is
nonnegative. Equivalently, the quadratic form of the operator D?

Ep : LH(C5(M) ,7) — [0, +00]  Eplo] = /M |Da?,

is a noncommutative Dirichlet form exactly when the curvature operator R
of M is nonnegative.

In this way, a geometric property, like the positive sign of the curvature op-
erator, is shown to be equivalent to a potential theoretic property of the Dirac
energy functional Ep.

Theorem 5.1. Let (M, g) be a complete Riemannian manifold without
boundary. The following properties are equivalent:

i) {e*tD2 : t > 0} is a completely Markovian semigroup, i.e. a strongly
continuous, semigroup of completely positive contractions on C§(M);
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it) {e*tD2 : t >0} is a completely Markovian semigroup on the Hilbert space
L?(CU(M), g) of square integrable sections of the Clifford bundle;

iii) the Dirac form Ep is a C*~Dirichlet form on L*(C§(M), T);

iv) the curvature operator is nonnegative: E > 0.

The methods we use are based on the Bochner Identity, on the correspondence
between noncommutative Dirichlet forms and Markovian semigroups, and
on the characterization of Dirichlet forms in terms of derivations which we
presented in Chapter 4.

Specializing the above general setting, let us review some applications.

Ezample 5.2. (Dirichlet forms and topology of Riemann surfaces) Let X' be
a compact, connected, orientable surface. Then there exists a metric g on X
such that the Dirac form &p is a Dirichlet form if and only if X is either
homeomorphic to the sphere S? or to the torus T2.

In fact in dimension two the curvature operator is just the multiplication
operator by the Gauss curvature function kgy; if our surface is homeomorphic
to a sphere or a torus, it then carries a metric of nonnegative curvature and
the corresponding Dirac form &p is a C*-Dirichlet form. On the other hand
if g is a metric for which &p is a C*-Dirichlet form, then its Gauss curvature
is nonnegative so that, by the Gauss—Bonnet formula (M) = 217T / g its
Euler characteristic is nonnegative.

Ezample 5.3. (Dirichlet forms on hypersurfaces) Another example in which
the Dirac form &p is Markovian is the one of a codimension one conver,
hypersurface M C R*HL,

Ezample 5.4. (Dirichlet forms and topology of Cartan’s symmetric spaces)
Manifolds which have a nonnegative curvature operator have been intensively
studied (and, at the end classified) since the works of E. Cartan on symmetric
spaces. Combining these result with the above equivalences we obtain that
if M is a compact simply connected Riemannian manifold whose Dirac form
&p is a complete Dirichlet form then M is homeomorphic to the product of
spaces of the following type:

i) Euclidean spaces,

ii) Spheres,

iii) Projective spaces,

iv) Symmetric spaces of compact type.

In the following sections we will explain carefully the ingredients, of geometric
and analytic nature needed for the proof of Theorem 5.1. Very good references
for all the background we are going to summarize are [LM], [Pet].
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5.1 Clifford Algebras

Let (E, g) be a real, Euclidean vector space, with finite dimension dim E. The
Clifford algebra CI(E,g) associated to (E,g) can be defined as the unital,
associative, complex algebra generated by a unit 1 and the elements of F
subject to the relations : e1-ea+eq-e1+2g(e1,e3)-1 = 0 for all e, e2 in E. The
product of two elements 1,02 € CI(FE, g) will be denoted by o1 - 02 , and its
unit by 1. There is a natural, vector space isomorphism ¢ : A*(E) — CIl(E, g)
between the complexified exterior algebra A*(E) := AL (F) ®@r C and the
Clifford algebra, characterized by

o(1a(m)) =1,

5.1

P(vr Ava A Avp) =v1 - U2+ Uy (5-1)

for an orthogonal family vy,vs,...,v, € EF and r = 1,...,dim E. Conse-
quently dime CU(E, g) = 24m ¥ and if {e; : i =1,...,dim E} is an orthonor-
mal basis for E, then the unit 1 and the set {e;, -e; -+ -e;. 1 1 < iy <

ip < -+ <ip <dmE,r =1,...,dim E} form a linear base of the Clifford
algebra.

When dim F = 2n the Clifford algebra is isomorphic to the algebra Man (C)
of complex matrices with 2™ rows and columns, while when dim E = 2n + 1
it is isomorphic to Man(C) @ Ma-(C). This suggest that Clifford algebras
may be seen as C*-algebras. In fact, the above isomorphism can be used
to transfer the canonical Hilbert space structure of A*(E) on CI(E,g) so
that the left action of CI(E, g) on itself gives a representation by which the
Clifford algebra became an algebra of operators on a Hilbert space, hence a
C*-algebra.

The unit vector 1 determines a faithful trace functional on the Clifford algebra

7:Cl(E,g) — C

5.2

7(0) = (1,01) o e CIlE,qg) (5:2)
such that the G.N.S. Hilbert space L?(CI(E, g), T) associated with it is canon-
ically isomorphic to CI(E, g) with its Hilbert space structure.

5.2 Clifford Algebra of a Riemannian Manifold

The very definition of the Clifford algebra of a Euclidean space (F,g) sug-
gests that the group of special orthogonal transformations SO(E, g) acts on
CI(E,g) in a natural way. If a Riemannian manifold (M, g) is given, using
this representation, one may consider the vector bundle CI(M) associated
to the tangent bundle TM. The so called Clifford bundle CI(M) is then a
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bundle whose fibers Cl, (M) at points € M are just the Clifford algebras
of the Euclidean spaces (T, M, g.).

The above algebraic isomorphism between the Clifford algebra and the ex-
terior algebra can be raised to a natural isomorphism of Euclidean bundles
CIl(M) ~ A*(M) between the Clifford bundle and the complexified exterior
bundle A*(M). The great advantage of this is that the exterior algebra of
continuous differential forms, vanishing at infinity on M, when considered as
the space of sections of the Clifford bundle vanishing at infinity acquires a
natural structure of C*-algebra.

Definition 5.5. (Clifford algebra of a Riemannian manifold.) The space
Cy(M) of sections of the Clifford bundle CI(M) is called the Clifford al-
gebra of the Riemannian manifold (M, g). The multiplication of two sections
01,09, or spinors as they are also called, is defined pointwise (o1 - 02)(m) =
(o1)(m) - (02)(m) by the Clifford product in each Clifford algebra Cl,,(M).

Endowed with the pointwise multiplication and involution in the fibers, it
is a C*—algebra with respect to the norm which is the supremum of operator
norms on the fibers:

o]l :== sup |lo(m)]. (5.3)
meM

Tts center contains the algebra Cp(M) of continuous complex functions van-
ishing at infinity on M.

The Clifford algebra carries a natural faithful, semifinite l.s.c. trace 7 :
C§(M) 4 — [0,400] obtained by gluing together the traces {7,, : m € M} on
the fibers by the Riemannian volume measure dm on M:

7(0) = /M Tm (o(m)) dm o€ CH(M)y . (5.4)

The GNS Hilbert space L?(C§(M),T) associated to 7 coincides with the
Hilbert space L(CI(M)), with scalar product

(0alon) : = 7(03 - 01) = [ Tm(oa(m)” - o1 (m))dm
/M (5.5)
:/ (oa(m)|or(m))cir,, Mg, - dm.
M

The left and right regular representations of the Clifford algebra onto itself
naturally extend, by continuity, to commuting representations in the Hilbert
space L2(Cl(M)) = L?(C}(M), 7). These actions, denoted by (a, &, b) — a&b,
satisfy

lagbllz < llall - llEllz - o]l a,b € CH(M) € € L*(CU(M) (5.6)

in such a way that L?(CI(M)) is naturally endowed with a structure of a
C§(M)—bimodule.
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Extending, again by continuity, the involution of C§(M) to L*(Cy(M), 1),
we get an antilinear, isometric involution J : L?(Cy(M), ) — L*(C5(M), 1)
which exchanges the left and right actions of the Clifford algebra,

J(a€b) = a* J(€)b* a,be Cy(M) &e L*(CH(M),T), (5.7)

so that L2(C§(M), ) is in fact a symmetric Cj(M )-bimodule.

5.3 Covariant Derivative, Bochner
and Dirac-Laplacians

We now describe the basic elliptic operators whose potential theoretic prop-
erties we want to analyze.

The Levi-Civita connection on the tangent bundle 7'M induces a hermitian
connection in the associated Clifford bundles. We shall denote the associated
covariant derivative, acting on the spaces of smooth sections of the bundle,
by the symbol

V:CX(CIM)) — CX(CI(M)T*M). (5.8)
By definition the covariant derivative satisfies the following rules
V(fo)=c®df + fVo FeCE(M),oeCZ(CUM))

X(o1log) = (Vxoi|oa) + (01|Vxo2) 01,02 € CZ(CI(M)), X € CZ(TM),
(5.9)

where Vx denotes the composition of V with the contraction associated to
the vector field X.

At the Hilbert space level the covariant derivative V can be understood
as a closed operator from L?(C§(M),7) = L*(Cl(M)) to L*(Cl(M)®T*M),
defined on the Sobolev space H' (M) of elements of L?(C1(M)) whose distri-
butional covariant derivative belongs to L?(CI(M) ® T*M).

The Bochner-Lapalcian is then the nonnegative self-adjoint operator on
L?(Cl(M)) defined as
Ap:=V*V. (5.10)

Its associated closed quadratic form coincides with
Ep = HY (M) — [0,00)

(5.11)

Elo] = ||VO-H%2(CZ(M)®T*M) o€ H(M).
Under the natural isomorphism C§(M) ~ A*(M), the above defined op-
erators V, Ap can be naturally identified with the more usual covariant
derivative and Bochner-Laplacian acting on the exterior bundle.
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The Dirac operator D : C*(C§(M)) — C°(C§(M)) is defined as

n
Do:=) e -Veo (5.12)
i=1
at any point m € M, where {e; : i = 1,...,n} denotes any orthonormal base

of T,,, M and “-” denotes the product in the Clifford algebra CI(T,, M, g.,). At
the Hilbert space level D is a self-adjoint operator on L?(CI(M)) with domain
H'(M). The operator D? on L*(CI(M)) is called the Dirac-Laplacian. It is
a nonnegative self-adjoint operator whose closed quadratic form is given by

Ep : HY(M) — [0,00) (5.13)
Under the natural isomorphism CI(M) ~ A*(M), the Dirac operator D and
the Dirac-Laplacian D? correspond to the operator d+d* and to the Hodge-de
Rham-Laplacian Ayqgr := dd* + d*d, respectively.

5.4 Leibniz Rule for the Covariant Derivative

Here we show that the Bochner-Laplacian generates a completely Markovian
semigroup on the Clifford algebra of a Riemannian manifold [DR1 Theorem
13]. The proof is different from the original one and it relies on the Leibniz
property of the covariant derivative.
On the Hilbert space L?(CI(M)®T*M) there are continuous and commuting
left and right actions of the Clifford algebra Cj(M) which are characterized
by the rule

E-(COw-n=(E-Cnow, (5.14)

for all &,(,n € C{(M) and all sections w of the cotangent bundle T*M.
Moreover, since T*M is the complexification of a real vector bundle, there is
on L?(T*M) a canonical conjugation whose action we denote by w — w. The
map

J L3(CUM) @ T*M) — L2(Cl(M) @ T* M)

0w = ®w (5.15)

is then easily seen to be a natural, antilinear, isometric involution, which
intertwines the left and right actions of C4(M) on L?(CI(M) @ T*M):

JE C(Qw-n)=n"-TJ(Qw) -&". (5.16)

Summarizing, we endowed the Hilbert space L?(Cl(M)®T* M) with a canon-
ical structure of symmetric C§(M)—bimodule.
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Theorem 5.6. Let (M, g) be a Riemmanian manifold without boundary and
Cy (M) its associated Clifford C*-algebra. Then the covariant derivative de-
fined on the Dirichlet algebra B(M) := C5(M) N H*(M)

V :B(M)— L*(CI(M)® T*M) (5.17)

is a symmetric derivation in the sense that B(M) is a *—algebra, the Leibniz
rule

V(01-0'2> :(Val)-02+01~(V01) 01,09 EB(M) (518)
holds true and that V intertwines the involutions J and J
V(Jo)=V(c*)= T (Vo) o€ B(M). (5.19)

As a consequence, the Bochner-Laplacian Ap generates a completely Markov-
ian semigroup, both on the Hilbert space L*(CI(M) of square integrable sec-
tions of the Clifford bundle and on the Clifford C*-algebra Cg(M).

Proof. The symmetry property (5.19) follows directly from the definition of
J in (5.15). The Leibniz property of V is just a consequence of the metric
property (5.9) of the Levi-Civita connection. In fact, for any vector field X,
from (5.9) and the properties of the Clifford product we have

X(olo) = (Vxolo) + 0]V x0)
Vx(o-0)=(Vxo)-0+0c-(Vxo) o€ BM).

Since the contraction ix, with respect to a vector field X, commutes with
the left and right actions of the Clifford algebra, and Vx =ix o V, we have

ix(V(c-0))=ix((Vo)-oc+oc- (Vo)) oc€eB(M).
As this is true for any vector field, we have
V(e-0)=(Vo)-oc+0c-(Vo) oceBM),

from which (5.18) follows by polarization.

5.5 Curvature Operator and Bochner Identity

A large number of results in topology and geometry on Riemannian mani-
folds, follows from the so called Bochner method, based on the splitting of the
Dirac Laplacian as the sum of the Bochner-Laplacian and a piece depend-
ing the curvature of the manifold. This second part is described in terms of
(a bundle of) finite dimensional self-adjoint operators called the curvature
operator.
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The curvature tensor R associated to the Levi-Civita connection of (M, g)
can be defined, as a smooth section of @*T*M, at the point m € M by the
formula

Rm(’t}l,vg,vg, 1}4) = (Rm(vl,vg)vg|v4)TmM v1,V2,V3,04 € TmM, (520)

where, for fixed vector fields vy, vy , Ry, (v1, v2) is the endomorphism of T, M
given by

Rm(vly U?)” = _(vm VUQU - VU2VU1U - V[vl,vz]v)(m> v E CSO(TM)
(5.21)

which depends only on values of vy, v2 and v at point m.
The symmetries of the curvature tensor (not including the Bianchi’s identi-
ties) allow to interpret R, as a self-adjoint operator R,, on the Hilbert space

A2 M according to the formula:

(R (v1 A va)| vs A v4) a2 0 = R (01, 02,03, 04) v1,02,03,04 € T M .
(5.22)

Definition 5.7. (Curvature operator of a Riemannian manifold) The field
R = {ISL,,L :m € M} is called the curvature operator of the Riemannian
manifold (M, g). It is said to be nonnegative if, at each point m of M, Em
is nonnegative operator in the spectral sense, i.e. if all of its eigenvalues are
nonnegative. This property will be denoted by R > 0.

The curvature operator is related to the sectional curvature K : Gr(2, M) —
R of M, defined on the Grassmannian Gr(2, M) of 2-planes of M by the
formula

~

K’rn(ﬂ-'nL) = (Rm(vl A UQ)‘UI A U?)Aan Tm € GT‘»,,L(Q, M) (523>

for any orthonormal base {v1, v3} of the 2-plane 7, at m. The curvature ten-
sor R, the curvature operator R and the sectional curvature K are equivalent
algebraic objects in the sense that each of them determines algebraically the
others. Attention should be paid to the fact that, while R > 0 implies K > 0,
the opposite is not always true. The reason for that is that at some point m,
R,, may not admit a base of decomposable eigenvectors. Conditions for this
are well known and some of them will be used later in the work.

The proof of Theorem 5.1 is based on a repeated use of the Bochner Iden-
tity (see [LM Theorem 8.2])

D? = Ag + Op (5.24)

by which the Dirac-Laplacian D? decomposes as a sum of the Bochner-
Laplacian Ap and a symmetric operator © depending only on the curvature
operator R. In terms of quadratic forms on L?(CI(M)), the decomposition
reads as follows (see [LM Theorem 8.6))
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Ep =&+ Qr (5.25)

where Qr is the quadratic form Qrlo] := (0|Or(0))2(ci(ar)) of the operator
Or. The quadratic form Qi can be explicitly represented as a superposition

Qrlo] = /M Qu(m)[om] -dm o € LA(CL(M)) (5.26)

of quadratic forms on the Hilbert spaces Cl(T,, M, g,n,) given by

n(n—1)/2

Qrm)lo) =, > (Bul&a)l&s) , - (6ol 115.0) ) cymnrgn
a,B=1 m
’ (5.27)
where {&, : o« =1,...,n(n — 1)/2} is any orthonormal base of A2 M. If we
choose a base {n, : « =1,...,n(n—1)/2} of orthonormal eigenvectors of R,

corresponding to the eigenvalues {po : @ = 1,...,n(n — 1)/2}, then (2.38)

becomes
n(n—1)/2

Qrmlol = | 3 uall asol 3. (5.25)

a=1

5.6 Completely Unbounded and Approximately
Bounded Parts of a Dirichlet Form

Here we describe a general decomposition of derivations and Dirichlet forms,
which will be useful for the proof of the main result of this chapter.

Definition 5.8. Let 9 : D(0) — H be a derivation, densely defined on a
subalgebra of a C*-algebra A (see Definition 4.2) and denote by L£La_4(H),
the von Neumann algebra of all bounded operators on H, commuting both
with the left and right actions of A.

e An element B € L4 4(H) is said to be 0-bounded if the map
Bod:D(0)—H

extends to a bounded map from A to H.

e A projection p in L4_4(H) is said to be approzimately J-bounded if it is
the increasing limit of a net of d-bounded projections.

e A projection p in L4_4(H) is said to be completely d-unbounded if 0 is
the only d-bounded projection smaller than p.

e The derivation (0,D(9),H) is said to be bounded (resp. approximately
bounded, completely unbounded) if the identity operator 1y is bounded
(resp. approzimately bounded, completely unbounded).
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Ezample 5.9. (Structure of bounded completely Dirichlet forms on amenable
C*-algebras) By definition (see [Co2]), amenable C*algebras are those on
which any bounded derivation 0 : A — X, taking values in a dual Banach
bimodule X (i.e. a bimodule X such that, as a Banach space it is the dual
X = (X.,)* of some other X,), are necessarily inner: there exists £ € X such
that

d(a) = a& — &a a€A.

Recall that by results due to A. Connes [Co3] and U. Haagerup [H3], A is
amenable if and only if is nuclear. Since the derivations representing C*-
Dirichlet forms take values in Hilbert bimodule (see Chapter 4), we conclude
that if A is amenable, 7: A — C is a finite trace on A, and € : L?(A, 1) —
[0, +00) is a bounded C*-Dirichlet form, then it can be represented as follows

Ela] = a& —&all}, a€A
for some £ € H.

Proposition 5.10. (Decomposition of derivations and Dirichlet forms [CS2
Lemma 4.3]) Let 0 : D(Q) — H be a derivation, densely defined on a subal-
gebra of a C*-algebra A. Then there exists in La—a(H), the greatest approx-
imately 0-bounded projection P,y,. Every 0-bounded operator B satisfies

BoP,=B.

As a consequence, the derivation (0,D(0),H) splits, canonically, as direct
sum

a - acu S¥) aab

of a smallest completely unbounded derivation
Oeu : D(0) = Hew  Ocw = (13t — Pey) 00, Hey = (13 — Pup)H
and the greatest approximately bounded derivation
Oap : D(0) — Hap Oat = FPap 00, Hap:=PuH.

Applying the decomposition above to the derivation associated to a Dirichlet
form &, one gets a decomposition of £ as a sum of two, not necessarily closable,
Markovian forms

&= gcu + gab

called the completely unbounded part and the approximately bounded one,
respectively. To clarify the meaning of the above splitting, let us apply it in
the commutative setting.

Ezample 5.11. (Decomposition of Dirichlet forms on commutative C*-algebras:
the Beurling-Deny-Le Jan decomposition revisited II). By the classical
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Beurling-Deny-Le Jan decomposition BDLJ (see [FOT]), a regular Dirichlet
form (£, D(E)) on L?(X,m), splits as a sum

E=¢£6 gl L g

of three Markovian forms, called the diffusive, jumping and killing parts,
respectively. In Example 4.19, we this decomposition was obtained combining,
the representation of Dirichlet forms in terms of derivations, with the basic
results of representation theory of commutative C*-algebras. Comparing the
BDLJ decomposition with the one of Proposition 5.9, it is not difficult to
have the following identifications

Eou = E) Eap = EV) 4 £F.

This result may suggests to interpret the completely unbounded part of
Dirichlet form £ on a C*-algebra A, as the strongly local part of £.

5.7 Positive Curvature Operator and Markovianity
of the Dirac-Dirichlet Form

In this section we collect the main points in the proof of Theorem 5.1. The
equivalence among items ii) and iii) is just the general correspondence be-
tween noncommutative Dirichlet form and tracially symmetric Markovian
semigroups. Property ii) follows from i) by the results of Section 2.2, 2.3,
specialized and simplified to the tracial setting. The reverse implication is a
matter of elliptic regularity, i.e. Sobolev estimates, and it is a consequence of
the regularization properties of the heat semigroups of Feller type.

To show that iii) is a consequence of iv), let us consider the Bochner Identity
in the form (5.25). As the curvature operator is assumed to be nonnegative,
by (5.27), quadratic from Qg is continuous superposition of Dirichlet forms
associated to bounded derivations, i.e. the commutators appearing in (5.28).
Hence, the quadratic form Qg itself is a Dirichlet form. Since, by Theorem
5.6, the quadratic form of the Bochner-Laplacian £ is a Dirichlet form too,
so is their sum &Ep.

The proof of the fact that property iv) follows from property iii) is based,
essentially, on the decomposition of Dirichlet forms introduced in 5.6.
Suppose that &p is a Dirichlet form. Write the curvature operator as the
difference of its positive and negative parts: R = Ry — R_. Correspondingly
we have the decomposition Qp = Qﬁq — Qg , where the forms Qﬁi are
defined analogously to Q5.

Consider now the following decomposition of the Dirac form:

Ep=E —E_, (5.29)
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where
&y =8+ th

5.30
E =Qp - ( )

Obviously we then have that £, = &p + £_ appears as a sum of Dirichlet
forms, and we may apply the analysis developed in Section 5.6. Clearly

(S+)CU - (gB + Qf:q)cu =¢B,

(5.31)
(€+)ab = (€8 + Qp Jab = Qg -
On the other hand
Ep+E)eu=(Ep+Qp Jew=(ED)eu (5.32)
(Ep+E)av=(Ep +Qp Jab = (ED)ar + Q.
By identification we have
Qp, =€) =(Ep+Qp Jab = (Ep); + Q. (5.33)

so that the quadratic form associated to the curvature operator can be iden-
tified with the jumping part (i.e. approximately bounded part) of the Dirac
form:

Qr=Qn, —Qr = (éD)av- (5.34)

This proves, in particular, that @z is a C*-Dirichlet form. By a purely al-
gebraic result, concerning specific properties of Clifford algebras over finite
dimensional Euclidean spaces, one obtains that the coefficients p, in (5.28)
have to be nonnegative, so that the curvature operator has to be nonnegative
too.

+

We conclude this section with an application of the above main result to
the topology of Riemannian spaces with nonnegative curvature operator.

Proposition 5.12. Let M be a compact Riemannian manifold with nonneg-
ative curvature operator R > 0. Then the space

kerD

of harmonic spinors is a finite dimensional C*-algebra hence a finite sum of
full matriz algebras

kerD = My, (C) © M,,(C) & --- © M,, (C),

where the integer k € N* is the number of mazximal ideals of kerD. Moreover,
the evaluation maps

e kerD — CUT, M) e;(0) =o(x) reM
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are injective morphisms of C*-algebras. In particular the sum of the Betti
numbers b;(M) of M is a sum of squares

dimM k
> bi(M)=>"n}
=1 =1

and if M is irreducible and dimM is even this number coincides with FEuler’s
characteristic x(M) of M.

Proof. By elliptic regularity, kerD is a subspace of the Clifford algebra (in
fact its elements are smooth sections of the Clifford bundle). Combining
Theorem 5.1 and Theorem 4.18 with the observation that the kernel of a
derivation on a C*-algebra is a C*-subalgebra, we get that kerD is a finite
dimensional C*-subalgebra of C§(M). The structure theorem of finite dimen-
sional C*-algebras (see [T2]) allows to conclude that kerD is finite sum of
full matrix algebras. Moreover, since the curvature operator is nonnegative,
by the Bochner’s identity (5.25), harmonic spinors are parallel (vanishing co-
variant derivative). Hence for any fixed point € M, the evaluation map
kerD 35 0 — o(z) € Cl(T, M) is an injective morphism of C*-algebras.

The statement concerning the sum of the Betti numbers follows observing
that kerD is isomorphic to the space of harmonic forms of M and in turn,
by the de Rham’s Theorem (see [LM] for example), to the cohomology of M.
The last statement follows because on irreducible manifolds of even dimension
having nonnegative curvature operator, the odd Betti numbers vanish (see
[Pet page 241]).

Remark 5.13. If a Riemannian manifold whose curvature operator is nonneg-
ative, admits a non constant harmonic form, then the heat semigroup e~*"
generated by the Dirac Laplacian is nonergodic.

6 Dirichlet Forms and Noncommutative Geometry

In the previous chapter we observed that on Riemannian manifolds there
exist noncommutative Dirichlet forms and associated Markovian semigroups
reflecting geometrical or topological properties of the space.

In that setting, the powerful tools of differential and integral calculus, as well
as tensor algebra, allow to construct topological invariants, as for example
the de Rham’s currents describing the de Rham homology of X in terms of
curvatures. Recall, as a prototype, the case of a Riemann surfaces X', whose
Euler characteristic may be computed as the integral of the Gauss curvature
of a Riemannian metric on X (see Example 5.2).

In this chapter we collect some result to corroborate the idea that Dirichlet
spaces, commutative or not, exibits a geometry. The idea is to exploit the
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first order differential calculus, constructed in Chapter 4, to develop tools
of differential topology and cyclic cohomology. We limit the presentation to
commutative C*-algebras.

6.1 Dirichlet Spaces as Banach Algebras

In this section (X,m) will denote a metrizable, compact, Hausdorff space,
endowed with a positive Radon measure of full topological support. We will
consider a regular Dirichlet form (£, F) on L?*(X,m) and denote by B the
associated Dirichlet algebra C(X) N F (see Proposition 4.7). The first hint
that a Dirichlet structure on a topological space X may carriy topological
information comes from the following result (see [Cip4]).

Proposition 6.1. (The Dirichlet algebra is semisimple) The Dirichlet alge-
bra B := C(X)NF, normed by
lall = llallee + V€la]  a€ B,

is an involutive, semisimple Banach algebra. It is unital if and only if E[1] = 0
(i.e. the Dirichlet space is conservative). As a consequence, the Dirichlet al-
gebra B has a unique Banach algebra topology: any norm, making B a Banach
algebra, is equivalent to the above one.

Proof. By representing £ by a derivation, from the Leibniz rule one obtains
for all a,b € B:

VElab] < \/Ela] - [[blloo + [lalloo - VEB] @b €B (6.1)
so that
lab|| = |ablloc + v/E[ab] < [lalloc][blloo + VEla] - [Blloc + llallo - v/E[D]
< (Jalloo + VEa))(bloo + VE[D))
= [|alllo]] -

Clearly ||1]] = 1 if and only if £[1] = 0 so that we get that B is an involutive
normed algebra which is complete since the Dirichlet form is closed. Denoting
by p(a) = lim,, . ||a™||*/™ the spectral radius of an element a of B, we get
immediately that ||al]|c < p(a) since ||alloc < |lal|. To prove the converse
notice that from (6.1) one has \/E[a"] < nlla||% - \/E[a] for all n > 1. Then
we have

la™ oo = lla" oo + V/E[a"] < llal|Z + nllali™ - V/E[a]
which implies

pla) < lim (lall%, +nllallic™ - VD™ = allw -
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Hence the spectral radius p(a) of an element of the Dirichlet algebra B coin-
cides with its uniform norm ||a||s, which is the spectral radius of the semi-
simple algebra C'(X). This proves that B is semisimple. The uniqueness of the
norm topology of semisimple Banach algebras is a known result (see [Ric]).

The above result still holds true for locally compact spaces X. To carry over
the proof one needs to consider the so called the extended Dirichlet space of
& (see [FOT], [Cip4]).

A first consequence of the uniqueness above is the fact that strongly local
Dirichlet forms are determined by their Dirichlet algebras. The result may
be considered as a generalization, to Dirichlet spaces, of the fact that, on
a differerentiable, paracompact manifold, Riemannan metrics giving rise to
Dirichlet integrals having the same domain (the first order Sobolev space)
are quasi-conformally equivalent.

Theorem 6.2. (Quasi-conformal equivalence of Dirichlet forms having the
same domain) Let (€1, F1) and (E2, F2) be two strongly local, reqular Dirichlet
spaces on L?(X,m) having common Dirichlet algebra B = C(X) N F, =
C(X)N Fa.

Then F1 = Fo and the Dirichlet forms are quasi-equivalent in the sense that
there exists k > 0 such that

1

kgl [CL} < EQ[CL] <ké& [a] aceFi=F. (62)

Proof. By Corollary 6.2 we have, for some k > 0

;(Ilalloo + V& a]) < llallse + Ela] <k (alloe + VEila])  a€Fr=F.
(6.3)

Representing the forms by some derivations 9; and 0> and applying the
chain rule, one obtains the identity

Eilpa(a)] + Eia(a)] = Eila]  a€B

where ¢ () := A1 (1 —sin(At)), ¥a(t) := A1 (1 — cos(At)) for all t € R and
A # 0. Since limy_g [|¢x(a)]|co = limr—o [|¢r(a)|lcoc = 0 we observe that (6.2)
follows from (6.3)

The second consequence we draw from the norm uniqueness result con-
cerns the differential topology of a Dirichlet space. The fact that the spectral
radius in the Dirichlet algebra coincides with the uniform norm has another
important consequence: an element a € B is invertible in B if and only if it is
invertible in C(X). This implies a generalization to regular Dirichlet spaces
of a well known result of H. Whitney in differential topology according to
which finite-dimensional, locally trivial, vector bundles over a smooth mani-
fold admit a smooth structure. The interested reader may find the proof in
[Cip4].
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Theorem 6.3. (K-Theory and vector bundles over regqular Dirichlet spaces)
Let (€, F) be a regular Dirichlet form on L*(X,m). Then we have

i) the K-theory K.(B) of the Dirichlet algebra B coincides with the K-
theory K.(C(X)) of the algebra C(X) and in turn with the topological
K -theory K*(X) of the topological space X ;

i1) every finite-dimensional locally trivial vector bundle E over X admits a
Dirichlet structure, namely, a compatible vector bundle atlas whose transition
matrices have entries in the Dirichlet algebra B.

6.2 Fredholm Module of a Dirichlet Space

In this section we show how to use the differential calculus associated to
Dirichlet form, to construct Fredholm modules, in the sense of Atiyah [At],
on Dirichlet spaces. Notice that Fredholm modules and their summability
properties lie at the core of Noncommutative Geometry of A. Connes [Co2].

The construction of Fredholm modules (F, H) on compact topological spaces
X is a generalization of the theory of elliptic differential operators on compact
manifolds [At]. In its (odd) form, one requires that the elements f of the
algebra of continuous functions C'(X) are represented as bounded operators
m(f) on a Hilbert space H on which there is a distinguished self-adjoint
operator F of square one (F? = 1), the symmetry, such that the commutators
[F,7(f)] are compact operators.

A nice example of an (even) Fredholm module on an even dimensional
oriented conformalmanifold V' hasbeenconstructedby A.Connes-D.Sullivan- N.
Teleman in [CST] (see also [Co2 Chapter IV, 4-a Theorem 2]). The Fredholm
module is uniquely determined by the oriented conformal structure, which
can be characterized for example by the L™-norm on 1-forms on V', where
n := dimV. In the particular case where V is an oriented Riemann surface,
the conformal structure is uniquely determined by the Dirichlet integral

E[a]:/v\Va\Qdm

on the algebra of continuous functions over V. We are going to see that the
above construction can be carried out on general Dirichlet spaces.

Definition 6.4. (Phase operator of a Dirichlet form) Let us consider a reg-
ular Dirichlet form (£, F) on L?(X,m). Let 0 : B — 'H be the associated
derivation, defined on the Dirichlet algebra B = C(X)NJF with values in the
symmetric Hilbert module H.

Let P € Proj(H) be the projection onto the closure Imd of the range of the
derivation 0,
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PH = Imd (6.4)

We will call F = P — P+ : H — H the phase operator associated to the
regular Dirichlet space.

Theorem 6.5. (Fredholm module of a Dirichlet form) Let (€, F) be a regular
Dirichlet form on L?(X,m), such that

i) the spectrum {0 < A1 < Ag < ...} is discrete and bounded away from zero;
ii) the eigenfunctions {ai,az,...} are continuous;
iii) the Green function is finite (i.e. bounded).

Then (F,’H) is a Fredholm module over C(X) in the sense of [At] and a
densely 2-summable Fredholm module over C(X) in the sense of [Co2 Chapter
IV 1.y Definition 8].

Proof. Clearly F* = F, F? = I. Let us start by proving that [F, a] is Hilbert-
Schmidt for all real valued a € B. Since

[P,a] = PaP*+ — P*aP (6.5)
and a is real valued, we have
[P, )l = |PaP? + |PLaPP (6.6)

so that
I[F,alllZ= = 4[l[P,a]l|Z> = 8| P aP|Z . (6.7)

Using the Leibniz rule for the derivation 9, the fact that P o d = 0 and
PL o9 =0, we have, for all b € B,

PLaP(db) = P*(adb) = P (d(ab) — (da)b) = —P((da)b) (6.8)
so that
[PHaP(b)|| = [|P+((8a)b)|| < [[(da)b] - (6.9)

Notice that, by assumption ii), the eigenfunctions belong to the Dirichlet

algebra B. Then, the vectors & := )\;1/28%, k > 1, form an orthonormal
complete system in PH. By (6.7) and (6.9) we have

I allz: = 8| PraP|Z. =8 At |[PHaP(9ar)l3 <8 Ayt ladall,
k=1 k=1

= Z /akdf /K Z)‘k az)d

= /_ a)(dx),

(6.10)
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where G(z,y) = > 7o, A\, "ar(w)ag(y) is the Green function or kernel of the
compact operator H~ on L?(X,m) determined by £. Since, by assumption,
the Green function is bounded, we have

(7,22 < 8(sup Gla, ) ) la] < +oo

foralla € B C C(X). Since the form is regular, B is uniformly dense in C'(X),
[F), a] is norm continuous with respect to a € C'(X) and the space of compact
operators is norm closed, we have that [F), a] is compact for all a € C(X).

Even if the boundedness assumption on the Green function restricts the ap-
plication of the above construction to situations in which the spectral dimen-
sion is low, it applies, however, to the class of Dirichlet forms constructed by
J. Kigami [Ki] on self-similar fractal spaces, associated to regular harmonic
structures (see [CS4]).

Remark 6.6. The above result indicates a direct connection between the sum-
mability properties of the Fredholm module and two of the main objects of
potential theory, namely, the Dirichlet form & and the Green function G.

An immediate consequence of the above construction is the following index
theorem [At], [Co2 Chapter IV Proposition 2].

Corollary 6.7. Let (Hq,F,) be the Fredholm module over M,(C(X)) =
C(X) ® My(C) given by

Hy=H®C?, F,=F®1, Ty =T ®1id, g€ N*.
Define, on the Hilbert space H,, the projection operator

1+ F,
E, = 2q.

Then for every invertible element u € GL4(A) in My(A), the operator
Eymq(u)Ey : EgHg — EqH,y
18 a a Fredholm operator. Its index gives rise to an additive map
b:Ki(A) —Z  §(lu]) = Index(Eymy(u)Ey)
on the K-theory group K1(C(X)) = K1 (X) of C(X).

Notice that, the Fredholm modules (H,,F,;) are those associated by
Theorem 6.5 to the family of Dirichlet forms on M,(C(X)) determined by £
(see Definition 4.1).

We conclude this section noticing that the Fredholm module (H,F) may
determine topological invariants of X (see [Co2 Chapter IV]).
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In fact, as the Steenrod K-homology K,.(X) of the compact space X is isomor-
phic to the K-homology of K*(C(X)) of the algebra C'(X), a specific element
of it is determined by the equivalence class of the Fredholm module (H , F).
Moreover, the Chern character, ch,(H , F'), of the finitely summable Fredholm
module (H, F) is the periodic cyclic cohomology class of the following cyclic
cocycles for n > 2,

A®--® A>3 (@, d" ..., a") — \TY(a°[F,a']...[F,a"]),

n(n+1)
2

where \,, 1= v/2i(—1) I'(3 +1) and TY'(B) := J Tr(F(FB + BF)).

2

7 Appendix

7.1 Topologies on Operator Algebras

In this subsection we briefly recall some basic definitions concerning operator
algebras and collect the relationships among their topologies.

A C*-algebra A is an involutive Banach algebra in which the norm and the
involution are related by

la*all = [la*  a€A.

The algebra Cy(X) of continuous functions, vanishing at infinity on a lo-
cally compact Hausdorff space X, endowed with the uniform norm and the
involution given by the pointwise complex conjugation, is a commutative
C*-algebra. A celebrated theorem of I. M. Gelfand (see [Dix1]) ensures that
all commutative C*-algebras are of this form for a suitable space X (to be
identified with the space of all closed maximal ideals of A).

The simplest examples of noncommutative C*-algebras are the full matrix
algebras M, (C), n > 2. Finite dimensional C*-algebras are direct sums of
full matrix algebras. Examples of infinite dimensional, noncommutative C*-
algebras are the algebra k(H) of all compact operators on an infinite dimen-
sional Hilbert space H and the algebra B(H) of all bounded operators. In
all these cases the norm is the usual one and the involution is given by the
operation of taking the operator adjoint. By another fundamental theorem of
I. M. Gelfand (see [Dix1]), any C*-algebra A may be represented as a norm
closed C*-subalgebra of B(H). In particular this implies that the norm in a
C*-algebra is uniquely determined by the algebraic structure.

Among the C*-algebras, the von Neumann ones 9t may be defined as those
which, as Banach spaces, admit preduals in the sense that 9t = (9.)* for
some Banach space IM..
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The algebra L>°(X,m) of essentially bounded measurable functions on a
measured space (X, m) is a commutative von Neumann algebra and all com-
mutative von Neumann algebras arise in this way.

The algebra B(H) of all bounded operators on a Hilbert space H is a von
Neumann algebra (the type I, factor) being the dual of the Banach space
of all trace class operators on H.

By a fundamental theorem of J. von Neumann (see [Dix2]), for any given
selfadjoint subset S C B(H) the set

S :={reBH):zy=yx, yeS}

of all bounded operators on H which commute with all operators of S, is a
von Neumann subalgebra of B(H) and moreover any von Neumann algebra
M C B(H) coincides with its own double commutant

Mm=mMm".

Von Neumann algebras 9t C B(H) whose intersection with its own commu-
tant 9, reduces to the one dimensional algebra of scalar multiples of the
identity operator

MAM =C -1y,

are called factors and may be considered in a precise sense as building blocks
for general von Neumann algebras.

On a C*-algebra A, one may consider the norm topology, also referred as the
uniform topology and denoted by 7,, as well as the weak topology o(A, A*),
induced by its dual space A*.

As von Neumann algebras 90U are characterized as C*-algebras which as Ba-
nach spaces, admit preduals 9, (in the sense that I = (M.)*) beside the
two topologies above, they carry the weak*-topology o (9, M.) too.

Let 9t act on the Hilbert space H so that 9t C B(H). Other useful topologies
on M, are then the following:

e the strong topology is the locally convex topology defined by the family of
seminorms

M>a— [ag],

parametrized by the vectors & € H;
e the strong® topology is the locally convex topology defined by the family
of seminorms
M > a— el +[la™¢]

parameterized by the vectors £ € 'H;
e o-strong topology is the locally convex topology defined by the family of
seminorms
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1/2
m>a— (3 latal?)
n
parametrized by sequences {&,,} C ‘H such that > ||¢||* < +oc;
e o-strong® topology is the locally convex topology defined by the family of

seminorms 12
M5 a— (X latal+ Y faenl?) .

parametrized by sequences {&,} C ‘H such that > |[|€[|* < +oc;
e o-weak topology is the locally convex topology defined by the family of

seminorms
M a— Y [(Enlan.)|,
n

parametrized by sequences {&,},{n,} C H such that Y [|£]|? < +oo,
> lImll* < oo

The o-weak topology coincides with the weak*-topology o (9, 9.) (see [BR1
Proposition 2.4.3]), so that bounded sets are relatively compact by the
Banach-Alaoglu Theorem. The relation among the various topologies are sub-
summed as follows:

uniform < o—strong® < og—strong < o—weak
A A A
strong* < strong < weak®

Here “<” means “finer than”, and if H is infinite dimensional, then “<”
means “strictly finer then”. Moreover, on bounded sets, the o-strong* topol-
ogy coincides with the strong® topology (see [T2 Chapter II Lemma 2.5]) and
on the set of normal operators, the latter coincides with the strong topology
(see [T2 Chapter Proposition 4.1]). Finally, the positive cone 21, is o-weakly
closed, being the polar of the positive cone 91, of the predual space

acM, =  (ga)>0 VpeM.,.

7.2 One Parameter Continuous Groups
and Semigroups

A one-parameter group ® = {P; : t € R} on a Banach space A, is a family of
bounded linear maps @; : A — A, indexed by a real parameter ¢t € R, such
that

¢t0@5:¢t+5 and @():IA, S,tER.

A one-parameter semigroup ® = {P; : t € R} on a Banach space A, is a
family of linear maps @; : A — A, indexed by a positive real parameter
t > 0, such that
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DLoPy =Dy and Dy =14, s,t>0.

In case ||®:(a)|| = ||a||, foralla € Aand t € Rort > 0, ® ia called a group or
semigroup of isometries. If, however, |@;(a)|| < |la||, for all a € A and ¢t € R
ort >0, ® is called a contraction group or semigroup.

A one-parameter group or semigroup on a C*-algebra A is said to be

e norm or uniformly continuous if
lim [[@; — Tl p(a) = 0;
e strongly continuous if
lim [[@¢(a) —alla=0  VaeA;
e weakly continuous if
}Ln})(n\@t(a)—a)zo Vae A,Vne A*.

A one-parameter group or semigroup on a von Neumann algebra 91 is said

e weakly* continuous if the maps @; : M — I, are weakly™ continuous and
tlin(1)<n|d5t(a)fa>:0 Ya € M, VneM.,.

By a general result, see [BR1 Corollary 3.1.8, Proposition 3.1.3], strong and
weak continuity of semigroups are equivalent properties, and both of them
imply the bound

[@f| <M -7 t>0.

for suitable constants M > 0 and § € R.

Strongly continuous semigroups are also called Cyp-semigroups, weakly™ con-
tinuous semigroups are also called C§ or o(9, 9M,)-continuous semigroups
and weakly continuous semigroups are also called (A, A*)-continuous semi-
groups.

The generator of a strongly (resp. weakly) continuous semigroup {®; : t > 0}
on a C*-algebra A, is the operator (L, D(L)) on A defined as follows: an
element a € A is in the domain D(L) if the limit

lim ¢~ ®i(a)
t—0 t

exists in the strong (resp. weak) topology. The action L(a) of the operator
L on the element a of D(L) is defined as the limit above. The generator
of a weakly™ continuous semigroup on a von Neumann algebra 91 is defined
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similarly, the only difference being that the limit above is understood to exists
with respect to the weak® topology.

It can be verified that the generator (L, D(L)) of a strongly (resp. weakly)
continuous semigroup is a norm (resp. weakly) densely defined operator and
a norm-norm (resp. o(A, A*)-0(A, A*)) closed operator on a C*-algebra A.
Similarly, the generator of a weakly™ continuous semigroup, is a weakly*
densely defined o (9, M. )-o (M, M,.) closed operator on the von Neumann
algebra 9. See [BR1 Proposition 3.1.6]. Moreover, the semigroup is uniformly
continuous if and only if its generator is a bounded operator. In this case,
one has the representation

X in
B, = " t>0,
n!
n=0

where the exponential series converges in the norm of the Banach space of
all bounded operators on A.

Theorem 7.1. (Stinespring Theorem [Stif). A linear map & : A — B(h),
from a unital C*-algebra A, into the C*-algebra of all bounded operators on
a Hilbert space H, is completely positive if and only if it has the form

B(a) = Vir(a)V  a€A, (7.1)

for some representation w : A — B(K) and some bounded linear operator
V:H— K. If A and H are separable, K can be taken to be separable. If A is
a von Neumann algebra and @ is normal, then m can be taken to be normal.

7.3 Analytic Elements

Let a:={ay : t € R} be a continuous group of isometries of a C*-algebra A.
An element a € A is said to be a-analytic if there exists a strip I := {z €
C: Imz| < A} (A > 0) and an analytic function f : Iy — A such that

f(t) = as(a) teR.

It may be shown, see [BR1 Chapter 3.1], that an element a € A is a-analytic
if and only if it is analytic for the generator (L, D(L)), in the sense that
a € D(L™) for all n > 1 and

oo tn
> L@l <400 0.

n=0

The set of entire analytic elements A, is a norm dense, invariant *-subalgebra
of A, in the case of a strongly continuous group of isometries of a C*-algebra
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A and, a o(9M, M, )-dense, invariant *-subalgebra of I, in the case of a
o (9, M, )-continuous group of isometries of a von Neumann algebra 1.

In both cases, these extensions form a group of automorphisms of the algebra
Aq, denoted by {a; : z € C} and indexed by complex numbers.

In particular, if {oy : t € R} is the modular automorphisms group of a von
Neumann algebra 91, associated to a normal state w, and = € 9, is an entire
analytic element, one has the identity

ol (x) = AL x A7, reM, ze€C,

z

where A,, denotes the modular operator of w. Both sides of the above identity
are understood as bounded quadratic forms

(€l oZ (x)n) = (AL7ElxA"n),

on the dense subspace of H of entire analytic elements of the unitary group
R >t — A" on H. In fact, for fixed z € M, both sides are entire analytic
functions, coinciding for real z. In this way, one may also show that

reM, ze€C,

0tis(@) = 0 (055(x)) = o5 (0 () tHisely,

for all z € M such that the map R 3 ¢ — o¢(x) € MM admits an analytic
extension to a domain containing the strip 1.
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Example 2.20
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Applications of Quantum Stochastic
Processes in Quantum Optics

Luc Bouten

Abstract These lecture notes provide an introduction to quantum filtering
and its applications in quantum optics. We start with a brief introduction to
quantum probability, focusing on the spectral theorem. Then we introduce
the conditional expectation and quantum stochastic calculus. In the last part
of the notes we discuss the filtering problem.

1 Quantum Probability

In quantum theory observables are represented by selfadjoint operators on a
Hilbert space. When an observable is being measured, we randomly obtain
a measurement result. That is, the result of the measurement is given by a
random variable on some classical probability space. In this section we will
investigate how we can pass from a selfadjoint operator to a classical random
variable. Along the way we will setup a generalised theory of probability,
called noncommutative or quantum probability, that is rich enough to contain
quantum mechanics.

1.1 The Spectral Theorem

In these notes we take as a part of its definition that a Hilbert space is
separable. The following theorem shows that a self-adjoint operator S on a
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Hilbert space can be identified with a random variable h on a measure space
(2, %, ). Tt is the heart of quantum mechanics.

Theorem 1.1. (Spectral Theorem) Let H be a Hilbert space and let S :
H — H be a bounded selfadjoint operator. Then there exist a measure space
(2, 1), a unitary U : H — L?(2,X,u) and a bounded real valued X-
measurable function h on §2 such that

S = U*M,U.
where the multiplication operator My, : L?(£2, X, ) — L?(£2, X, i) is given by

(Mp f)(w) = h(w) f(w),
for allw € 0.
Proof. See Reed and Simon volume I [23].

Suppose that the dimension n of H is finite. Since S is self-adjoint, we
can always find an orthonormal basis (e1,...,e,) such that S is diagonal,
ie. S = diag(hy,...,hy). Note that the real numbers h; and h; are not
necessarily different numbers, some eigenvalues might be degenerate. Let us
define 2 = {1,...,n}. Moreover, define h : 2 — R by h(w) = h,, for all
w € 2. Let X = P(2) be the sigma-algebra of all subsets of {2. We take
for u simply the counting measure. Define U : 'H — L?(£2, X, i) by linear
extension of the map

Uew = X{w}, WE 02,

where X1, (w') is 1 if W' = w and 0 otherwise. Note that U is unitary and
that S = U*M,U. That means, we have now proved the spectral theorem
in finite dimension. We now also see that the main idea of the theorem is to
diagonalise an operator. The spectral theorem gives a precize meaning to the
notion of diagonalisation also in the infinite dimensional case.

Let x : R — R be the map given by x(z) = = and let p = Zinzo Qpy x™
be a polynomial. Suppose S is a self-adjoint operator on a Hilbert space
H. The spectral theorem provides a measure space ({2, X, ), a unitary U :
H — L?(£2, Y, 1) and a Y-measurable real valued function h such that S =
U*MpU. Tt is easy to see that

Z Of’rnSm * poh (11)

This shows that we can define the polynomial p evaluated at S, denoted p(.5),
in two equivalent ways, i.e. either by the left hand side or the right hand of
Equation (1.1). The spectrum of an operator T : H — H is defined as the set

o(T) = {X € C; T — AI does not have a bounded inverse}. (1.2)
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In finite dimensions the spectrum of an operator is just the set of its eigen-
values. The spectrum of a bounded operator T is compact. For the operator
S, diagonalised by the spectral theorem as S = U*M,U, it is not hard to
see that h(w) € o(S) for p-almost all w € 2 and that o(S) is the smallest
compact subset of C with this property. We denote the range of h by Ran(h)
and are guided by the idea Ran(h) = o(S).

Definition 1.2. (Functional calculus) Let S : H — H be a bounded,
self-adjoint operator and let j : o(S) — C be a bounded Borel measurable
function. The spectral theorem provides a measure space (§2, X, i), a unitary
U: H— L*(2,%, ) and a Y-measurable real valued function h such that
S = U*MyU. Define the bounded linear operator j(S) : H — H by

(S) = U* MonU.

For polynomials p it is clear from Equation (1.1) that this definition does
not depend on which ‘diagonalisation’ of S we choose (the spectral theorem
shows existence, not uniqueness of (£2, X, 1), U and h). With polynomials
we can uniformly approximate continuous functions arbitrarily well (o(5) is
compact) and with continuous functions we can approximate bounded Borel
measurable functions arbitrarily well pointwise. In this way it follows that
the definition of j(S) does not depend on the diagonalisation for all bounded
measurable functions j. See Reed and Simon [23] for further information.

Suppose the bounded self-adjoint operator S represents an observable of
some physical system. Suppose the system is in a state given by a vector v
of unit length in the Hilbert space H. We now discuss some of the basics of
quantum mechanics in this setting. When it is measured, the observable S
can only take values in the spectrum o(5). Let B be a Borel subset of (S5).
The set B corresponds to the event ‘S takes a value in B’. The probability
of this event is given by

P(S takes a value in B) = (v, x5(5)v),

where xp is the characteristic function of the Borel set B, i.e. xg(s) =1 if
s € B and zero otherwise. The spectral theorem provides a measure space
(2,%, 1), a unitary U : 'H — L?(£2, X, ) and a X-measurable real valued
function h such that S = U*M,U. By definition xp(S) = U*M,  onU =
U*Mthl(B) U. Note that since h is measurable, the set h~*(B) is an element
of X, In fact, we can assign probabilities to all @ € X' by

P(Q) = <v7 U*MXQUv>.

Summarizing, we can represent S as a random variable h on the probability
space (£2,X,P). The spectral theorem transforms quantum mechanics to
classical probability theory.

We will now extend the spectral theorem so that we can simultaneously di-
agonalise a whole class of commuting bounded normal operators. An operator
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S : 'H — 'H is called normal if it commutes with its adjoint, i.e. S5* = S*S.
Before stating the theorem, we need to introduce some mathematical ob-
jects. Let H be a Hilbert space. Denote by B(H) the algebra of all bounded
operators on H and let S be a subset of B(H). We call the set

S' = {R € B(H); RS = SRVS € S},

the commutant of S in B(H). A won Neumann algebra A on H is a
*-subalgebra of B(H) that equals its double commutant, i.e. A” = A. It
is a consequence of von Neumann’s double commutant theorem (see e.g. [17])
that a von Neumann algebra is closed in the weak operator topology. It im-
mediately follows from A” = A that the identity I € B(H) is an element of
the von Neumann algebra A. A state is a linear map p: A — C such that p
is positive in the sense that p(S*S) > 0 for all S € A, and such that p is nor-
malised p(I) = 1. A state is called normal if it is weak operator continuous
on the unit ball of A.

Theorem 1.3. (Spectral Theorem) Let C be a commutative von Neumann
algebra and let p be a normal state on C. There exist a measure space (£2, X, )
and a *-isomorphism ¢ from C to L (82, X, i), the space of all bounded mea-
surable functions on 2. Furthermore, there exists a probability measure P on
X such that

p(C) = /Q {(C) ()P (dw),
forallC eC.

Theorem 1.3 can be obtained from Theorem 1.1 by using that under mild
conditions (which are fulfilled since our von Neumann algebra acts on a sep-
arable Hilbert space) a commutative von Neumann algebra C is generated by
a single bounded selfadjoint operator S [27].

Given a probability space ({2, ¥, P), we can study the commutative von
Neumann algebra C := L>°(£2, X, P), acting on the Hilbert space L(2, ¥, P)
by pointwise multiplication equipped with the normal state p given by expec-
tation with respect to the measure P. The pair (C, p) faithfully encodes the
probability space (2, X, P) [19]. Indeed, the sigma-algebra X can be recon-
structed (up to equivalence of sets with P-null symmetric difference, a point
on which we will not dwell here) as the set of projections in C, i.e. the set of
characteristic functions of sets in Y, and the probability measure is given by
acting with the state p on this set of projections. We conclude that studying
commutative von Neumann algebras equipped with normal states is the same
as studying probability spaces. This motivates the following definition.

Definition 1.4. A non-commutative or quantum probability space is a pair
(A, p) where A is a von Neumann algebra on some Hilbert space H and p is
a normal state.

Note that we do not require the state p to be faithful. We use quantum
probability spaces to model experiments involving quantum mechanics. The
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first thing to do is to set a model, say (A, p). It is a feature of quantum
mechanics that in one single realization of an experiment only commuting
observables can be measured. That is, the experiment is determined by a
commutative von Neumann subalgebra C of A. The pair (C, p|c) is equiva-
lent to a classical probability model (2, X, P) via the spectral theorem. The
operators in C are mapped to random variables ¢(C) on (§2, X, P) and rep-
resent the stochastic measurement results of the experiment. The pair (A4, p)
describes the collection of all the experiments (i.e. the collection of commu-
tative subalgebras of A) and their statistics in different realizations of the
experiment in a concise way.

1.2 Unbounded Operators

Up to now we have only considered bounded operators. In general, however,
an observable is given by a selfadjoint, not necessarily bounded, operator
on some dense domain of the Hilbert space H. In these notes we will not
put emphasis on the problems one encounters when dealing with unbounded
operators. When adding or multiplying unbounded operators, it is important
to keep track of the domains involved. In this subsection we discuss some
techniques for relating an unbounded operator to a von Neumann algebra.

Definition 1.5. Let T be a densely defined linear operator on some Hilbert
space H. Denote the domain of T" by Dom(7T). The operator T is called
closed if its graph {(x, T'z); € Dom(T)} is a closed subset of H x H. Define
Dom(T™) as the set of x € H for which there is a y € H such that

(Tz,x) =(z,y), Vze&Dom(T).

For each such x € Dom(T™*), we define T*x = y. We call T* the adjoint of T
The operator T is called symmetric if T C T*, i.e. Dom(T") C Dom(7T™*) and
Tz = T*z for all z € Dom(T). Equivalently, T is symmetric if and only if
(Tz,y) = (z,Ty) for all z,y € Dom(T). The operator T is called selfadjoint
if T =T ie. if T is symmetric and Dom(7T") = Dom(T™).

Theorem 1.6. (basic criterion for selfadjointness) Let T be a symmetric
operator on a Hilbert space H. The following three statements are equivalent

1. T is selfadjoint.
2. T is closed, Ker(T* +il) = {0} and Ker(T* —iI) = {0}.
3. Ran(T + iI) = H and Ran(T —iI) =H.

The proof of the above theorem can be found in [23]. Theorem 1.6 shows
that T + il is an injective operator with range H. This means (T + il)~*
is well-defined with domain H. Moreover, since T'+ i/ is closed, (T +4I)~! is
also closed. The closed graph theorem (see [23]) then asserts that (T +4I)~!



282 L. Bouten

is bounded. A similar argument shows that 7' — ¢ is invertible and that
(T —iI)~! is bounded. Let A be in the complement of the spectrum of 7T (i.e.
T — M has a bounded inverse). Define the resolvent of T at A as Ry (T) =
(T — M)~ (See also Section 3.2 of the lectures by N. Privault). Note that
we have the following identity

RA(T) — R,(T) = RA(T)(T — pD)R,i(T) — Ra(T)(T — AI)R,.(T)
= (A= W) RA(T)R,(T).

Adding this same identity with the roles of y and A interchanged shows that
RA(T) and R, (T) commute. Therefore (I'+4I)~" and (T —iI)~* commute.
The equality

(T—il)z, (T+il)"Y(T+il)y) = ((T—il) " (T—il)z, (T+il)y), =z,y€H,

and the fact that Ran(T 4 i) = H shows that (T +4I)~1* = (T —4l)~L.
Therefore (T + i)' is normal and therefore the von Neumann algebra gen-
erated by (T'+4I)~! is commutative.

Definition 1.7. Let A be a von Neumann algebra on some Hilbert space
‘H. Let T be a selfadjoint operator on a dense domain of H. T is said to be
affiliated to A if (T —iI)~! is an element of A. We denote this as Tn.A.

Note that T is affiliated to the commutative von Neumann algebra gener-
ated by (T +4I)~!. Suppose that C is a commutative von Neumann algebra
on some Hilbert space H and suppose that T is a selfadjoint operator affili-
ated to C. Let p be a normal state on C. The spectral theorem (Theorem 1.3)
provides a measure space (2, X, 1), a *~-isomorphism from C — L>®(£2, X, u)
and a probability measure P on X such that p(C) = Ep(:(C)) for all C' € C.
That is, ¢ allows us to represent the elements in C as classical random vari-
ables on the probability space (£2, X, P). Since (T +iI)~! is an element of C
we can now also represent T on ({2, ¥, P) by

1

D)) = V(T +4D) 1) (w)

—i, wen (1.3)

Note that +(T") is not bounded. Nevertheless, we have succeeded in represent-
ing T as a classical random variable on ({2, X P).

The following theorem shows there is a one-one correspondence between
strongly continuous one-parameter groups of unitaries and selfadjoint opera-
tors. The theorem is a classic result and can be found e.g. in [17] or [23].

Theorem 1.8. (Stone’s theorem) Let A be a von Neumann algebra on
some Hilbert space H and let {Us}tier C A be a group of unitaries that is
continuous in the strong operator topology. There exists a unique selfadjoint
operator S affiliated to A such that Uy = exp(itS) for allt € R. The operator
S is called the Stone generator of {U,}ier-



Applications of Quantum Stochastic Processes in Quantum Optics 283

1.3 Wiener and Poisson Processes

We now introduce the quantum probability space with which we will model
the quantized electromagnetic field. We will see that the model is rich enough
to support an entire family of Wiener and Poisson processes. These differ-
ent processes do not all commute with each other. In this sense quantum
probability is richer than the classical theory.

Definition 1.9. Let H be a Hilbert space. The bosonic or symmetric Fock
space over ‘H is the Hilbert space

FH)=Cea éH@@s",

n=1
where ®, denotes the symmetric tensor product.

The Fock space F(H) describes a field of bosons. The different levels in the
Fock space correspond to different numbers of photons present in the field.
Note that it is possible to have superpositions between states with different
number of particles. For f € H we define the exponential vector e(f) by

_ = 1 ®n
e(f)—leag\/n!f .

The vector & = ¢(0) =1® 040 ... is called the vacuum vector. The set
of all exponential vectors is linearly independent and the linear span of all
exponential vectors D is a dense subset of F(H) (see e.g. [21]). On the dense
domain D we define for all f € H an operator W (f) by

W(f)e(g) = e300 e(f 1 g), geH. (1.4)

W (f) is an isometric map D — D. Therefore, W (f) extends uniquely to a
unitary operator on F(H). The extension of W(f) to F(H) is also denoted
by W(f). The operators W (f) are called Weyl operators. It can be shown
(e.g. [21]) that the Weyl operators W(f), f € H generate the algebra W =
B(F(H)) of all bounded operators on F(H). From the definition in (1.4) it
is easy to see that they satisfy the following Weyl relations

L W) =W(-)), [eH,

1.5
2. W(HW(g) = e MIDW(f+g), figeH )

For a fixed f in H, the family {W(sf)}secr forms a one-parameter group
of unitaries. This one-parameter group is in fact continuous with respect to
the strong operator topology [22]. Denote its Stone generator by B(f), i.e.
we have W (sf) = exp(isB(f)). The operators B(f) are called field operators.
Let H = L*(R") and fix a € [0, 7). It immediately follows from the Weyl
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relations Equation (1.5) that all the operators in the set S = {W(sf); f =
ewX[oyt], t >0, s € R} commute. Here x[g is the indicator function of the
interval [0, ], i.e. the function that is 1 on [0,7¢] and 0 elsewhere. Let C* be
the commutative von Neumann algebra generated by S. Define for all t > 0
the following selfadjoint operators affiliated to C*

By = B(e" Xo,1)-

Let the vacuum state ¢ be given by ¢ = (@, -®). The spectral theorem
(Theorem 1.3) provides a measure space (2% X% u®), a *-isomorphism
t: C* — L>®(N* X* u®), and a probability measure P* on X such that
@(C) = Epa(1(C)) for all C € C. Using the definition in Equation (1.3)
we can represent the operators By for ¢ > 0 as random variables «(By*) on
(2, X% P). Note that in the above discussion the parameter @ was fixed.
The operators By* and B;"/ for a # o do not commute, i.e. they can not be
represented as random variables on the same classical probability space.

We will now study the process ((Bf),t > 0 on (2%, X* P*). We calculate
the characteristic function of an increment ¢«(B§*) — ¢(BS) (where t > s)

Epa <€ik(L(B?)_L(B?))) = Epa (L (eik(Bta_B?))) = ¢(W(kX[s,t}))
= <§Zi, e_ékZ(t_s)e(kX[s7t])> = 6_5’“2“_8), k eR.

This shows that the increment has a mean zero Gaussian distribution with
variance ¢ — s (see e.g. [28]). Furthermore, a similar calculation shows that
the joint characteristic function of two increments is given by (where t; >
51 > tg > s2)

Epa <eik1 (L(B?I)*L(Bgl))ﬂkz (L(B?Q)*L(B?Q))) _ e—é(kf(tl—sl)'*'kg(tz—w)) _
Epo <eik1 (L(Bfl)—L(Bgl)))]EPa (em (L(B?Q)—L(B;;))) ki ks € R,

Since the joint characteristic function is multiplicative, the increments are
independent [28]. That is, the process ¢(Bf*) has independent mean zero
Gaussian increments with variance the length of the increment. This means
t(BY) is a Wiener process. Note that for every o € [0,7) we have now con-
structed a Wiener process on the Fock space. Note that for different values
of a these processes do not commute with each other. The idea to simultane-
ously diagonalise the fields {B{*}+>0 is implicit in some of the earliest work
on quantum field theory. However, Segal [24] in the 1950s was the first to
emphasize the connection with probability theory.

We will now construct a Poisson process on the Fock space. The second
quantization of an element A € B(H) such that ||A|| <1 (i.e. a contraction)
is defined by

A =Io é A®m, (1.6)

n=1
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For all contractions A, B € B(H) we immediately have I'(A)I'(B) = I'(AB).
This means that if A and B commute, then I'(4) and I'(B) also commute.
Let S be a selfadjoint element of B(H). The selfadjoint operator S generates
a one-parameter group U, = exp(isS) of unitaries in B(H). After second
quantization this leads to a one-parameter group I'(exp(isS)) of unitaries
in W = B(F(H)). Denote the Stone generator of I'(exp(itS)) by A(S), i.e.
I'(exp(isS)) = exp(isA(S)). Note that A(S) is affiliated to the commutative
von Neumann algebra generated by {I"(Us)}ser.

Let H = L*(R*). For t >0, let P; be the projection given by P, = M, . P;
is selfadjoint and therefore generates a one-parameter group U! = exp(isP;).
Let C be the commutative algebra generated by all U! for s € R,t > 0.
Introduce the shorthand A; for the Stone generators A(P;). Note that for all
t > 0, A; is affiliated to C. On the nth layer of the symmetric Fock space
I'(exp(isP;)) acts as exp(isP;)®™. Differentiation with respect to s shows
that on the nth layer of the symmetric Fock space 4, = P, @ I" '+ I P, ®
I"2 + ...+ I""! @ P,. This shows that A; counts how many particles (i.e.
photons) are present in the interval [0, ¢].

For f € L?(R) we define a coherent vector 1 (f) as the exponential vector
normalised to unit length, i.e.

W(f) = e 21 Pe(f) = W(f)e(0) = W(f)o.

We can now define a coherent state on W = B(F(L*(RT1))) by p(4) =
(W(f), A(f)). The spectral theorem (Theorem 1.3) provides a measure space
(2, %, 1), a *-isomorphism ¢ : C — L°°(£2, X, ) and a probability measure
P such that Ep(¢(C)) = p(C) for all C' € C. Since the selfadjoint operators
Ay are affiliated with C, we can represent them as random variables ¢(A4;) on
(2,2,P).

For t1 > s1 > to > so the joint characteristic function of the increments
t(Ay) — o(Asy) and (Ay,) — 1(As,) is given by

Ep (6ik1 (s e~ (Aey) ) +ikz (L(AQ)*L(ASZ))) _

(w0 (s (=) Y (e (Pamra) Yy ) =
e—l\f|\2<e(f)7e<e“f1(Ptl_P51)eik2(Pt2_Ps2)f)> _
e<f7 <6“‘"1 (Ptl ’Psl) 2 (Pt2 ’PSZ) —1) f>

elot FIDIFPAA [ (2 -DIfPax g b e R

This shows that {¢(A;)}:>0 is a process with independent increments. More-
over, it shows that ¢(A;),~ is a Poisson process with intensity measure | f|2d,
where \ stands for the Lebesgue measure. Since 1(f) = W (f)®, we can also
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work with respect to the vacuum by sandwiching A; by W (f). We conclude
that in the vacuum the process W(f)*A;W(f) is a Poisson process with in-
tensity measure |f[2dA.

2 Conditional Expectations

In this section we start with a discussion to illustrate how the classical condi-
tional expectation can be transferred to quantum models using the spectral
theorem. In pushing the classical concept as far as possible, we arrive at a
definition for the quantum conditional expectation. In Section 4 we state the
quantum filtering problem in terms of the newly defined quantum conditional
expectation.

2.1 Towards a Definition

Let B be a von Neumann algebra on a Hilbert space H and let P be a normal
state on B. Let X and Y be two selfadjoint commuting elements of . Their
expectations are given by P(X) and P(Y'), respectively. In this subsection we
show how to define the conditional expectation P(X|Y) of X given Y.

Let us first recall the classical definition. Suppose that F' and G are random
variables on a probability space (£2, X, P). Let us suppose for convenience
that {2 is a finite set. Since G is a function on a finite set, its range Ran(G)
is also a finite set. The classical conditional expectation Ep (F|G) of F given
G is the random variable (i.e. a measurable function from 2 to C) given by

) — Ep (FX[G=g)) D w
Ep(F|G)(w) geRzaI:l(@ P(G = g)) XG=g] (@), €1, (2.1)

where [G' = g] is the set {w € 2; G(w) = g} and x[g—g is the indicator
function of that set. Note that Ep (F|G) is not just X-measurable, but even
o(G)-measurable, where o(G) is the o-algebra generated by G. If {2 is not a
finite set, and might even be continuous, this last point is the guiding idea.
The conditional expectation is then defined as the orthogonal projection from
L?(02,%,P) onto L?(£2,0(G),P) (and then extended to L), see [28].

Instead of a direct definition as in Equation (2.1), or as an orthogonal
projection on an L2-space, we can provide an abstract characterization of
the conditional expectation. Given a o-subalgebra Xy of Y, we call a Y-
measurable random variable Ep (F|Xy) a version of the conditional expecta-
tion of F on Xy, if for all Yy-measurable random variables S we have

Ep (Ep(F|%0)S) = Ep(F5). (2.2)
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In geometric terms this is just a characterisation of the projection discussed
above. Therefore, there exists an object that satisfies this definition, see [28].
Tt is easy to see that the direct definition in Equation (2.1) satisfies the ab-
stract characterisation of Equation (2.2) if we take Xy = o(G). Furthermore,
there is almost surely only one Ep(F'|Y)) satisfying (2.2) (hence the termi-
nology “...a version of the...”). The proof of this statement is the same as
that for the quantum case, which we will give below. Starting from the defin-
ition of the classical conditional expectation Ep (F|Xy) in Equation (2.2) we
can prove that it has the following properties see e.g. [28]. It is linear in F', it
maps positive random variables to positive random variables, it preserves x,
it has the module property Ep (F'S|Xy) = Ep(F|Xy)S for all Xy-measurable
functions S, it satisfies the tower property Ep(Ep(F|X1)|X0) = Ep(F|X0)
whenever Yy C Xy, and it is the least mean square estimate of F' (see also
further below).

Let us return to the commuting selfadjoint operators X and Y in the von
Neumann algebra B equipped with the normal state P. The operators X
and Y together generate a commutative von Neumann subalgebra A of B.
The spectral theorem provides a measure space (2, X, 1), a *-isomorphism ¢
from X to L°(£2, X, u) and a probability measure P on X such that P(C) =
Ep(:(C)) for all C' € X. We know how to condition ¢«(X) on ¢(Y), that can be
done with the classical conditional expectation Ep (¢(X)[c(Y)). It is natural
to define the quantum conditional expectation as

P(X|Y) =" <]Ep (L(X)\L(Y))).

We now see that we can only condition those observables X € B that com-
mute with Y. That, however, is exactly as it should be. In one realization
of an experiment we can only access commuting observables. Two noncom-
muting observables can never both be assigned a numerical value in a single
realization of the experiment, i.e. there is no need for conditioning them
on each other. This idea has been called the nondemolition principle. Note,
however, that two operators X; and Xs that both commute with Y need not
necessarily commute with each other.

It is now straightforward to define the conditional expectation of a self-
adjoint operator X on a commutative subalgebra C of B with which X com-
mutes, i.e. XC = CX for all C' € C. In short, let X be the commutative
algebra generated by the whole of C and X together. Apply the spectral
theorem to (X, P), that enables the definition of a ¢, and then define

P(X|C) := (]Ep (L(X)‘U(L(C); Ce c))). (2.3)

In the next subsection we start with the formal definition of the quantum
conditional expectation.
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2.2 The Quantum Conditional Expectation

Definition 2.1. (Quantum conditional expectation) Let (B,P) be a
quantum probability space. Let C be a commutative von Neumann subalge-
bra of B. Denote by A its relative commutant, i.e. A=C":={A e B; AC =
CA, ¥C € C}. Then P(-|C) : A — C is (a version of) the conditional expec-
tation from A onto C if

P(P(A|C)C) = P(AC), VA€ A VCeC. (2.4)

Note that the conditional expectation P(-|C) is defined only on the com-
mutant A of C! The definition that we gave here is more restrictive than the
one that is usual in quantum probability (see e.g. [26]). There, one also allows
for the conditioning on noncommutative subalgebras.

In applications, we start with the quantum probability space (B @ W, P).
Here B is the algebra with which we model some system of interest (two-level
atom, a gas of atoms etc.), W = B(F(L?(R))) is the algebra with which we
model the electromagnetic field and P = p ® ¢, where p some normal state
on B and ¢ is the vacuum state on the field. A commutative subalgebra C
is then generated by the observations we perform (see further below). Next,
we choose A to be the relative commutant of C. The algebra A consists
of the observables that have not been demolished by our observations, i.e.
it consists of all operators that are still compatible with C. The following
lemma, establishes existence and uniqueness for the conditional expectation
of Definition 2.1.

Lemma 2.2. The conditional expectation of Definition 2.1 exists and is
unique with probability one, i.e. any two versions P and Q of P(A|C) sat-
isfy | P — Q|lp = 0, where || X||3 := P(X*X).

Proof. Existence. For a self-adjoint element A € A we can define P(A|C) via
Equation (2.3). We now need to check that it satisfies the abstract char-
acterisation Equation (2.4). That, however, follows easily from the classical
couterpart Equation (2.2). If A € A is not self-adjoint, then we write it as
the sum of two self-adjoint elements

(A+ A*) —i(i(A— A"))
9 ;

and simply extend P(-|C) linearly. It is easy to see that that obeys
Equation (2.4).

Uniqueness w.p. one. Define the pre-inner product (X,Y) :=P(X*Y) on A
(it might have nontrivial kernel if P is not faithful.) Then (C, A — P(A|C)) =
P(C*A) — P(C*P(A|C)) = 0 for all C € C and A € A, i.e. A —P(A|C) is
orthogonal to C. Now let P and Q be two versions of P(A|C). Tt follows that
(C,P—Q) = 0forall C € C. But P—Q € C,s0 (P—Q, P—Q) = |P—Q||2 = 0.
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The next lemma asserts that, as in the classical case, the conditional ex-
pectation is the least mean square estimate.

Lemma 2.3. P(A|C) is the least mean square estimate of A given C, i.e.
JA—PAC)s < |A-Kllp, VK eC.
Proof. For all K € C we have

|A — K2 = ||A - P(A[C) + P(AC) — K|

= A~ PO + [P(AC) - Kz > A~ P(AI0) |5,
where, in the next to last step, we used that A — P(A|C) is orthogonal to
P(A|IC) — K e C.

Remark. We have now highlighted the existence, uniqueness with prob-
ability one, and the mean least squares property of the quantum conditional
expectation. The other elementary properties of classical conditional expec-
tations and their proofs [28] carry over directly to the noncommutative set-
ting. In particular, we have linearity, positivity, preservation of the identity,
the tower property P(P(A|B)|C) = P(A|C) if C C B, the module property
P(AB|C) = P(A|C)B for B € C, etc. As an example, let us prove linear-
ity. It suffices to show that Z = aP(A|C) + SP(B|C) satisfies the definition
of P(aA + BB|C), i.e. P(ZC) = P((aA + BB)C) for all C € C. But this is
immediate from the linearity of P and Definition 2.1.

In Section 4 we will need to relate conditional expectations with respect
to different states to each other. This is done by the following Bayes-type
formula.

Lemma 2.4. (Bayes formula [8] [7]) Let (B,P) be a noncommutative prob-
ability space. Let C be a commutative von Neumann subalgebra of B and let
A be its relative commutant, i.e. A =C = {A € B; AC = CA, VC € C}.
Furthermore, let Q@ be an element in A such that Q*Q is invertible and

P(Q*Q) = 1. We can define a state on A by Q(A) := P(Q*AQ) and we

have
P(Q"XQlc)
P(Q*Qlc)
Proof. Let K be an element of C. For all X € A, we can write

Q(x|c) = XeA
]P’(]P’(Q*XQIC)K) =P(Q*XKQ) = Q(XK) = Q(Q(X|C)K> _
P(Q'Qu(Xl0)K) = P(P(Q'QU(X|0)K|c)) =
P(P(Q*Q|C)Q(XC)K).

Note that the invertibility of P(Q*Q’C) follows immediately from the invert-
ibility of Q*Q.
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3 Quantum Stochastic Calculus

We have seen in Section 1.3 that the quantum probability space (W, ¢) con-
tains a rich variety of Wiener and Poisson processes. We will now introduce
stochastic integrals with respect to these processes and study their stochastic
calculus. Quantum stochastic calculus has been introduced by Hudson and
Parthasarathy [16]. Quantum stochastic differential equations describe the in-
teraction between atoms and the electromagnetic field in the weak coupling
limit.

3.1 The Stochastic Integral

Lemma 3.1. Let Hy and Hsy be Hilbert spaces. There exists a unique unitary
isomorphism U : F(H1 @ Ha) — F(H1) ® F(Hz) such that

Ue(zdy) =e(x)®e(y), x€Hi, yeE Ho. (3.1)

Proof. By linear extension of the relation in Equation (3.1) we get a sur-
jective map from D = span{e(z); * € Hi; ® Ha} to Dy ® Dy where
D; = span{e(x); x € H;}. Note that D is dense in F(H; & Hz) and Dy ® Ds
is dense in F(H1) ® F(Hz). Moreover, for all z1,y; € H; and z2,y2 € Ha we
have

{e(r1 @ x2),e(y1 @ y2)) = elT1Tr2v1H2) = (T1.01) o (@2:02)

= (e(@1), e(yn)){e(@2), e(y2)),

i.e. U: D — D;®Ds is isometric and therefore extends uniquely to a unitary.

We will often identify F(H;®Hz) and F(H1)@F (Hs) using the unitary of
Lemma 3.1. For all t > s > 0 we define F = F(L*(R")), Fy = F(L*([0,1])),
~7:£s,t] = F(L*([s,t])) and Fy = F(L*([t,0)). For t,, > ... > t; > 0 we have
L?(RT) = L*([0,t1]) @ L3([t1,t2]) & ... @ L*([tn, 00)). Therefore, in the sense
of Lemma 3.1, we get

F=Fi)® Fitpa] ® - 8 Fito 1.0 @ Fi

Every partition leads to a tensor product splitting of the symmetric Fock
space. In this sense the symmetric Fock space is a continuous tensor product.
Let Hi and Hy be Hilbert spaces. Denote H = Hy & Ha. It easily follows
from the definition Equation (1.4) that

W(.’El D .’1?2) = W(.Q?l) X W(.’E2>7 x1 € Hy, 2 € Hs. (32)
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This means that the algebra generated by the Weyl operators also splits as
a continuous tensor product, i.e. for t,, > ... > t; > 0 we have

W = th] (024] W[tl,tz] ®...xQ W[ tn] (024] W[t,

tn—1,

where W = B(L?*([0,00))), Wy = B(L*([0,1])), Wis.y = B(L*([s,t])) and
Wy = B(L?*([t,00))). Furthermore, from the definition in Equation (1.6) it
follows that

F(S1 D 52) = F(Sl) X F(SQ) (33)

for all contractions Sy € B(H1) and Se € B(Hz).

Definition 3.2. On the dense domain D = span{e(f); f € L*(R")} we
introduce annihilation A; and creation A; operators by

1 ) ) . 1 . .

A= (Blixp) — iBOon)),  Af =, (Blixon) +iB(xon)):
where B(f) denotes the Stone generator of W (¢f). The restriction of A; to D
is also denoted by A; and is called the gauge process. The operators A;, A;
and A; are called the fundamental noises.

It can be shown e.g. [21] that the domain of the Stone generators B(f), f €
L*(R") contains D, that Awe(f) = (X[o,.f)e(f) and that A} is the ad-
joint of A; restricted to D. Moreover, from its definition it follows that
(e(f), Aee(f)) = (9, x10,4.)(e(9),e(f)). In particular this means that A;P =
Aie(0) = 0 and AP = 0, properties that we will exploit later on. Let M;
be one of the fundamental noises. It is a consequence of Equations (3.2) and
(3.3) and the definition of the fundamental noises as (linear combinations of)
generators of one-parameter groups that

(M = Me(f) = e(fq) @ (M = Mo)e(fia)) @ e(fi), (3.4)

where f € L*(RY), fy = X5/ fis] = X005 ft = Xjt,oe)f and (M; —
M)e(fis,) € Fls,1- In the following we will for notational convenience often
omit the tensor product signs between exponential vectors. Let H be a Hilbert
space, called the initial space. We tensor the initial space to F and extend
the operators A;, A} and A; to H ® F by ampliation, i.e. by tensoring the
identity to them on H (however, to keep notation light we will not denote
it). We denote the algebra of all bounded operators on H by B.

Definition 3.3. (Simple quantum stochastic integral) Let {Ls}o<s<¢
be an adapted (i.e. Ly € B® W, for all 0 < s < t) simple process with
respect to the partition {sg = 0,s1,...,5, = t} in the sense that L, = Ly,
whenever s; < s < s;41. The stochastic integral of L with respect to a
fundamental noise M on H ® D is then defined as [16, 21]
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/Ot LsdM, xe(f pil (L we(fs) )((M5j+1 - Msj)e(f[s,-,s,-+1])>e(f[sj“),

=0
for all x € H and f € L*(R™).

Let {Ls}o<s<¢ be an adapted process, i.e. Ly € B& W, for all 0 < s < 1.
We would like to define the integral

t
I, = / LydM,,
0

as a limit of simple integrals I}]* = fot L7?dM, where L™ is an approximation of
L by simple adapted processes. In the classical case we use the It6 isometry
to define the stochastic integral as a mean square limit of simple processes.
Moreover, one can show that each mean square integrable process can be
approximated by simple processes. Let us see how far we would get using
this procedure in the quantum case. For simplicity suppose that the initial
space is trivial H = C. Suppose that we are working with respect to the
vacuum state ¢ on W. Following the classical reasoning, we are looking for
an operator I, such that ((I; — I]')®, (I; — I]')®) — 0 as n — oo where I]* are
simple integrals corresponding to simple approximations of L. This however,
would only fix the action of I; on the vacuum vector @. It remains unclear
what the domain of I; is and what the action of I; is on the vectors in that
domain that are not the vacuum.

The solution to this problem was given by Hudson and Parthasarathy [16].
They simply fix the domain for a stochastic integral I; to H ® D (one could
choose a dense domain in H, for simplicity we have chosen H). Moreover, they
consider I} to be an approximation of Iy if ((I; — I]")x @1, (I I")x®w) —0
as n — oo for all x € H and ¢ € D. This limit exists if fo |Ls — L?|ds —
0asn — oo for all x € H, v € D and the limit is independent of the
approximation [16]. Moreover, every adapted square integrable process L, i.e.
fot |Lsx @ 9|?ds < oo for all z € H, 1 € D admits a simple approximation
[16]. This means that for every adapted square integrable L, we now have an
unambiguous definition of the stochastic integral fot LsdM,, where M, can
be any of the three fundamental noises. Adapted square integrable processes
are said to be stochastically integrable. We use the following shorthand for
stochastic integrals dX; = L;dM; means X; = Xg + fot L.dM,.

Since A;® = A, @ = 0 it is immediate from the definition that quantum
stochastic integrals with respect to A; and A; acting on @ are zero, or in-
finitesimally dA;®; = dA;®@[; = 0. From this we can immediately conclude
that vacuum expectations of stochastic integrals with respect to A; and A;
vanish. Furthermore, we have (&, [} LdA*®) = ( [ L*dA,$,®) = 0, ie.
vacuum expectation of stochastic integrals with respect to A; are zero as
well. Note, however, that dA; @[, # 0.
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To get some more feeling for the definition of the quantum stochastic in-
tegral we will now investigate which quantum stochastic differential equation
is satisfied by the Weyl operators W (fy) (f € L*(R")). Note that the sto-
chastic integrals are defined on the domain D. Therefore we calculate for g
and h in L2(RT)

= (e(9), W (Fpe(h)) = e~ S =2 M0l (e(g), e(h + fy))
:e<g,ft]> (Fasm) =31 Ful® lah)

which means that

t
d
o) = 900) = [ (elo). 5 (tg.£a) = () = a7 )0(s)eCr) ).
Let us turn to the definition of the stochastic integral, Definition 3.3. Let
{0 = s0,51,...,8, =t} be a partition of [0,¢] and choose Ls = f(s;)W(fs,))

for s; <'s < sj41. Let further M; be Ay, then the definition of the stochastic
integral gives (heuristically in the last step)

<f(8j>W(ij])e(th])) <<A81+1 - Asj)e(h[51751+1]))e(h[51+1> =

— / (Fa By W (£g) e(h),

Together with a similar calculation for M; = Aj, this yields the following
quantum stochastic differential equation for the Weyl operator W(fy)

W) = {F(0aA; — F0dA — O Wiy).  (35)

3.2 The Calculus

We now turn to the calculus satisfied by the quantum stochastic integrals we
defined in the previous subsection. It is the calculus that makes the theory
useful, it allows us to forget the tedious definition of the integral in compu-
tations and instead to perform algebraic manipulations with increments.
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Definition 3.4. A pair (L, L") of adapted processes defined on ‘H ® D is
called an adjoint pair if

(z@e(f), Liyze(f)) = (Lizce(f), yze(f)), =,y €H, f.ge L*RT), t>0.

The dagger replaces the adjoint on the domain H ® D. It is easy to see
that (A, A*) and (A, A) are adjoint pairs. Moreover, if (L, LT) is an adjoint
pair, then (X, X) is an adjoint pair, where dX; = LdM; and dXtT = LTthT.
Theorem 3.5. (Quantum Ité rule [16]) Let (B, B), (C,C"), (D, D),
(E,ET) be adjoint pairs of stochastically integrable processes. Let Fy, Gy, Hy

and I; be stochastically integrable processes. Let Xy and Yy be stochastic in-
tegrals of the form

dX, = BydA, + CydA, + Dyd A} + E,dt,
dY, = FdA, + GydA, + HidA; + Ldt,

Suppose XYy is an adapted process defined on HRD and XF, XG, XH, X1,
BY,CY,DY,EY,BF, CF,BH and CH are stochastically integrable, then

d(X,Y;) = X, dY; + (dX;) YV; + dX, dY,,

where dX:dY; should be evaluated according to the quantum Ito table

dA; dA, dA? dt
dA, 0 dA,dt 0
dA, 0 dA, dA: O
dA*0 0 0 0
d 0 0 0 0

i.e. dXdY; = B FydAy + CyFydAy + BiH dAY + CyH,dt.

Suppose that the product X;Y; is an adapted process defined on H ®
D. Then we can read off an expression for X,;Y; from the matrix elements
<ng®e(f), Y}y<8>e(g)>7 which explains the need for the concept of an adjoint
pair. Writing out these matrix elements using the definition of the stochastic
integral is the basic ingredient of the proof of the quantum It6 rule, see [16]
and [21]. To get some more feeling for the proof of the quantum Ité rule we
compute for z,y € H and f,g € L*(RT)

<$e(f),AtA:ye(g)> = <$e(f)a (A:At + [Ath:Dye(g)> -
<Atx6(f)7 Atye(g)>+ t<$6(f), ye(g)> = (<f7 X[O,t]><X[O,t]a g> + t) <l’6(f), ye(g)>

Infinitesimally that reads d(A;A}) = AdAf + AfdA, + dt. Note that the Ito

correction term finds its origins in the commutator between A; and A;.
Note that we need to check many conditions before we are allowed to

apply the quantum It6 rule. In practice though we mostly work with ‘noisy
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Schrédinger equations’, which have unitary and therefore bounded solutions.
If the integrals and coefficients are bounded, then all the requirements of the
theorem are satisfied. In the remainder of these notes we will not worry much
about these issues and just assume that we can apply the quantum It6 rule.

In Section 1 we encountered the classical Wiener processes By = ie "> A;—
ie’Aj for a € [0, 7). Since dBf* = ie”*““dA;—ie'*d A}, we recover the classical
It6 rule for these Wiener processes, i.e. (dB®)? = dt, from the quantum It6
rule. For an f € L?(RT) we can write the Weyl operator W(fy) as W(fy) =
exp ( fot f(s)d(Az — Ay)). Therefore it follows from the quantum Ito rule that
the Weyl operators W (fy) satisfy equation (3.5), where — | f|2W (fy)dt is
the It6 correction term. The Poisson process of the previous section was given
by A{ = W(f)* AW (f) in the vacuum state, for which the quantum It6 rule
gives

dAL = dA, + [(t)dA, + [(t)dA] + | f(t)|%dt,

which leads to the classical Ito rule (d/l{ )? = d/l{ for the Poisson process.
Furthermore, integrating the above equation, we see that /1{ = A+ B(ify)+

Jo 1f (s)2ds.

3.3 Open Quantum Systems

In quantum optics the basic model consists of some physical system of in-
terest, e.g. a two-level atom, a cloud of atoms, or an atom in a cavity, in
interaction with the electromagnetic field. The interaction between the elec-
tromagnetic field and the system of interest is described by quantum elec-
trodynamics, see e.g. [10]. The dynamics is given by a Schrodinger equation
in which the atomic dipole operator couples to a stationary Gaussian wide
band noise. The next step is to approximate the wide band noise by white
noise. See [1], [14] and [11] for rigorous limits implementing this Markovian
approximation. In this procedure the Schrédinger equation given by quantum
electrodynamics transforms to a quantum stochastic differential equation of
the form

1
AU, = {(S — 1)dA; + LdA] — L*SdA, —  L* L - int} Uy, Up=1,
(3.6)

where S, L and H are operators on the system of interest, H being selfadjoint
and S being unitary. See [14] for a description of how gauge terms can arise
from QED Hamiltonians in a Markovian approximation. For simplicity we
have considered only one channel in the field. In the examples below we will
briefly describe systems that interact with two field channels.

A Picard iteration scheme shows that there exists a unique solution to
Equation (3.6). Using the quantum It6 rule we can calculate dU;U; =
dU U = 0, i.e. the solution to Equation (3.6) is unitary. We define the
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time evolution of observables of the system of interest by the flow j,(X) =
U (X ® I)U;. Using the quantum It6 rule, we find

djy(X) = ji (C(X))dt+5i (S*X S—X)dA+je ([L*, X S))dA+5: ([S* X, L])dA;,

where the Lindblad generator [18] is given by
1
L(X) =i[H, X] + I'XL—  (L"LX = XL*L).

Instead of going through a rigorous Markov limit, we will always take the
quantum stochastic differential equation (3.6) as our starting point.

Ezxample 3.6. Suppose we are studying a two-level atom in interaction with
the electromagnetic field. The two-level atom is described by the quantum
probability space (M2(C), p) and the field is described by (W, ¢). The oper-
ators S, L and H are given by

B B (00 Chwo (M0 0
S—I7 l/—’}/(f_—<’y0)7 H = 202—(0 _ﬁ;}o )

where 7 is Planck’s constant, v > 0 is a decay parameter, and wy € R is
the so-called atomic frequency, determined by the fact that hwy is the energy
difference between the two levels. That is, the interaction between the two-
level atom and the electromagnetic field is given by the following quantum
stochastic differential equation (o4 = o)

2

hw
AU, = {w_dA;‘ v dA, — 72 oo dt —i 2oazdt} U,  Up=1.

A laser driving the two-level atom could be modelled by an additional Hamil-
tonian 20, = 2(c_+o04), with 2 € R. A more realistic model is obtained by
adding an extra field channel in a coherent state (the laser). If we distinguish
two field channels, then the two-level atom and the field together are de-
scribed by the quantum probability space (Ma(C)@W1 @Ws, p@¢®0c) where
o is the state given by the inner product with the vector (f) = W(f)e(0),
for some f € L?(RT). Here |f] is the amplitude of the laser and the phase of f
represents the phase of the driving laser. The quantum stochastic differential
equation is given by

dUt = {’YlJ,dATt - ")/10'+dA1t + ’)/QO',dA;t — ’}/20+dA2t —

v +3

he
y Porodt—i 2002dt}Ut, Up =1,

with 71,7 > 0. If we are only interested in the evolution of adapted
observables, then we have W (f)*U; XU W (f) = W(fq) U XUW (fy).
Therefore we can describe the system by the quantum probability space
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(M2(C) @ W1 @ Wh, p ® ¢ ® ¢), and interaction given by U, = UW (fy)-
Using the quantum Ito6 rule it is easy to see that

U, = {yla,dATt — yoydAy + LdAS, — L*dAy —

20v0_ +L°L .k - -
R TR L int}Ut, Uo = I,
2 2
with L = y90_ + f(t) and H = i(y2f (t)o+ — v2f(t)o_)/2. The Hamiltonian
H reduces to the simpler form Qo if 2 =iy f(t)/2 and f(t) = —i.

Ezxample 3.7. We consider a two-level atom inside a cavity. The cavity has
one leaky mirror which couples it to the outside field. The cavity is described
by the Hilbert space ¢?(N). Let n € N. Denote by 4, the element of /%(N)
given by d,(n) = 1 and 6,(m) = 0 for all m € N\{n}. The annihilation
operator is given by bd,, = \/nd,_1, n € N* and bdy = 0 (we will not worry
about defining a domain for b). The creation operator b* is the adjoint of b.
The two-level atom in the cavity coupled to the field can be described by the
quantum probability space (Mz(C) ® B(¢*(N)) @ W, p @ 0 ® ¢), where p is
some state of the two-level atom, o is some state on B(¢?(N)) (the cavity)
and ¢ is the vacuum state of the field. The quantum stochastic differential
equation describing the two-level atom, the cavity, and the field together is

2
AU, = {7bdA§ — bt dA, — 72 b*bdt + g(osb — o_b*)dt —
i(Agcs + Acb*b)dt}Ut, Up=1.

Here v and g are positive parameters, determined by the cavity. The parame-
ters A, and A, are real. More information about cavity QED can be found
n [10]. See [13] for rigorous results on systems including a cavity.

Ezxample 3.8. We consider a gas of atoms in free space in interaction with a
linearly polarized laser beam [25]. Suppose the atoms are all two-level atoms,
i.e. the Hilbert space of the gas is given by H := C2". Here N represents the
number of atoms in the gas. The gas is described by the quantum probabil-
ity space (B(H),p), where p is a state on the algebra B(H) of all bounded
operators on ‘H. We model the laser beam by the symmetric Fock space over
the one photon space C? @ L?(R™). Here C? describes the polarization and
L?(R*) describes the spatial degree of freedom of a photon in the beam.
Since the speed of light is constant, we can identify the spatial degree of
freedom with time. Let {e;,e,} be the orthonormal basis in C? such that e,
corresponds to an z-polarized photon and e, to a y-polarized photon. We can
identify C? @ L?(R*) with L?(RT) @ L?(R*) by the linear map that maps
ex @ f to (f,0) and e, ® g to (0,g) for all f,g € L*(RT). That is, the laser
beam consists out of two polarization channels

F(C R L*R") = F, @ F,.
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Let W, and W, be the algebras of all bounded operators on F, and F,
respectively. The gas and the z-polarized laser beam together are modelled
by the quantum probability space (B (H)@Wy @Wy, p® 0) where o is given
by the inner product with the coherent vector 9 (e, ® f) in F(C? ® L3(R1))
given by

vler s ) =exp (~ 3 1117) 1 =@ ol

n=1

The modulus and phase of f(¢) correspond to the amplitude and phase of
the laser at time ¢.

We can also choose the circularly polarized basis {ey,e_} in C?, given by
er = —(ex +iey)/v/2 and e = (e, —ie,)/V/2. In an analogous way as for
the linear basis {e,, e, } this leads to an identification

FCP@L*RY) =F, @ F_.

In a suitable appproximation [25], the interaction between the laser beam
and the gas of atoms can be described by the following quantum stochastic
differential equation [5]

aU; = {(e"F= = D)dAF* + (e — ;" U, Up=1.  (37)

Here & is a real coupling parameter. The processes At and A; ~ are the

gauge processes on F and F_, respectively. The operator F : c?” - 2"
is the collective z-component of the spin of the atoms

N
Fo=) I "' 0o @IV

i=1

Equation (3.7) shows that right polarized photons rotate the spin over a
positive angle x along the z-axis and left polarized photons rotate the spin
over a negative angle x along the z-axis.

4 Quantum Filtering

In this section we formulate the filtering problem and solve it by a change
of measure technique that is inspired by classical filtering theory [20, 12, 29].
Quantum filtering has been introduced by Belavkin using martingale methods
[3, 4], see also [6]. The treatment below follows [8, 9] and is based on the
quantum Bayes formula and a trick introduced by Holevo [15].
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4.1 The Filtering Problem

Let (B, p) be the quantum probability space with which we model a certain
system of interest, e.g. a two-level atom, a dilute gas of atoms, an atom in
a cavity, or a harmonic oscillator. The system of interest is coupled to the
electromagnetic field (W, ¢) which we will take to be in the vacuum state.
The combined system is then described by the quantum probability space
(B® W,P) where P = p ® ¢. Suppose the interaction between the system
of interest and the electromagnetic field is given by a QSDE of the following
type

1
AU, = {LdA: — L*dA, — [ L*Ldt - int} U, Uy=1I (41)

where L and H are elements in B, H being selfadjoint. For reasons of conve-
nience we have restricted ourselves to only a single channel in the field and
no gauge terms in the QSDE.

We will work in the Heisenberg picture, i.e. the state P remains fixed and
the observables evolve in time according to j;(S) = U;SU; where S is an
element in B ® W. Let X be a system operator, i.e. X € B, then it follows
from the quantum It6 rule that

dji(X) = je (L(X))dt +jt([L*7XDdAt +jt([Xa LDdA:- (4.2)

We will call Equation (4.2) the system.

In the field we are doing a measurement continuously in time. We will allow
for two possible measurement setups, direct photon detection, for which the
observations are given by Y,! = U A,U;, and homodyne detection, for which
the observations are given by Y,V = U} (e "% A, +¢'?t A7 )U,. For convenience
we will choose ¢, = 0. We will not go further into the details of the homodyne
detection setup here, but instead refer to [2]. Using the quantum It6 rule we
obtain

Y = dAy + Ge(L)dAT + jo(L")dAq + jo(L* L)dt,
(4.3)
AV, = ji (L + L*)dt + dA, + dA;].

The quantum probability space (B ® W,P) together with Equations (4.2)
and (4.3) define a system-observations model, in analogy to the system-
observation models in classical stochastic control theory.

Only if the observations at different times commute with each other, can we
observe them in a single realization of an experiment. The requirement that
the observations are commutative is called the self-nondemolition property.
Note that if the observations are self-nondemolition, then they can be mapped
onto a classical stochastic process via the spectral theorem. This classical
stochastic process can be read off from the measurement apparatus while the
measurement is taking place continuously in time. Let us now check that the
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observation processes Y;! and Y,V are indeed self-nondemolition. Let Z be
an operator of the form I ® Z ® Iy on H & Fy @ Fs. It follows from the
quantum It6 rules that for all t > s

t t t
U'ZU, = U:ZUS+/ U:E(Z)U,.dr—l—/ Uz, L]U,.dAf.—&—/ U [L*, Z|U,dA,.
Since Z is a field operator and L and H are system operators, we have that
L(Z)=[L,Z] = [L*, Z] = 0. Therefore we have U; ZU, = U} ZU,. Using this
result with Z = A, we find

YA YA = [UF AU, UZ AU = [UF AUy, UF AU = U [ Ay, AU = 0,
where we used that [A;, A5] = 0. In a similar way we find [Y,V, Y] = 0.
That is, both processes Y and YW are self-nondemolition. Note however
that [V;4,Y,W] # 0, we can not observe both processes in a single realization
of the experiment.

Define the von Neumann algebra generated by the observations up to
time ¢ by Yy = vN{Y5; 0 < s < ¢}, where Y; is either YSA in case of direct
photodetection, or YV in case of homodyne detection. We would like to
estimate j;(X) for all operators X € B based on the observations up to time
t. That is, we would like to calculate the conditional expectation P(j,(X)|);)
which is the mean least squares estimate of j;(X) given );. However, in
order for P(j;(X)|):) to be well-defined, we have to show that j;(X) is in the
commutant of );. This requirement is called the nondemolition property. To
show that j:(X) is nondemolished by ); we again use that U ZU, = U} ZU;
for all operators of the form I® Z® I, on H®Fy)@F|s. If we take Z = A+ Aj
when Y, = YSW and Z = A; when Y, = YSA, then we obtain

[1:(X),Ys]) = (U XU, U ZU| = [U; XU, U ZUy| = UF X, Z)Uy = 0,

where we used that [X, Z] = 0 since X is a system operator and Z is a field
operator. This establishes the nondemolition property and therefore also that
P(5:(X)|):) is well-defined.

We will now focus on finding the filtering equation, i.e. a recursive equation
for updating P(j:(X)|):) in real time. Note that since P(j:(X)|):) depends
linearly on X and is positive and normalized, we can define an information
state m; on B by

(X)) =0 (P(je(X)| )

where ¢ maps Y; to a classical process via the spectral theorem. Note that
7 is a stochastic state, it depends on the observations up to time ¢. The
filtering equation propagates the information state m; in time and is driven
by the observations.
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4.2 Change of State

Homodyne Detection

Suppose that we are doing a homodyne detection experiment and that the
interaction between the system of interest and the field is given by Equation
(4.1). Our system-observations pair is then given by the quantum probability
space (B® W, P) and the equations

dje(X) = je (L(X))dt + 5o ([L*, X])d A + 5o ([X, L])dA;,
dYy = jo(L + L*)dt + dA; + dA;.

Solving the corresponding filtering problem means to find a recursive equa-
tion that propagates P(j;(X)|);) in real time. Our strategy will be to change
to a different state R?, the so-called reference state. We will choose the refer-
ence state R? such that the observations have independent increments. That
will make it easier to manipulate conditional expectations. Using the Bayes
formula we can relate conditional expectations with respect to R back to
conditional expectations with respect to P.

Note that the process A; + A%, 0 < s <t is a Wiener process under P,
i.e. it has independent increments under P. Therefore, if we define a reference
state

Rt(5> = P(UtSUt*), S e Ut*B Q@ WU,

then we see that under this state the observations Y = js(A4s + A%) =
Ji(As+ A¥) form a Wiener process. That is, under R?, the observation process
Ys = js(As + A%), 0 < s <t has independent increments. Moreover, under
R? the system j;(X) (X € B) and the observations Yy, 0 < s < ¢ are
independent. From the definition it is immediate that

P(S) = RYU;SU;), SecBaW.

We would now like to use the Bayes formula with ) = U, to relate conditional
expectations with respect to P to conditional expectations with respect to R’.
However, U, is not in the commutant of );. The following trick, in the spirit
of [15], resolves this problem.

We search for an element Q); that satisfies the following two requirements

1. RYU;SU,) =RYQ:SQ)), SeBaW,

4.4
2. @ is affiliated to the commutant of ;. (44)
We could then use the Bayes formula with @ = @, to obtain
. RY(Q73:(X) Q| V)
P(]t(X>‘yt) _ ( t t( ) t| t). (45>

R (Q7 Q)
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The two conditions of Equation (4.4) are satisfied if we can find an element
Q) that satisfies

1. QUved=vd, YveH,

4.6
2. Q. is affiliated to the commutant of ). (4.6)
Or equivalently, if we can find an element V; that satisfies
1. Vooed=Uw®d, YveH,
! ! (4.7)

2.V, is affiliated to the commutant of C;,

where C; = Uy DU = vIN{A; + A% 0 < s < t}. Indeed, if V; satisfies the
conditions in Equation (4.7), then Q; = j:(V;) satisfies the conditions in
Equation (4.6) and subsequently Equation (4.4). Let Vs for 0 < s < t be
given by

v ={ L7 +aA) ~ L Ldr—ia bV Vo1 (@49

then Viv ® & = Uyv ® @ for all v € H. Moreover, the equation is driven by
dA; + dA; and the coeflicients L and H are in the commutant of C, i.e. Vj
is for all 0 < s < t affiliated to the commutant of C;. We conclude that V;
given by Equation (4.8) satisfies the conditions in Equation (4.7).

On B we define an unnormalized information state by

o1(X) = RYQ15e(X)Qel V1) = R (o (Vi X V)| W%).-
From the Bayes rule Equation (4.5) it is immediate that

o1 (X)
(X)) (1) (4.9)
This is the quantum analogue of the classical Kallianpur-Striebel formula. We
will now focus on finding an equation that propagates o4 (X) in time. From the
definition of conditional expectations it easily follows that R (j:(V;* X V)| V)
= UP(VFXV;|C)U,. Since V; is driven by classical noise, we can resort to
the classical It calculus from here onwards. The It6 rule gives

AV X Vi = Vi L(X)Vedt 4+ V(L' X + X L)V;i(dA; + dAT).

In integral form this reads

t t
VXV, = X +/ V*L(X)Vids +/ VA(L*X + XL)V,(dA, + dA?).
0 0

Taking the conditional expectation P(-|C;) of this equation gives
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t
PV, XVIIC) =P(X|C) + [ B(VILCOV|e)ds +
0
t
/ P(VJ(L*X + XL)V,|Cy) (dAs + dAY),
0

where we have approximated the integrals by simple functions in the usual
way and have taken the integrators out using the module property of the
conditional expectation. For adapted processes Ls we have that P(Lg|C;) =
P(Ls|Cs) for all s < ¢. This is where our clever choice for the reference state R
pays off. We use here that C, ;) is independent of Cs under P, or equivalently,
that Vs is independent of Vs under R?. Note that that is exactly how we
had chosen the reference state Rt. This means we now have

t
P(V;XVC) = B0 + [ PV LOOViIC)ds +
0

t
/ P(V(L*X + XL)V,|C,) (dA, + dA?).
0

Sandwiching with Uy leads to the following linear quantum filtering equation

doy(X) = 0¢(L(X))dt + 04 (L*X + X L)dY;.

This equation is the quantum analogue of the classical Duncan-Mortensen-
Zakai equation [20, 12, 29]. Using the Kallianpur-Striebel formula Equation
(4.9) and the Ité rule, we obtain the normalized quantum filtering equation

dry(X) = m(L(X)) dt+(7rt(L*X+XL)ﬂrt(L*+L)7rt(X)>(dYt77rt(L*+L)dt>.
(4.10)

This equation is a quantum analogue of the classical Kushner-Stratonovich
equation. The process dY; — m(L* + L)dt driving the quantum filter is called
the innovations or the innovating martingale. In subsection 4.3 we will prove
that the innovations indeed form a martingale.

Direct Photodetection

Now suppose that instead of a homodyne detection experiment we are
directly counting photons in the field. Our system-observations pair is then
given by the quantum probability space (B ® W, P) and the equations

dje(X) = je (L(X))dt + 5o ([L*, X])d A, + 5o ([X, L])dA;,
dYy = dA; + ji(L)dA] + j:(L*)dA; + ji(L* L)dt.

To solve the corresponding filtering problem, we again change to a differ-
ent state RY, the so-called reference state for the counting experiment. We
choose the reference state such that the observation process has independent
increments. Moreover, we want the measure induced on the observations )
by the reference measure R? to be absolutely continuous with respect to the
measure induced by P. This last requirement rules out the reference state we
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used previously for the homodyne case, since under this measure the counting
observations will be identical zero, whereas under P this is not the case. If
we would ignore this problem and would proceed naively with the reference
state from the previous section, we would find that we are unable to find a
suitable Radon-Nikodym derivative Q.

We solve the above difficulty by using a reference state that turns the
observations into a Poisson process. Let the Weyl operator W, be given by

1
AW, = {dAt —dA; — th} Wy, Wy=1.
Define U] = W, Uy, then U] satisfies the following QSDE

du; = {(L —INdA; — (L — I)dA; — ;(L*LJrIf 2L+2iH)dt}, Uy=1.
(4.11)
Let the reference state R? be given by
RY(S) = P(U',SU}"), SeU/"BxWU,.

Note that under R’ we have that the process Yy, 0 < s < t is a Poisson
process, i.e. the observations have independent increments. Moreover, note
that under R? j;(X) and Y = js(As) = j;:(As) are independent for all X € B.
From the definition it is immediate that

P(S) =RY(U/"SU)), SeBaW.

As before we would now like to apply the Bayes formula. However, Equation
(4.11) shows that U] is not in the commutant of };. We will use the same
trick as before to solve this problem [15].

We search for an element ); that satisfies the following two requirements

1. RYUSU)) =RYQ:SQ,), SeBaWw,

e (4.12)
2. (@, is affiliated to the commutant of ).

These conditions are satisfied if we can find an element @); that satisfies

. QUvead=v0®, YvecH,

e (4.13)
2. @ is affiliated to the commutant of ).
Or equivalently, if we can find an element V; that satisfies
1. Veed=Uved, YveH,
! K (4.14)

2. V/ is affiliated to the commutant of C;,

where C; = U/Y, U™ = vN{W AW }; 0 < s < t}. Indeed, if we can find a V/
satisfying Equation (4.14), then Q, = U/"V/U/ satisfies Equations (4.13) and
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(4.12). Note that Z, = W, A,W;* is given by
dZy = dAy + dA + dA; +dt,  Zy=0.

Let V! for 0 < s <t be given by
1
vy = {(L — 1)z~ ,(L'L+1+ QiH)dt} V., Vo=1I,  (4.15)

then V/v ® & = Ujv ® @ for all v € H. Moreover, the equation is driven
by dZ; and the coefficients L and H are in the commutant of Cy, i.e. V! is
affiliated to the commutant of C; for all 0 < s < ¢. This means that V; given
by Equation (4.15) satisfies the conditions in Equation (4.14).

We can now apply the Bayes formula with Q, = U/"V/U}, i.e.

) RY(Q7 ¢ (X) Q| Wt
-G

On B we define an unnormalized information state by

X eB.

oi(X) = RY(Q;7(X)Q:| V) = R (U V" XV/U{| ),

where in the second step we used that X € B commutes with W,. From the
Bayes formula it is immediate that

O't(X)

"=y

X eB. (4.16)
We will now focus on finding an equation that propagates o+(X) in time.

From the definition of the conditional expectation it easily follows that
RE(U V" X VU W) = U P(V/* X V/|C,)U]. The It6 rule gives

AV XV! = V/*L(X)V/dt + V/(L*X L — X)V/(dZ; — dt).

Using analogous arguments as in the homodyne case, we obtain the linear
quantum filter

oi(X) = 0y (L(X))dt + (0¢(L* X L) — 04(X)) (dY; — dt).

Using Equation (4.16) and the It6 rule, we obtain the normalized quantum
filter for photon counting

m(L*XL)

dmy(X) = m (L(X))dt + ( mi(L*L)

- Wt(X)) (dY; — m(L*L)dt).

The process dY; — m(L*L)dt is called the innovations or the innovating mar-
tingale for the photon counting experiment. In the next subsection we prove
that this process indeed forms a martingale.



306 L. Bouten

4.3 Innovations

In martingale based approaches to quantum filtering [4],[6], the following the-
orem is the starting point. The proof below is an adaptation to the Heisenberg
picture of the proof in [6]. It can also be found in [8], [7].

Theorem 4.1. Let Y; be given by Yy = U Z, Uy, where dZy = ardAs+bidAs+
bidA;, Zo =0 and a; € R and by € C for all t > 0. Denote by Vi the von
Neumann algebra generated by Ys for 0 < s < t. Define the innovations Y; by

t
Y, =Y - / IP’(aSUS*L*LUS b ULU, + bSU:L*US]yS>ds.
0

The innovations are a martingale, i.e. IP’(YQWS) =Y, for all 0 < s < t.

Proof. We have to show that IF’(}?} — YSD}S) =0 for all 0 < s < t. This means
we need to prove that }P’((Y} — YS)K) =0forall 0 <s<tand K € ),. This
is equivalent to showing that

t
P(Y,K) — P(Y,K) = / P(P(a,.U:L*LU,. b USLU, + b,.U:L*U,.\y,.)K)dr,

for all 0 < s <t and for all K € ). For t = s the above equation is obviously
true. It therefore remains to show that for all K € ), and all s <r <t

dP(Y, K) = P(P(a,U; L* LU, + b.U; LU, + b,U; LU |Y,) K ) dr
- P<a,.U:L*LU,.K b U LUK + b,.U:L*U,.K) dr.

This is just a simple exercise in applying the quantum Ito6 rule and the relation
Y, =U;Z.U,.
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Quantum Walks

Norio Konno

Summary. Quantum walks can be considered as a generalized version of
the classical random walk. There are two classes of quantum walks, that is,
the discrete-time (or coined) and the continuous-time quantum walks. This
manuscript treats the discrete case in Part I and continuous case in Part 11,
respectively. Most of the contents are based on our results. Furthermore, pa-
pers on quantum walks are listed in References. Studies of discrete-time walks
appeared from the late 1980s from Gudder (1988), for example. Meyer (1996)
investigated the model as a quantum lattice gas automaton. Nayak and Vish-
wanath (2000) and Ambainis et al. (2001) studied intensively the behaviour
of discrete-time walks, in particular, the Hadamard walk. In contrast with the
central limit theorem for the classical random walks, Konno (2002a, 2005a)
showed a new type of weak limit theorems for the one-dimensional lattice.
Grimmett, Janson, and Scudo (2004) extended the limit theorem to a wider
range of the walks. On the other hand, the continuous-time quantum walk
was introduced and studied by Childs, Farhi, and Gutmann (2002). Excel-
lent reviews on quantum walks are found in Kempe (2003), Tregenna et al.
(2003), Ambainis (2003), Kendon (2007).
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Part I: Discrete-Time Quantum Walks

1 Limit Theorems

1.1 Two-State Case

Introduction

The classical random walk on the line is the motion of a particle that lives
on the set of integers. The particle moves at each time step either one unit
to the right with probability p or one unit to the left with probability 1 — p.
The directions of different steps are independent of each other. This classical
random walk is often called the Bernoulli random walk. For general random
walks on a countable space, there is a beautiful theory (see Spitzer (1976)).
In this section, we consider quantum variations of the Bernoulli random walk
and refer to such processes as quantum walks here.

The quantum walk considered here is determined by a 2 x 2 unitary ma-
trix U that will be introduced below. We will introduce four other matrices
P, Q, R and S which will all be determined by U. The matrices P,Q, R and
S will allow us to obtain a combinatorial expression for the characteristic
function of the walk and will clarify the dependence of the m-th moment and
the symmetry of the distribution of the walk on the unitary matrix U and the
initial qubit state ¢. Furthermore we give a new type of weak limit theorems
for the quantum walk by using our results. Our limit theorem shows that the
behavior of quantum walk is remarkably different from that of the classical
random walk. As a corollary, it reveals whether some simulation results al-
ready known are accurate or not. The results on this section are based on
Konno (2002a, 2005a).

The time evolution of the one-dimensional quantum walk studied here is
given by the following unitary matrix:

cd
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where a,b,c,d € C. Here C is the set of complex numbers, and U(2) is the
set of 2 X 2 unitary matrices. So we have

>+ |2 =P+ [d> =1,  ac+bd=0,
c=—Ab, d= Aa,

where z is a complex conjugate of z € C and A = det U = ad — bc. We should
note that the unitarity of U gives |A| = 1.

The quantum walk is a quantum generalization of the classical Bernoulli
random walk in one dimension with an additional degree of freedom called
the chirality. The walk can also be considered as a quantum version of the so-
called correlated random walk. There is a strong structural similarity between
them (see Konno (2003)). The chirality takes values left and right, and means
the direction of the motion of the particle. The evolution of the quantum walk
is given by the following rule. At each time step, if the particle has the left
chirality, it moves one unit to the left, and if it has the right chirality, it
moves one unit to the right.

More precisely, the unitary matrix U acts on two chirality states |L)
and |R):

|L) — a|L)+c¢|R), |R) — b|L)+dR),

where L and R refer to the right and left chirality state respectively. In fact,
define

so we have
U|L) = a|L) 4+ ¢|R), U|R)="0|L)+ d|R).

The study of the dependence of some important quantities (e.g., charac-
teristic function, the m-th moment, limit theorem) on initial qubit state is
one of the essential parts, so we define the set of initial qubit states as follows:

Qi{go{g} EC2za2+621}.

Let X,, be the quantum walk at time n starting from initial qubit state
p € &. It should be noted that P(X,, = 0) = 1. In contrast with classical
random walks, X,, can not be written as X,, =Y, +---+Y,,, where Y7,Y5, ...
are independent and identically distributed random variables. The precise
definition of X, will appear in the next subsection. Here we explain X,
briefly. To do so, we introduce the following matrices P and Q:

r=loo) e=[ca]
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Remark that

U=P+Q.
For fixed [ and m with [ +m =n and —l +m = =,

Enll,m) = D7 PhQMPRQT - PhQM

lj,mj

summed over all [;, m; > 0 satisfying l; +---+1, =1, m +---4+m, = m and
l; +m; = 1. Moreover, to define P(X,, = x), it is convenient to introduce

cd 00
w= o] o= las)
An expression of Z,,(l,m) can be given by using P, @, R and S (see Lemma
1.1). The definition of =, (I, m) gives

P(Xn = CL‘) = (En(lvm>‘P>*(En(l’m)¢) = ‘lEvz(l’m)Lp||27

where n =1+ m, x = —l + m and * means the adjoint operator. From this
expression, we will obtain the characteristic function of X,, (Theorem 1.3)
and the m-th moment of it (Corollary 1.4). One of the interesting results is
that when m is even, the m-th moment of X, is independent of the initial
qubit state ¢ € @. On the other hand, when m is odd, the m-th moment
depends on the initial qubit state. So the standard deviation of X,, is not
independent of the initial qubit state ¢ € ®.

By using the characteristic function of X,,, we give the following new type
of limit theorems in abed # 0 case (Theorem 1.6). If n — oo, then

Xn
n

Z

where Z has a density
f@) = flz;0 ="Tla, B)
V1= lal? {1 (|a|2 P aabﬁ—l—aabﬁ) x}

T (1 —22)y/]af? — 22 lal?

for x € (—lal,|al), and f(x) =0 for |z| > |a|, where Y;, = Y means that Y,
converges weakly to a limit Y and T indicates the transposed operator. We
remark that standard deviation of Z is not independent of initial qubit state
¢ ="la,f].

Moreover if b = 0, then ¢ = 0 and |a| = |d| = 1. So this case is trivial. In
fact, Theorem 1.3 (ii) implies that X,,/n = WM where W) is determined
by P(W® = —1) = |a|? and PIWM = 1) = |B2. If @ = 0, then d = 0
and |b] = |¢| = 1. So this case is also trivial. Theorem 1.3 (iii) implies that
X,/n = W where W® is determined by do(z), where &,(z) denotes the
pointmass at a.
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The above weak limit theorem suggests the following result on the sym-
metry of the distribution for quantum walks (Theorem 1.5). Define

G;={ped: P(X,=2)=P(X, =—x) foranyn € Z, andx € Z},
Sy={ped: E(X,)=0foranyn e Z,},
o ={p="[a,8] € D:|a] = 3], aabB + aabB =0},

and Z (resp. Z4) is the set of (resp. non-negative) integers. For ¢ € @, the
probability distribution of X, is symmetric for any n € Z,. Using explicit
forms of distribution of X,, (Lemma 1.2) and E(X,) (Corollary 1.4 (i) for
m = 1 case), we have

b =Py =D .

Nayak and Vishwanath (2000) discussed the symmetry of distribution and
showed that T[1/v/2, 4i/v/2] € @, for the Hadamard walk.

In the rest of this subsection, we focus on the Hadamard walk which has
been extensively investigated in the study of quantum walks. The unitary
matrix U of the Hadamard walk is defined by the following Hadamard gate
(see Nielsen and Chuang (2000)):

1 /11
Y e {1 —1] '
The dynamics of this walk corresponds to that of the symmetric random
walk in the classical case. However the symmetry of the Hadamard walk
depends heavily on initial qubit state, see Konno, Namiki, and Soshi (2004).

For example, in the case of the Hadamard walk with initial qubit state
o ="T[1/v/2,i/V/2] (symmetric case), direct computation gives

P(X, = —4) = P(X4 = 4) = 1/16,
P(X, =—2)=P(X4=2)=6/16, P(X,;=0)=2/16.

In contrast with the above result, as for the classical symmetric random walk
Y? starting from the origin, we see that

P(Y} = —4) = P(Yy = 4) = 1/16,
P(YZ’ = —2) = P(YZ’ = 2) = 4/167 P(YZ’ = 0) = 6/16.

In fact, quantum walks behave quite differently from classical random walks.
For the classical walk, the probability distribution is a binomial distribution.
On the other hand, the probability distribution in the quantum walk has a
complicated, oscillatory form.

Now we compare our analytical results (Theorem 1.6) with the numerical
ones given by Mackay et al. (2002), Travaglione and Milburn (2002) for the
the Hadamard walk. In this case, our weak limit theorem (Theorem 1.6)
implies that if —1/v/2 < a < b < 1/v/2, then as n — oo,
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1—(|af® - \ﬁ\Q—&—aﬁ—&—aﬁ)xd

Pla< X, /n<b) x,
( / H/ 7(1 — 22)y/1 — 222

for any initial qubit state ¢ = T[a, 3]. For the classical symmetric random
walk Y2 starting from the origin, the well-known central limit theorem implies
that if —oo < a < b < oo, then as n — oo,

e T /2
\/277

This result is often called the de Moivre-Laplace theorem. When we take

= T[1/+/2,i/+/2] (symmetric case), then we have the following quantum
version of the de Moivre-Laplace theorem: if —1/\/2 <a<b< 1/\/2, then
as n — oo,

Pa<Y)?/\/n<b) —>/

1
a< X,/n<b)— dx.
at / / (1 —22)V/1 — 222

There is a remarkable difference between the quantum walk X,, and the
classical one Y,? even in a symmetric case for ¢ = T[1/v/2,i/+/2]. Noting
that E(X,) =0 (n > 0) for any ¢ € §5, we have

sd(X,)/n — \/(2 —/2)/2=10.54119.. ..

where sd(X) is the standard deviation of X. This rigorous result reveals that
the numerical simulation result 3/5 = 0.6 given by Travaglione and Milburn
(2002) is not so accurate.

As in a similar way, when we take ¢ = 7[0, "] where 6 € [0, 27) (asym-
metric case), we see that if —1/\/2 <a<b< 1/\/2, then as n — oo,

b
1
Pla< X¥?/n<b) — dx.
(< Xi/n<b) /77(1—:5)\/1—2:52

So we have
E(X,)/n — (2—V2)/2=0.29289.. .,
sd(Xn)/n — \/(\/2 —1)/2=0.45508.. ..

When ¢ = 7[0,1] (§ = 0), Nayak and Vishwanath (2000) and Ambainis et al.
(2001) gave a similar result, but both papers did not treat weak convergence.
The former paper took the Fourier analysis, and the latter paper took two
approaches, that is, the Fourier analysis and the combinatorial (path integral)
approach. However both their results come mainly from Fourier analysis. The
details on the derivation based on the combinatorial approach in Ambainis
et al. (2001) are not so clear compared with this manuscript.
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In another asymmetric case ¢ = T[e?,0] where § € [0,27), a similar
argument implies that if —1/\/2 <a<b< 1/\/2, then as n — oo,

Pla < X?/n<b) H/ dx.
V1 — 222
Note that f(—x;7[e?,0]) = f(z;7[0,e%]) for any z € (—1/v/2,1/+/2). The
symmetry of the distribution gives the same result as in the previous case
¢ = T[0,€"]. So the standard deviation of the limit distribution Z is given
y \/(\/2 —1)/2 =0.45508.. ... Simulation result 0.4544 + 0.0012 in Mackay
et al. (2002) (their case is § = 0) is consistent with our rigorous result.

Definition of Quantum Walk

In this subsection, we give a precise definition of the quantum walk. The
important point is that P (resp. @) represents that the particle moves to the
left (resp. right). By using P and @, we define the dynamics of the quantum
walk in one dimension. To do so, we introduce the following (2N+1)x (2N +1)
matrix Uy : (C?)2V+1 — (C2)2N+1 .

0P 0 ...... 0Q
Q0 P O ... .. 0
0Q 0 P O ..0

R e A )
0...0 Q 0 PO
0...... 0 Q 0P
PO ... .. 0 Qo0

Let
B (1) = [W (”")} — ()| L) + U (2)|R) € ©

be the two component vector of amplitudes of the particle being at site x and
at time n with the chirality being left (upper component) and right (lower
component), and

W, = T[W,(=N), ¥, (—(N = 1)),...,¥,(N)]

be the qubit states at time n. Here the initial qubit state is given by

N N
Y
W ="00,...,0,¢,0,...,0) € C2N+D),
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~[3. =[5

The following equation defines the time evolution of the quantum walk:

where

Uny1(2) = (Un¥n)o = PUn(z +1) + QWn(z — 1),

where (¥,,), = ¥,(z),—N < 2z < N and 1 < n < N. Note that P and Q
satisfy

PP*+QQ*P*P+Q*QB(;]’ PQ*QP*Q*PP*QBBJ}

The above relations imply that Uy becomes also unitary matrix.

N N
For initial state ¢ = Tr . ,cp, - T we have
N1 N—-1
./\
UNSD*T[’ OP(PaOQQDa ). "7@7
N-2 N-2

9 LN ~
UNSD:T[’ P2 (PQ+QP)S0307Q2SD?O7’Q?

T[’ 0,(P*Q + PQP + QP?)p, 0,
N-3

(Q°P + QPQ + PQ)p,0,Q%,0,...0).

This shows that expansion of U™ = (P 4 Q)" for the quantum walk corre-
sponds to that of 1" = (p 4 ¢)™ for the classical Bernoulli random walk.
By using ¥, (x), the probability of X,, = z is defined by

P(Xn =) = |[W(@)]* = [ () + [0 (2)|*.

It is noted that the quantum walk X,, is not a stochastic process. It is a
sequence of distributions arising from products of the unitary matrix Uy.
The unitarity of Uy ensures

Z P(Xn =2) = [Uyol? = lloll* = [af* + 16> =

r=—n

for any 1 < n < N. That is, the amplitude always defines a probability
distribution for the location.

The system considered here belongs to the Hilbert space H, ® H,., where
H, = (*(Z) is associated with the position and H, = C? with the internal
degree of freedom (coin space).
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Let |z) € Hp(x € Z) be the position states of the quantum walk. A unitary
shift operator is defined by

S=>lz+1)z], S'=5"=> |r—1)zl.
TEZ T€ZL

Then

Remark that

00000 .. ..01000
10000 ..00100
S = 01000 , S = 00010
00100 ..00001
00010 ..00000

If P=|L)(L| and Q = |R)(R| are operations onto the two states of the coin,
then one step of the quantum walk is given by the following unitary operator:

U=BSeQ+5teP)(Ial).

Noting that PU = P and QU = @, we see

.OPOO0OO...

...QOPOO... 00
U=|...0QopPo... with 0%0]

...O0OQOP...

.000QO...

Then after n steps of the walk, the state is
v, = U"W.

In the next subsection, we will obtain an explicit form for ¥, (z).

Combinatorial Approach

This subsection gives a combinatorial expression for the characteristic func-
tion of the quantum walk X,,. As a corollary, we obtain the m-th moment
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of X,,. As we explained in the previous subsection, we need to know the fol-
lowing combinatorial expression to study P(X, = z) for n + 2 = even. For
fixed [ and m with [ +m = n and —] + m = x, we consider

En(l, m) _ Z Pl1 Q’rnl P12 Q’l’nz . Pl" Q’rnn

lj,mj

summed over all [;,m; > 0 satisfying [y +---+ 1, =1, mi + -+ my, =m
and [; +m; = 1. We should note that

Y, (z) = Zn(l,m)e,

since ¥, (z) = T[WL(x),¥F(z)](€ C?) is a two component vector of ampli-
tudes of the particle being at site x at time n for initial qubit state p € @
and Z),(I,m) is the sum of all possible paths in the trajectory consisting of
I steps left and m steps right with [ = (n — 2)/2 and m = (n + x)/2. For
example, in the case of P(X4 = —2), we have the following expression:

Z4(3,1) = QP + PQP? + P°QP + P°Q.
Here we find a next nice relation:
P? =aP.
By using this, the above example becomes
Z4(3,1) = a®*QP + aPQP + aPQP + a*PQ.
In general, we obtain the next table of products of the matrices P, @, R and .S:
P Q@ R S
P aP bR aR bP
Q ¢S dQ cQ dS

R cP dR cR dP
S aS bQ a@ bS

Table 1

where PQ = bR, for example. Since P, @, R and S form an orthonormal basis
of the vector space of complex 2 x 2 matrices with respect to the trace inner
product (A|B) = tr(A*B), Z,,(l, m) has the following form:

En(la m) = pn(la m)P + Qn(l7m>Q + ’I"n(l, m)R + Sn(la m)S

Next problem is to obtain explicit forms of p,(I,m), ¢,(l,m),r,(l,m) and
$n (I, m). In the above example of n = [ 4+ m = 4 case, we have
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(4,0) = a®P, Z4(3,1) = 2abcP + a*bR + a*cS,
(2,2) = bedP + abc@ + b(ad + be) R + c(ad + be) S,
4(1,3) = 2bcdQ + bd*R + cd®S, 54(2,2) = d*Q.

[

1

[1

So, for example,
pa(3,1) = 2abe, qu(3,1) =0, 74(3,1) =a®b, s4(3,1) = a’c.

In a general case, the next key lemma is obtained.

Lemma 1.1. We consider quantum walks in one dimension with abed # 0.

bt b 00 d 00
a C
p=[so] e=[ea] m=[55] o= [ai]

and N = det U with U = P + Q. Suppose that [,m > 0 with | +m = n, then
we have
(i) for | Am(= min{l,m}) > 1,

IAm o
— _ mAm ‘b|2 -1 m—1
Z.(l,m) = dla™A Z (a|2 vy o1

~=1
x {ZVPM” 7Q— I 5]
avy Aa
(ii) for I(=n) = 1,m =0,
Z,(1,0) =a""'P,
(iii) for 1 =0,m(=n) > 1,

Zn(0,m) = A" " 1Q.

Proof. (a) pn(l,m) case : First we assume [ > 2 and m > 1. From Table 1, it
is sufficient to consider only the following case in order to compute p,, (I, m):
w1 wo w3 W2~ W2~y+1
(2v+1) fA\fA'\fA\fA\PA'\
C(P,w)>*V (1 m)=PP---PQQ---QPP---P---QQ---QPP---P,
where w = (w1, ws,. .., Wayt1) € ZTH with wq,ws, ..., way41 > 1 and
v > 1. For example, PQP case is w; = we = w3 = 1 and v = 1. We should
remark that [ is the number of P’s and m is the number of Q’s, so we have

l:w1+w3+~~+w27+1, m:w2+w4+~~+w27.



Quantum Walks 321

Moreover 2y + 1 is the number of clusters of P’s and @Q’s. Next we consider
the range of 7. The minimum is v = 1, that is, 3 clusters. This case is

P.--PQ---QP---P.
The maximum is v = (I — 1) A m. This case is

PQPQPQ---PQPQPP---PP (I—1>m),
PQPQPQ---PQPQQ---QQP (I —1<m),

for example. Here we introduce a set of sequences with 2y + 1 components:
for fixed v € [1, (I — 1) A'm)]
W(P, 2’)/ + 1) = {U) = (wl, wa, - ,w2,y+1) € ZZ’YJr1 Twp+Hws A o+w27+1 = l,

w2+w4+"'+w2'y:m7 W1, W2, -« oy W2y, W2y 41 > 1}

By using Table 1, we have
C(P,w) (1, m) = a7 Pd> T Qa T P AV T QaM TP
- al*(WJrl)dm*W(pQ)Wp
= g~V gm=p R P
= gV gm=rpr 1R P

— al*(WJrl)dm*wapr7

where w € W(P,2vy + 1). For [ > 2,m > 1, that is, v > 1, we obtain
C(P,w)2 ) (1, m) = !~y dm™ =7 P,

Note that the right-hand side of the above equation does not depend on
w € W(P,2y+1). So we write C(P) (1, m) = C(P,w) ™V (1, m) for w €
W (P,2v+1). Finally we compute the number of w = (w1, wa, ..., Way, Wayt1)
satisfying w € W (P, 2y+1) by a standard combinatorial argument as follows:

v -()(5))

From the above observation, we obtain

pr(l,m)P = Z C(P,w) >+ (1, m)
¥=1 weW(P,2y+1)

= 3 [W(P2y+1)[C(P)2 D (1, m)

= <l B 1) <m B 1) al= ORI g P
f ¥ y—-1
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So we conclude that

(I-1)Am

-1 -1
pal(l,m) = Z (7 )(7:_1>al(v+1)bwcwdm7_

y=1
When [ > 1 and m = 0, it is easy to see that
pn(l,0)P = P' =a'7'P.

Furthermore, when! =1,m > 1 and ! = 0, m > 0, it is clear that p,, (I, m) =0.
(b) gn(l,m) case : We begin with [ > 1 and m > 2. In this case, it is enough
to study only the following case:

w1 wa w3 u’2'y w2—y+1
Y

0q-.QPP-..POQG-.-Q.--PP..-PQQ.-,

where w = (w1, ws, ..., Wayt1) € Z?ﬂ“ with wi,wa, ..., waey41 > 1 and
v > 1. Note that
l:w2+w4+~~+w2y, m:w1+w3+~~+w2w+1.

Then 27 + 1 is the number of clusters of P’s and @’s. As in the part (a), we
obtain

IN(m—1)

-1 -1
gn(l,m) = Z <7 } 1) (m7 >alwbwﬂdm(w+1)_

y=1

When [ = 0 and m > 1, this case is

Qn(ovm)Q = Qm = dmilQ'

Furthermore, when m = 1,1 > 1 and m = 0,1 > 0, we see that ¢,(I,m) = 0.
(¢c) rn(l,m) case : Suppose [ > 1 and m > 1. In this case, it is sufficient to
consider only the following case:

w1 wa w3 u’2'y
- AN N

PP---PQQ---QPP--- P QQ Q,

where w = (w1, ws, ..., Wayy1) € Zi_y with wi,ws,...,wey > 1 and v > 1.
For example, PQPQ case is w; = we = w3 = wy = 1 and v = 2. It should
be noted that [ is the number of P’s and m is the number of ()’s, so we have

l:w1+w3+~~o+w%,1, m:w2+w4+~~+w27.

Then 2+ is the number of clusters of P’s and @Q’s. The range of y is determined
by the following observation. The minimum is v = 1, that is, 2 clusters. This
case is
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P..-PQ---Q.
The maximum is v = ! A m. This case is

PQPQPQ---PQPP---PPQ (I >m),
PQPQPQ---PQPQQ---QQ (m >1),

for examples. As in the part (a), we get

&= -1 m—1 I—vpy y—1 gm—vy
rn(l,m) = E a’” T M.
y—1/\v—-1

y=1

If I Am =0, then r,(I,m) = 0.
(d) sn(I,m) case : To begin, we assume [ > 1 and m > 1. To compute s, (I, m),
it is enough to consider only the following case:

w1 wo w3 W2~
-~ P

06 .0PP . P0G 0. PP P,

where w = (w1, wa, ..., Weyt1) € ZT with wq,we, ..., w2y > 1 and v > 1.
Then

I =wy+wys+ -+ woy, m=wi + w3+ -+ Way_1.

As in the case of part (c¢), we obtain

IAm
sn(l,m) = Z [=1y(m—1 al = e dm .

y=1

When [ A'm = 0, this case is s,(I,m) = 0.
We assume abed # 0. When [ A m > 1, combining the above results (a) -
(d) gives

IAm
be\? [1—1 m—1
—- — ,lgm
Follym) = ad ;(ad> (v—1><7—1)

l— — 1 1
<"+ T+ "R+ S,
ay dry c b
From ¢ = —Ab,d = Aa, the proof of Lemma 1.1 (i) is complete. Furthermore,
parts (ii) and (iii) are easily shown, so we will omit the proofs of them.
Then the distribution of X, can be derived from Lemma 1.1 by direct

computation.



324 N. Konno
Lemma 1.2. For k=1,2,...,[n/2], we have

P(X, =n — 2Kk)
S>> ORI [eyieey
<( ) [{kQaF (= KPR — (4 8)(n — B)} o

HE[BI + (n — k)*[al® — (v + 6)k} B

+ |b1‘2 [{(n — k)y — kb + n(2k — n)[b]*}aabp

+H{—ky+ (n — k)§ +n(2k — n)|b|* }aadbB + 7(5}

P(X, = —(n — 2Kk))

— |af2*=D) Zi( ||2Z)7+5 (i_i)(?_i)(nvfl 1>(n61_<:11>

y=14
1 2 2 21 12 2
75> [{’f 6] + (n — k)?[al* = (v + 6)k} o
HE?|a]? + (n = k)*b* — (v + ) (n — k) }|BI?
+ |b1‘2 {{k’v — (n = k)5 — n(2k — n)[b]*}aabp

+{—=(n —k)y + kd — n(2k — n)|b|*}aabB + 7(5}

P(Xn =n) ="V {pPlaf® + |al?|8]* — (aabf + aabf)},
P(Xy = —n) = [a" " {]a|af* + [b]*5]* + (aabf + aabf)},
where [x] is the integer part of x.

By using Lemma 1.2, we obtain a combinatorial expression for the charac-
teristic function of X, as follows. This result will be used in order to obtain
a limit theorem of X,,.



Quantum Walks 325

Theorem 1.3. (i) When abcd # 0, we have E(eiXn) =

ot o)~ (= ) (= 9F) + 2000+ s} i)

SN N =1\ (k=1 (n—k—1\ (n—k—1
PR XX () Go)Go) (L)

k=1 ~=1 1

« <J5> H k)2 4K —n(y+0) + 2Jf}cos((n2k)g)

+(n - 2k){—{n(IOLZ = [bI*) + 7 + 0} (le* — 181

# () 2n) (@ats + ot Lisin(n 2006

n n 5 3 1B y+8 noq 2 noq 2
+I(2{2},0)XZZ(G|2> v—1 0—1
y=146=1
1 9 40
X <475) {n —2n(y+9) + |b2H,

where I(x,y) =1 (resp. =0) if x =y (resp. x # y).
(i1) When b= 0, that is,
e 0
U= [ 0 Ae‘ie} ’

where 8 € R and A =detU € C with |A| =1, then we have
E(e"Xn) = cos(né) +i(|]> — |a|?) sin(nf).
(i1i) When a = 0, that is,

0 62’9
U= {—Ae‘ie 0 } ’

where 8 € R and A =detU € C with |A| =1, then we have

(o€ = {5 +illaf? = |61%)sing if n is odd,
1 if n is even.

From this theorem, we have the m-th moment of X,, in the standard fashion.
The following result can be used in order to study symmetry of distribution
of X,,.
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Corollary 1.4. (i) We assume that abcd # 0. When m is odd, we have

E((Xn)™) = |a*™ H—nm {(lal® = 16]°) (laf* = 8°) + 2(acbB + aabm}]
e e b (k=1 (k1) (= k= 1) (n—k—1
S35 33 118 I (ot [ ) [ (e | )

n — 2k)™*! 2 2 2 2
 (n—2k) {_{n(|a| —B*) + 7+ 8}(al® — 18)

vd
+ (Fy‘;‘—j — Qn) (acbB + aabﬂ)H .

We assume that abed # 0. When m is even, we have

E((Xa)") = """ {nm

RO )

K ‘vé’ﬂm{(n_w R —n(y+6) + 2;;5}}.

(it) When b =0, that is,

e 0
U= |: 0 A6i9:| )

where 6 € [0,27) and A = detU € C with |A| =1, then we have

my _ J 0B — |al?) if m is odd,
E((Xn)™) = { n™ if m is even.

(i1i)) When a = 0, that is,

0 ei9
U= |:A6_i9 0 :| )
where 0 € [0,27) and A = detU € C with |A| =1, then we have

|a|? — |B]2 if n and m are odd,
E(X,)™) = 1 if n is odd and m is even,
0 if n is even.
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For any case, when m is even, E((X,,)™) is independent of initial qubit
state ¢. Therefore a parity law of the m-th moment can be derived from the
above theorem.

Symmetry of Distribution

In this subsection, the following necessary and sufficient condition for sym-
metry of distribution of X, is given.
Theorem 1.5. We assume abed # 0. Then we have
D =Pg =9,
where

b, ={ped: P(X,,=2)=P(X,,=—x) for anyn € Z; andx € Z},
Sy={pe®: E(X,)=0 for anyn € Z,},
&, ={p="T[a,B] €D:|a| =8|, aabB + aab3 =0} .

This result is a generalization of Konno, Namiki, and Soshi (2004) for the
Hadamard walk.

Proof. (i) @5 C ®¢. This is obvious by the definitions of ¢4 and Py.
(ii) @9 C @,. By Corollary 1.4 (i) (m = 1 case), we see that

E(Xy) = E(X2) =0
if and only if
(lal* = [6f*) (laf* = [8%) + 2(acbB + aabf3) = 0. (1.1.1)

Then (1.1.1) implies that for n > 3, Corollary 1.4 (i) (m = 1 case) can be
rewritten as

‘Q(n—l)

2|b?

("] & N B - -
1559 5{ ) I (S [ [
X(”—k—1><n—2k>2<w+a>

5—1 ~6

E(X,) = —(laf? - |81



328 N. Konno
Therefore E(X,) = 0 (n > 3) gives |a| = |B|. Combining |a| = |G| with
(1.1.1), we have the desired result.
(iii) ¢, C 5. We assume that

la| = 0], aabf + aabp = 0. (1.1.2)
By using Lemma 1.2 and (1.1.2), we see that for k =1,2,...,[n/2],

P(X, =n—2k)=P(X, =—(n—2k))
k& 2\ 7o
=y () ()G (RS0

x ['3' {(n—k)?+ k2 —n(y+06)}+

)

1
[bf>

and
P(X, =n)= P(X, = —n) = |a*™V]a)?.

So the desired conclusion is obtained.

Weak Limit Theorem

In the subsection, we give a new type of limit theorems for X,, with abed # 0
as follows.

Theorem 1.6. If n — oo, then

Xn
n

= 7,

where Z has a density
f@) = fz;0 ="]a, )
V1= lal? {1 (|a|2 182 + aabﬂJraozbﬂ) :c},

S om(1— 22)/|a|? — 22 |af?

for x € (—|al,|a]) and f(x) =0 for |z| > |a| with

B(Z) = - (IaF — | 4 2000 * adP ) X (1— /1 [af2),

la?

and Y, =Y means that Y, converges weakly to a limit'Y .
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Proof. We begin with introducing the Jacobi polynomial PY*(x), where
PY#(x) is orthogonal on [—1,1] with respect to (1 — x)”(1 + z)* with
v, it > —1. Then the following relation holds:

I'ln+v+1)

P @) = by re £1)

oFi(—n,n+v+p+Lv+1;(1—-1)/2),
(1.1.3)

where 2 F (a, b; ¢; z) is the hypergeometric series and I'(z) is the gamma func-
tion. In general, as for orthogonal polynomials, see Andrews, Askey, and Roy
(1999). Then we see that

z’“: <|b2>”‘1 1 (kl) <nk1>
=\ al? y\v-=1/\ 7v-1
=P (=(k—1),~{(n — k) — 1};2;—[b[*/[al?)
= |a| 2V (—(k—1),n—k +1;2;1 — |a]?)
1, o ne
=l 2D Pt (2lal” - 1),

The first equality is given by the definition of the hypergeometric series. The
second equality comes from the following relation:

oF1(a,b;¢2) = (1 — 2) % Fi(a,c — b;e;2/(2 — 1)).
The last equality follows from (1.1.3). In a similar way, we have
k -1
b2\ (k-1 —k—1
Z _ ‘ | n _ |a‘—Q(k—l)PISL’n‘lka(z‘aF _ 1)
=\ al? 71 v—-1

By using the above relations and Theorem 1.3, we obtain the next asymp-
totics of characteristic function E(e*%X»/m):

Lemma 1.7. if n — oo with k/n =12 € (—(1 —|a|)/2, (1 + |a|)/2), then

_ [(n=1)/2]
E(engn/n) -~ Z ‘a|2n74k72|b‘4
k=1
2111‘2 —2x+1 1,n—2k 2 1,n—2k p0,n—2k 2 0,n—2k
X H 22 (P10)? - kaLl BT+ ‘b|2(Pki1 )

x cos((1 — 2x)¢&)

+ (1 | 296) { " {al? ~ B)(al? ~ [81) + 2(aab5 + acb)} (P

X
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where f(n) ~ g(n) means f(n)/g(n) — 1 (n — oo), and P =
PR (2lal? = 1) (i = 0, 1).

Next we use an asymptotic result on the Jacobi polynomial Po+amA+bn(y)
derived by Chen and Ismail (1991). By using (2.16) in their paper with a — 0
or l,a—0,8=b— (1—-2x)/z,r — 2]a|> — 1 and A — 4(1 — |a]?)(42? —
4z + 1 — |a|?)/x?, we have the following lemma. It should be noted that
there are some minor errors in (2.16) in that paper, for example, \/(fA) —

Vi=0)

Lemma 1.8. If n — oo with k/n=x € (—(1 —|al)/2, (1 + |a|)/2), then

on—2k 2l
P~ cos(An + B),
\/71'77,\/*/1
_ 2|a|?k—n x
P2k \/ cos(An + B +0),
o Vany/—a\ (=)l —al?)

where A = (1 — |al?)(42? — 42 + 1 — |a]?), A and B are some constants
(which are independent of n), and 0 € [0,7/2] is determined by cos =

V(1= [a?)/42(1 — z).

From the Riemann-Lebesgue lemma (see Durrett (2004), for example) and
Lemmas 1.7 and 1.8, we see that, if n — oo, then

E(eian/n) _

1—|af? /% p 1
X
T Szl -a)y/(laf? — 1)(da? —dz + 1~ |af?)

¢ oos((1 - 20)6) = (1= 20) {laf? = o + “ L7 Y isin((1 - 2209)

L= laf2 [ i
B /|a|d$<1—x2>¢|a2—x2
X {cos(xﬁ) —x {|0¢|2 —18? + acbf + aabﬂ} isin(xﬁ)]

|af?
lal 1—lal? b b ;
= / V1-lal {1 — (loz|2 — 181>+ acbp +2aa ﬂ) x}e@ dx
o (1 = 22)y/|af? — 22 jal
= (&)
Then ¢(§) is continuous at £ = 0, so the continuity theorem implies that

X, /n converges weakly to a limit Z with characteristic function ¢. Moreover
the density function of Z is given by
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g VR [ (e s cab a0bs
o [a,ﬂpﬂ(l_xwap_xg{l (1af? =1 + 227 ) o,

for x € (—|al,|al). So the proof of Theorem 1.6 is complete.

It can be confirmed that f(z;” [, (3]) satisfies the property of a density
function as follows: It is easily checked that f(z; 7 [a, 3]) > 0, since

aabf + aabﬂ) 1l

1Z:|:<|O[|252+ |CL‘2

(1.1.4)

On the other hand,

lal _
Fas o gy e = V1 / L1200y (aPry
| ™ 0

—la
VP e Ll
=V a2t R (/2,151 aP)
=1.

The last equality comes from I'(1/2) = /7 and 2Fi(1/2,1;1;|a]?) =
1/4/1 = |al2.

Moreover, using (1.1.4), we see that for any m > 1,
|E(Z7n)‘ S 2‘a|1’ﬂ.

In the symmetric case of the Hadamard walk, we have the following result.

Proposition 1.9. Forn > 1,

n—1
1 1 [2k
E Z2n -1 ) E Z2n—1 =0.
(22" ﬂk}_jow(k), (221

Proof. We begin with
1/v2 2n 9(3—2n)/2
E(Z2n) _ / L dr = X Ign,
—1yve m(1—22)V/1 — 222 m

where

1 n /2 in" 6
In:/ Y dy:/ e
0 (2—y2)\/1—9y? o l+cos?f

It should be noted that

™/2 12 — (14 cos? 0)} sin?" 0
Ipio = do
e /o 1+ cos? 6
2n—-1)2n—-3)---1 =«

— 27, — .
2 Mm@n—2)---2 2
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Let J,, = I, /2™. Then we see that for n > 0

T 2n
Jn+1 - Jn = 723n+2 < n >’
where

T 2—/2

Jo= " . L=
07 9.2 YT o T

So we have
n—1
1 1 2k
I n — 2an =2" - P .
: e S (1)
Therefore for n > 1,
n—1
1 1 /2k
E(Z*)=1- )
(™) V2 kZ:O 23k (k:)

So the proof is complete.

Fourier Analysis

The two-component wave function of the quantum walk was given by

v, (x)

T i)

Following the definition of the model, we have

a¥l(z + 1)+ bk (x +1)

U1 (2) = WL(z— 1)+ dvF(z — 1) (1.15)

ab

where U = [cd

} € U(2). If we set
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for j = L, R, then (1.1.5) is rewritten in the wave-number space (k-space) of
the Fourier transformation, k € [—7, ) as

wnJrl(k) = U(k)@n(k)v n= 07 13 27 Tty

where U(k) is given by

U(k) = {e;k eoik} U.

The state at time step n is then obtained from the initial state @o(k) =
[g] ,a,B€C,|al®*+|8)* =1, by

U (k) = U (k)" o (k), (1.1.6)

whose Fourier transformation gives the wave function at time step n as

" dk ikx7;
() = / e (k)

T dk .

= EU (k)" (k).

| et tioe)
The probability distribution function in the real space at time step n is

given by
P (z) = |[¥n(2) H2
dk’ .
:/ / i(k—k")x (u'/*(k’)U*(k:’)”) (U(k:)”%(k:)).

(1.1.7)

Let X,, denote the position of the one-dimensional quantum walk at time
step n = 0,1,2,--- and consider a function f of x € Z. The expectation of
f(X,,) is defined by

Xa)) =Y f@)Pu(a

TEZL
dk’' ik o T dk s
- fa / Wn(k)/4 e (b)
TEZL
If f(z) =2",r=0,1,2,---, it is written as

TdE s T dk d\" -
E(X") = —ik T (L s ikx 0V .
=3[ e sy [ (=ig) e
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We note that ¥, (k) should be a periodic function of k € [—m, ), and then
by partial integrations, we will have

[ () e o - [ e (i 2) s

and thus

E(X!) = [ﬂ Zf;u? (k) ( d@r@n(k), (1.1.8)

where we have used the summation formula > _, e = 27§(k). Then, if
f(z) is analytic around « = 0, that is, if it has a converging Taylor expansion
in the form f(z) = 3772, ajz?, we will have the formula

B = [ grnws (i g, )t (1.1.9)

Method of Grimmett, Janson, and Scudo (2004)

The unitary matrix U (k) has two eigenvalues A; (k) and A2(k) and has cor-
responding eigenvectors vy (k) and vy (k) that define an orthonormal basis for
H = L*(K) ® H,, where K = [~7,7) and H. = C2. Put D = id/dk. Then

= D ()X (k)" (DA (k)" (o (), Wo (k))v; (k) + O(n” ),
i=1 (1.1.10)
where (n), =n(n—1)---(n —r+1). On the other hand, (1.1.8) becomes
E(XT) = /W @:;(k)pf"@n(k)g: (1.1.11)
Combining (1.1.10) with (1.1.11) yields
= [ Z ) (D) 8) B0 ) 8) v, ()
+0(n™1)

-/ ZW(DAA(;’?) s, 20 0P Y + 0. (1112

Therefore let 2 = K x {1,2} and p denote the probability measure on {2
given by dk/2m x |(v;(k), ¥ (k))|* on K x {j}. Put

DA; (k)

hak) = Aj(k)
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Define h : 2 — R by h(k, j) = h;(k). By (1.1.12),

lim E((X,/n)") = /Q h" dp.

Therefore Grimmett, Janson, and Scudo (2004) obtained

Theorem 1.10. If n — oo, then

R
n

where Z is a random variable of 2 with distribution p.

Here we consider the Hadamard walk case. In this case,

1 eik eik
U(k> = \/2 |:6ik eik:| .

The eigenvalues are

1 1
A (k) = VI+isink), (k)= —VI +isink), 1.1.13
where I = 1 + cos? k. Then
cosk cosk
ha(k) = — ha(k) =

NI NI

and

el IO R NN

with (vj(k),v;(k)) = 1(j = 1,2). Let pj(k) = [(v;(k), ¥ (k))|* for j = 1,2.
Note that pi(k) + p2(k) =1 (k € [—7,m)). From Theorem 1.10, we have

dk

p2(k> o2’

dk
v <y - | n) 5+ [
{ke€[—m,m):h1 (k) <y} T J{kel-m,m)ha(k)<y}

Let k = k(y) € [0,7) denote the unique solution of hy(k) = —cosk/VI =y
for —1/v/2 < y < 1/v/2. Therefore

k(y) dk —m+k(y) 7 dk
PY <y :/ p1(k + / +/ pa(k .
( ) ~k(y) 1) gz ( - T—k(y) 2 o

Then we have
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fly) = dC;P(Y <)
= 217r {P1(k(y)) + p1(=k(y)) + p2(=7 + k(y)) + p2(7 — k(y))} dl;fyy)
(1.1.14)
Noting that
cos(k(y)) = — \/1y7y2, (1.1.15)
we have
dk(y) _ 1
dy — (1—y2)/1— 22 (1.1.16)

On the other hand, from (1.1.15) and

sm(k@))\/ll_zyij =1+ cos’(k(y) = 1_1y2,
we get
b= L[]
wke) = ol
va (=7 + k(y)) = \/2(11+y> _yi\l/ly%z},
va(m — k(y)) = \/2(11+y> _yﬂ\{l_yzy?}

Combining these with (1.1.14) and (1.1.16) yields

1
T = pi—zy

2{1 - (|0‘|2 - |ﬂ|2 +aof+ aﬁ)y}j(_1/\/2,1/\/2)(y)-

(1.1.17)

In Katori, Fujino, and Konno (2005), the time-evolution equation of a

one-dimensional quantum walker is exactly mapped to the three-dimensional
Weyl equation for a zero-mass particle with spin 1/2, in which each wave
number k of walker’s wave function is mapped to a point q(k) in the three-
dimensional momentum space and q(k) makes a planar orbit as k changes
its value in [—m, 7). The integration over k providing the real-space wave
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function for a quantum walker corresponds to considering an orbital state of
a Weyl particle, which is defined as a superposition (curvilinear integration)
of the energy-momentum eigenstates of a free Weyl equation along the orbit.
The above density function (1.1.17) of quantum-walker’s pseudo-velocities in
the long-time limit is fully controlled by the shape of the orbit and how the
orbit is embedded in the three-dimensional momentum space. The family of
orbital states can b e regarded as a geometrical representation of the unitary
group U(2).

1.2 Three-State Case

Introduction

In this section we consider the three-state Grover walk. The Hadamard walk
plays a key role in studies of the quantum walk and it has been analyzed
in detail. Thus the generalization of the Hadamard walk is a fascinating
challenge. The simplest classical random walker on a one-dimensional lattice
moves to the left or to the right with probability 1/2. On the other hand,
the quantum walker according to the Hadamard walk on a line moves both
to the left and to the right. It is well known that the spatial distribution of
the probability of finding a particle governed by the Hadamard walk after
long time is quite different from that of the classical random walk. However
there are some common properties. In both walks the probability of finding
the particle at a fixed lattice site converges to zero as time goes to infinity.

Let us consider a classical random walker that can stay at the same position
with non-zero probability in a single time-evolution. In the limit of long time,
does the probability of finding the walker at a fixed position converge to
a positive value ? If the probability of staying at the same position in a
single step is very close to 1, the walker diffuses very slowly. However the
probability of existence at a fixed position surely converges to zero if the
jumping probability is not zero. The classical random walker who can remain
at the same position is essentially regarded as the same process as a walk
that jumps right or left with probability 1/2, by scaling the time. Is the same
conclusion valid for a quantum walk ? The answer is “No”. We show that
the profile of the Hadamard walk changes drastically by appending only one
degree of freedom to the inner states.

If the quantum particle in a three-state Grover walk exists at only one
site initially, the particle is trapped with high probability near the initial
position. Similar localization has already been seen in other quantum walks.
The first simulation showing the localization was presented by Mackay et al.
(2002) in studying the two-dimensional Grover walk. After that, more refined
simulations were performed by Tregenna et al. (2003) and an exact proof on
the localization was given by Inui, Konishi, and Konno (2004). The second
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is found in the four-state Grover walk (Inui and Konno (2005)). In this walk,
a particle moves not only to the nearest sites but also the second nearest
sites according to the four inner states. The four-state Grover walk is also a
generalized Hadamard walk, and it is similar to the three-state Grover walk.
The significant difference between them is that the wave function of the
four-state Grover walk does not converge, but that of the three-state Grover
walk converges as time tends to infinity. We focus on localized stationary
distribution of the three-state quantum particle and calcul ate it rigorously.
On the other hand, Konno (2005¢) proved that a weak limit distribution of a
continuous-time rescaled two-state quantum walk has a similar form to that
of the discrete-time one. In fact, both limit density functions for two-state
quantum walks have two peaks at the two end points of the supports. As a
corollary, it is easily shown that a weak limit distribution of the corresponding
continuous-time three-state quantum walk has the same shape as that of the
two-state walk. So the localization does not occur in the continuous-time case
in contrast with the discrete-time case. In this situation the main aim of this
section is to show rigorously that the localization occurs for a discrete-time
three-state Grover walk. The results in this section are based on Inui, Konno,
and Segawa (2005). Furthermore, we give a weak limit theorem for the three-
state Grover walk and clarify the relation between the localization and the
limit theorem.

Definition of the Three-state Grover Walk

The three-state quantum walk considered here is a kind of generalized
Hadamard walk on a line. The particle ruled by three-state quantum walk is
characterized in the Hilbert space which is defined by a direct product of a
chirality state space {|L),]0),|R)} and a position space {|z) : x € Z}. The
chirality states are transformed at each time step by the following unitary
transformation:

L) = (=1L} +210) + 2IR)),
0) = S (2I2) - [0) + 2IR)),
[R) = L (2IL) +210) | R).

Let ¥, (z) = T[WL (x), ¥0(x), wF(2)] be the amplitude of the wave function of
the particle corresponding to the chiralities “L”, “0” and “R” at the position
x € Z and the time n € {0,1,2,...}. We assume that a particle exists initially
at the origin. Then the initial quantum states are determined by ¥(0) =
Tla, B, 7], where «, B,y € C with |af> + |8 + |y]* = 1.

Before we define the time evolution of the wave function, we introduce the
following three operators:
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122 L fooo 00 0
Up=45 | 000}, Up=,|2-12|, U=, |000
000 000 22 -1

The three-state quantum walk considered here given by

-1 2 2
U(G’S):UL+U()+UR:3 2 -1 2
2 2 —1

is often called three-state Grover walk. In general, n-state Grover walk is
defined by a unitary matrix U™ = [u(™)(i,5) : 1 < i,j < n], where
u(™ (i, 7) is the (i,7) component of the matrix U(%™) and

WM (i) =2/n =1, wCM i, 5) = 2/n if i # j.

If the matrix Uy, is applied to the function ¥, (x), the “L”-component is
selected after carrying out the superimposition between ¥l (z), ¥9(z), and
Wl (x). Similarly the “0”-component and “R”-component are selected in
Uo¥,, () and U, (x).

We now define the time evolution of the wave function by

Upi1(x) =UpW,(x + 1) + Ug¥p(x) + Up¥,(z — 1).

One finds clearly that the chiralities “L” and “R” correspond to the left
and the right, and the chirality “0” corresponds to the neutral state for the
motion.

Using the Fourier analysis, which is often used in the calculations of quan-

tum walks, we obtain the wave function. The spatial Fourier transformation
of ,,(z) is defined by

Uy (k) = e "0, (x).

TEZ

The dynamics of the wave function in the Fourier domain is given by

X L [e*0 0 -12 27
Vi1 (k) = ;oo 2 —1 2 [, (k)
0 0e 2 2 -1
= U (k)W (k). (1.2.18)

Thus the solution of (1.2.18) is @, (k) = U(k)"¥(k). Let ¢+ and |v;(k))
be the eigenvalues of U (k) and the orthonormal eigenvector corresponding to
e%ir (j =1,2,3). Since the matrix U(k) is a unitary matrix, it is diagonal-
izable. Therefore the wave unction ¥, (k) is expressed by
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~ 3 B ~
Do (k) = | 7 %o (k) (v, (k)| | Bo(k),
j=1

where ¥y (k) = T[a, 8,7] € C? with |a]? +|8]2 +|y|? = 1. The eigenvalues are
given by

Oa ]: 13
ej,k = 01@7 ] = 23
*ak,j:3,

1
cos By, = —3(2 + cos k),

1
sinfy, = 3\/(5+cosk)(1 —cosk), (1.2.19)
for k € [—m, 7). The eigenvectors of U(k) which form an orthonormal basis
are obtained after some algebra:

1
1ae' 5=k

\vj(k)>=\/0k(9j,k) 1+%9M : (1.2.20)

146 05,5k

where

(6) =2 Lo by h
R B cos(@ — k)  1+cosf 1+cos(d+k) '

In the above calculation, it is most important to emphasize that there is
the eigenvalue “1” independently on the value of k. The eigenvalues of the
Hadamard walk are given by e* and ¢! (") with the arguments satisfying
sinf = sink/v/2 (see (1.1.13)). Therefore the eigenvalues do not take the
value “1” except the special case k& = 0. We have shown the existence of
strongly degenerated eigenvalue such as “1” in (1.2.19) is necessary condition
in the quantum walks showing the localization (see also Inui, Konishi, and
Konno (2004)).

Let us number each chirality “L”,“0”, and “R” using [ = 1, 2, and 3,
respectively. Then the wave function in real space is obtained by the inverse
Fourier transform: for o, 8,7 € C with |a> + |B]> + [7]* = 1,

1 (7. 4
= v, (k)e™** dk
| (ke
1 (3o . .
- 27T/ > e (k) (v (k)@ (k) | ™ dk
S \=
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:T[Wn(azloz,ﬁ, ¥), (2525 0, B,7), Un(; 3500, B, )]
3
ZT W] x71’a/6’y) (x’27a7ﬁ7 )7 (x3a7ﬁ7 )]7
Jj=1

(1.2.21)

where

s

; 1
Uizl 3,7) = 271_/ cx(05,1)0n (05,1, 1)’ W05 entke) g (1=1,2,3),

—T

(1.2.22)
with

0r(0,1) = Qi (0)[aCik(0) + Bk (0) +vGr(0)] (1=1,2,3),
Cl,k(a) _ (1 + ei(efk))fl’ C2,k(9) _ (1 + 62’9)717 CS,k(a) _ (1 + ei(GJrk))fl7
(1.2.23)

where z is conjugate of z € C. Sometimes we omit the initial qubit state
[, B,7] such as W) (x;1) = Wi(z;l;0,3,v). The probability of finding the
particle at the position x and time n with the chirality [ is given by P, (z;1) =
|, (z;1)|>. Thus the probability of finding the particle at the position x and

time n is P,(x) = Z?:1 P, (x;1).

Time-averaged Probability

We focus our attention on the spatial distribution of the probability of finding
the particle after long time. Then (1.2.21) is rather complicated, but the
value of lim,,_,o, P,,(z) can be calculated in following subsections. We start
by showing a numerical result for the probability of finding the particle at the
origin before carrying out an analytical calculation. The value at the origin
of the time-averaged probability is defined by

3 T-1
Poo<0;a,ﬂ,v)ngnoo<hm > Pan(0ila B, )),

=1 n=0

where P, n(z;l;a, (,7) is the probability of finding a particle with the chi-
rality [ at the position x and time n on a cyclic lattice containing N sites.
The time-averaged probability introduced here was already used to study the
quantum walk. In the case of the Hadamard walk on a cycle containing odd
sites, the time-averaged probability takes a value 1/N independently of the
initial states (see Aharonov et al. (2001), Inui, Konishi, Konno, and Soshi
(2005)). Therefore the time-averaged probability converges to zero in the
limit N — oo. On the other hand, the time-averaged probability of quantum
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walks which exhibit the localization converges to a non-zero value. For this
reason, we first calculate the time-averaged probability of three-state Grover
walk, and we will show in the next subsection that the probability P, (x)
itself converges as well.

We calculate the time-averaged probability at the origin in three-state
Grover walk on a cycle with N sites. We assume that the number N is odd.
The argument of eigenvalues of three-state Grover walk with a finite N is
0 2m=/n form € [=(N —1)/2, (N —1)/2]. Since the eigenvalue corresponding
to m is the same as the eigenvalues corresponding to —m, the wave function
is formally expressed by

3 —-1)/2
.7. E E iON,j,m
Wn,N(Oalaaaﬂa ijl €N, n7
m=0

where O jm 18 05 2mx/n. We note here that the coefficients c; m (V) depend

on the initial state [a, 3,7], but we omit to describe the dependence. Then
the probability P, n(0;«, 3,7) at the origin is given by
Pn,N(O; «, ﬁ7 )
(N—=1)/2

_ § : § : ) W(ON o, ma —ON j1,mq )70
- jl,’ml,ll )CJZ,mZJQ(N)e 2z ST

11,l2,j1,j2=1 m1,m2=0

The coefficients ¢, (N) are determined from the product of eigenvec-
tors. Although lengthy calculations are required to express the coefficients
¢;.m,1(IN) explicitly, it is shown below that coefficients ¢; . 1(IN) except j = 1
do not contribute P, x(z). Noting that the following equation

T—1
. 1 iOn __ 130:03
Jm g =160

we have
3 (N—1)/2 2
0 Ot,ﬁ, Z Z C1 7nl(N>
=1 m=0
3 3 —-1)/2
+ > cionN)| + Z Z lcjma(NP ] . (1.2.24)
Jj=2 m=1

The difference between the first term and the other terms is caused by the
difference of the degree of degenerate eigenvalues.

Let ¢, (V) be the eigenvectors corresponding to the eigenvalue eilixn of
the time-evolution matrix of the three-state Grover walk with a matrix size
3N x 3N. They are easily obtained from |v;(k)) by



Quantum Walks 343

1

= i WV, w?|v; A 1T
—¢3N[\vg(k)>, v (k)), w”lv;(K)), - -, |v; (k)]

|pj.k(N))

where w = e?™/N_ Since the coefficients c;,,;(N) are proportional to the
product of eigenvectors, the orders with respect to N of the first term and
the second term in (1.2.24) are O(1) and O(N ), respectively. Thus we can
neglect the second term in the limit of N — oo. Using the eigenvectors in
(1.2.20), we have

Poo(0;0, 8,7) = (5 —2vV6)(1 + | + B> + [B+~[* — 2/8]).

The time-averaged probability takes the maximum value 2(5—2+/6) at 3 = 0.
The component of P (0; «, 3,7) corresponding to [ = 1,2, 3 are respectively
given by

Po(0: L0, ) = |V6a —2(v/6 —3)3 + (12 — 5\/6)7\27

36
_ 2 2
P02, ) = VO ot
Poo(0:3; 0, B,7) = Voy - 2(/6 - 3;@+ (12 = 5V/6)af?, (1.2.25)

We stress here that the time-averaged probability is not always positive. If
a=1/V6, 3= 72/\/6: and v = 1/4/6, then the time-averaged probability
becomes zero, that is, Ps(0;1/v/6,—2/v/6,1/1/6) = 0.

Stationary Distribution of the Particle

We showed that the time-averaged probability of three-state Grover walk
converges to non-zero values except special initial states. In this subsection
we calculate the limit Py (x) = limy, o0 Py (2)(= limy— 00 Pr(x; , 8,7)) rig-
orously and consider the dependence of P, (z) on the position z.

The wave function given by (1.2.21) is infinite superposition of the wave
function %+ k%) If the argument 0;r given in (1.2.19) for j = 2,3 is not
absolute zero, then the ei+" oscillates with high frequency in k-space for
large n. On the other hand, ¢;(0; %)k (0;k,1) in (1.2.22) changes smoothly
with respect to k. Therefore we expect that the integration for j = 2,3 in
(1.2.22) becomes small as the time increases due to cancellation and converges
to zero in the limit of n — oo. That is,

Lemma 1.11. For fized x € Z,

3
lim W) (z;1;0, 8,7) = 0, (1.2.26)
j=2

forl=1,2,3 and a, 3, € C with |a|* + 3> + |]* = 1.
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Proof. Here we give an outline of the proof. A direct computation gives

Wi (z; 10, 3,7) @
S| W@ 20,8,y) | =M | B,
Jj=2 W%(x’37043537) ol

where M = (m;;)1<s,j<3 with
1
mi1 = 3Jpn + 9 {Jac—Ln + Jptin + (KJJ—L" - Kﬂ”‘”v”)} ’

1
m33 = 3Jz,n + 9 {szl,n + Jerl,n - (Kmfl,n - Kerl,n)} 5

miz = —{Jon + Jot1n + (Ken — Kegin)}s
maz = —{Jom+ Joc1n+ (Kon — Koo1)}
mi13 = —2Jet1,n, m31 = —2Jz—1m,

mo1 = —{Jon + Jo—in + (Kocin — Kon)},
maz = —{Jon + Jos1n + (Kat1n — Kon)}

Mag = 4Jy n,

and

1 [™ cos(kx)
Jon = o [W 54 cos k cos(Oxn)dk,
1 [" cos(kx)

Ky =
' 21 J_x \/(5+ cosk)(1 — cosk)

sin(0n)dk.

From the Riemann-Lebesgue lemma, we can show that

lim J,, =0, lim (Kg — Kzq1.0) =0,

n—oo n—oo

for any x € Z. Therefore we have the desired conclusion.

From this lemma, the probability P.(z) = P.(z;«,3,7) is determined
from the eigenvectors corresponding to the eigenvalue “1”, that is, 8; , = 0
(see (1.2.19)), and I-th component of P, (x;l) = Pi(x;l; o, 8,7) is given by
’2

P.(z;l; 0, B,7) = ’!P}L(x; Iy, B,7) (1.2.27)

Note that ¥} (x;1; o, 3,7) does not depend on time n, since 011 = 0. By trans-
forming integration in the left-hand side in (1.2.27) into complex integral, we
have



Quantum Walks 345

Pu(z;1;0,8,7) = 20l (z) + B4 (2) + 297K 4 (),

2
P.(z;2; 0, 8,7) = |aJ_(z) + gL(x) +yJ4(2)|
P30, 0,7) = 20K _(2) + 7_(2) + 2T (@),  (1.2.28)

where ¢ = —5 4+ 2v/6 (€ (—1,0)) and

2clzl+1
21 L(z)=I(x—-1)+2I(z)+ I(x + 1),

Ji(z)=I(x)+I(x+1), J_(z)=I(x—1)+I(x),
Ki(x)=1(xz+1), K_(z)=1I(x—1), (1.2.29)

I(x) =

for any x € Z. Therefore we have

Theorem 1.12.
3
Pi(zio,8,7) = Y _ Pu(xil;0,8,79)  (x €Z).
=1

We should remark that it is confirmed P (0;1;c,3,7) = P.(0;1;, 3,7)
for I =1,2,3 by using (1.2.25), (1.2.28) and (1.2.29).
Here we give an example. From (1.2.28) and (1.2.29), we obtain

4c2(5¢® +2¢+5)

P.(0;i/V2,0,1/v2) = (1— c2)2

2(5 —2v6) =0.202.. .,

(1.2.30)
2(5¢* +2¢3 +10¢% 4 2¢ + 5) 2lal
(1—¢2)? ’

P,(x3i/v/2,0,1/V/2) = (1.2.31)

for any x with |z| > 1. Furthermore,

0< > Pu(2;i/v2,0,1/v2) = 1/v/6 =0408... < 1. (1.2.32)

TEZL

That is, P, (x;i/+/2,0,1/4/2) is not a probability measure. The above value
depends on the initial qubit state, for example,

> Pu(w;1/V3,1/v/3,1/V3) =3~ V6 =0.550....,

TEZ

> Pu(w;1/v/3,-1/v/3,1/V3) = (3—V6)/9 = 0.061....

TEZ

We should remark that in the case of the classical symmetric random walk
starting from the origin, it is known that P,(x) = 0 for any € Z, therefore we
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have » ., Pi(z) = 0. The same conclusion can be obtained for the discrete-
time and continuous-time two-state quantum walks.

Weak Limit Theorem

In this subsection we give a weak limit theorem for the three-state Grover
walk for any initial state ¢ = T[a, 3,7] by using the method of Grimmett,
Janson, and Scudo (2004). The unitary matrix of the walk is

-1 2 2
U= 2 -1 2
2 2 -1
So we have ) ) )
1 761k 2ezk: 2ezk:
Uk) = 2 -1 2
3 90—k 9p—ik _p—ik

The eigenvalues and corresponding eigenvectors of U (k) are

M(k) =1, Xo(k) =%, X3(k) =e ",

where

cosf)k:fé(cosk+2), sinf)k:;)\/(5+cosk)(1fcosk),
and
k) = 2 1 {Zk 2
v )_5+cosk ( +:—ik aE
1 1un ()
V2 k)= 1 w2 k )
O U@ + 1R + s |

. [1/ws(k)]
vs(k) = , ) o | L/wa2k) |
VI B+ [+ s ||

where

wi(k) =1+ O (k) =1+ e, wy(k) =1+ elOFh),

Then we have



Quantum Walks 347

sin k

V(54 cosk)(1 — cosk)’
sin k

V(54 cosk)(1 — cosk)

hi(k) =0, ha(k)=
hs(k) = —

From Theorem 1.10, we obtain

3
P(Y <y)=
j=1

o
{k€[—m,m):h; (k)<y}

Let k(y) € (0, 7] be the unique solution of ha(k) for y > 0. Then we get

Py <y)= [ 1p1<k>;lfj+< [+ ()) palk) o +< [y ) po(h)

Let k(y)(= —k(y)) € [-m,0) be the unique solution of hy(k) for y < 0.
Similarly we have

0 dk  [~F®) dk
PY <y)= k 3(k .
vn= [omy s [ ey,

Therefore the limit measure is given by

) = g PV <) = Afy) = o1 {pahlw) + sk} .
where
cos k(y) = 51‘1]7;217 sink(y) = 2‘1/\/12 (j ;23y )
g L2213y
COS k(y) = 73(1 . y2), SIN Uk (y) 3(1 yQ)
Moreover
L [V20 =392 +i(1 - 3y)
va(k(y)) = V2(1 = 3y2) — 2i ,
2V3 | o1 - 32) + (1 + 3)
L (V20 - 3y%) — i1 - 3y)
vs(—k(y)) = V2(1 = 3y2) + 2i
2V3 | /2l - 3y2) — i(1 + 3y)
Remark that
dk(y) 2v/2

dy — (1—12)/1-3y%
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Therefore we have
Theorem 1.13. If n — oo, then

Xn
n

= 7,

where Z has the following measure:

V2(co + 1y + c29?)

f(y) = A(O@ﬂa’)/) 6O(y) + 27_‘_(1 . y2>\/1 . 3y2 I(—l/\/3,1/\/3)(y)a
where
g dk
g = [ iy
2 2
= (a—I—g +’7+§ >\é6
R (a+ )@+ 9) (1- 1, V6).
and

co = la+7*+205%,

e =2(~la—pBP+y -8,

ez = la = = 2R((2a + B) (2 + 9)).
Here R(z) is the real part of z € C.
Therefore by Theorem 1.13 we check

A(i/V2,0,1/V2) =Y Pu(3i/v/2,0,1/v2) = 1/V/6,

TEZ

A(1/V3,1/V3,1/V3) = Pu(x;1/v/3,1/v3,1/V3) =3~ V6,

TEL

A(1/V3,-1/V3,1/v/3) = > Pu(x;1/v/3,-1/v/3,1/V3) = (3 — V6)/9.

TEZ

In general, we see that

A(Oé,ﬂ, 7) = ZP*($;04,5, 7)

TEZ
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Conclusions and Discussions

Some properties which are not observed in two-state quantum walks were
found in three-state Grover walk. The particle which exists at the origin splits
in a superposition of three pieces. Two of the three parts leave for points at
infinity and the remainder stays at the origin. In contrast with the ordinary
Hadamard walk, the probability of finding the particle at the origin does not
vanish for large time, and its maximum probability is 2(5 —2+v/6) = 0.202.... ..

A simple reason why the three-state Grover walk is different from two-state
quantum walks is the difference in the degree of degenerate eigenvalues. The
necessary condition of the localization is the existence of degenerate eigenval-
ues. And furthermore, each degree of degeneration must be proportional to
the dimension of the Hilbert space. In addition, if the degenerate eigenvalue
is 1 only, then the probability of finding the particle can converges in the
limit of n — oo. The four-state Grover walk exhibits the localization, but
the probability of finding the particle oscillates, because there are degenerate
eigenvalues with values “1” and “—1”. On the other hand, the degenerated
eigenvalue in three-state Grover walk unrelated to the wave number is only
“17”, therefore the probability converges. Although no experiment exists about
the quantum walks yet, the stationary properties of three-state Grover walk
may be useful for comparison wit h theoretical results.

We discuss a relation between the limit distribution for the original three-
state Grover walk X,, as time n — oo and that of the rescaled X,,/n in the
same limit. When we consider the three-state Grover walk starting from a
mixture of three pure states 7[1,0,0],70,1,0], and 7[0,0, 1] with probability
1/3 respectively, we can obtain a weak limit probability distribution f(x) for
the rescaled three-state quantum walk X,,/n as n — oo:

1 8
fz)= ghola) + 3m(1 - x;/)\/l a2 levayvs (@) (1:2:33)

for z € R, where do(z) denotes the pointmass at the origin and I(4 ) (z) = 1,
if z € (a,b), = 0, otherwise. The above derivation is due to the method by
Grimmett, Janson, and Scudo (2004). We should note that the first term in
the right-hand side of (1.2.33) corresponds to the localization for the original
three-state quantum walk. In fact, we have

1

1
g 2 [Pa(@;1,0,0) + Pu(2;0,1,0) + Pu(2;0,0,1)] = .

TEZL

The last value 1/3 is nothing but the coefficient 1/3 of do(z). Moreover, the
second term in the right-hand side of (1.2.33) has a similar weak limit density
function for the same rescaled Hadamard walk with two inner states starting
from a uniform random mixture of two pure states 7[1,0] and [0, 1]:
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1
fu(x) = (1 — 22)/1 — 222 Ic1pvaayvn (@),

for x € R. This case does not have a delta measure term corresponding to a
localization.

1.3 Multi-State Case

Rigorous results for multi-state quantum walks are very limited. Localization
of one-dimensional four-state Grover walk (Inui and Konno (2005)) and two-
dimensional four-state quantum walks (Inui, Konishi, and Konno (2004)) was
investigated. Moreover, Miyazaki, Katori, and Konno (2007) obtained weak
limit theorems for a class of multi-state quantum walks in one dimension.

2 Disordered Case

2.1 Introduction

A unitary matrix corresponding to the evolution of the quantum walk is usu-
ally deterministic and independent of the time step. In this chapter we study
a random unitary matrix case motivated by numerical results of Mackay
et al. (2002) and Ribeiro, Milman, and Mosseri (2004). We obtain a clas-
sical random walk from the quantum walk by introducing an independent
random fluctuation at each time step and performing an ensemble average
in a rigorous way based on a combinatorial approach. The time evolution
of the quantum walk is given by the following random unitary matrices
{Up:n=1,2,...}:

Cn dy

U, = |:an bn:| y

where ay,, b, ¢,,d, € C. The subscript n indicates the time step. The uni-
tarity of U,, gives

|an|2 + ‘Cn|2 = ‘bn|2 + |dn|2 =1,

anCp + bpdp, =0, ¢y = _Anb'ru d, = A’rLa/ny (211>

where z is the complex conjugate of z € C and A, = detU, = a,d, —
bpcn, with |A,| = 1. Put wy, = (an, b, cn,dy). Let {w, : n = 1,2,...} be
independent and identically distributed (or i.i.d. for short) on some space,
(for example, [0,27)) with

E(la1*) = B(|bs]*) = 1/2, (2.1.2)
E(a1C1) =0.
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Remark that (2.1.2) implies E(|c1|?) = E(|d1|*) = 1/2, and (2.1.3) gives
E(bidy) = 0 by using (2.1.1). The set of initial qubit states for the quantum
walk is given by

¢ ={p="la,pl€C:|af +[5° =1}.

Moreover we assume that {w, : n = 1,2,...} and {«, 3} are independent.
We call the above process a disordered quantum walk in this chapter. Let R
be the set of the real numbers. Then we consider the following two cases:

Case I: an, by, cnydn € R(n=1,2,...) and E(af + af) = 0.

Case II: E(|a|?) =1/2 and E(af) = 0.

We should note that Case I corresponds to an example given by Ribeiro,
Milman, and Mosseri (2004) and Case IT corresponds to an example given by
Mackay et al. (2002), respectively. The numerical simulations by two groups
suggest that the probability distribution of a disordered quantum walk con-
verges to a binomial distribution by averaging over many trials. So the main
purpose of this chapter is to prove the above numerical results by using a
combinatorial (path integral) approach. Results in this chapter are based on
Konno (2005b). Main result here (Theorem 2.1) shows that the expectation
of the probability distribution for the disordered quantum walk becomes the
probability distribution of a classical symmetric random walk. However our
result does not treat a crossover from quantum to classical walks.

2.2 Definition of Disordered Quantum Walk

First we divide U, into two matrices:

an by Joo
Pn—|:0 O:|7 Q7L_[cndn:|7

with U, = P, + @,. The important point is that P, (resp. Q,) represents
that the particle moves to the left (resp. right) at each time step n. By using
P, and Q),,, we define the dynamics of the disordered quantum walk on the
line. To do so, we define a (4N + 2) x (4N + 2) matrix U,, by

0P 0 ...... 0 Qn
Qn 0 Py 0 ... ... 0
0Q, 0 P, 0 0
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where 0 = O3 is the 2 x 2 zero matrix. Note that P, and @),, satisfy

Pnp»: + QnQ»: = P:;Pn + QZQn = 12,

PnQ:L = QnP; = Q:,Pn = P;Qn = 027
where * means the adjoint operator and I5 is the 2 X 2 unit matrix. The above
relations imply that U, is also a unitary matrix. Using U,,, we can define a
disordered quantum walk X, at time n starting from ¢ € &. Let ¥, (x) be

the two component vector of amplitudes of the particle being at site x and
at time n. Then the probability of {X,, = x} is defined by

P(Xn = CC) = ngn(x)||2

Remark that {X, = z} is an event generated by {w; : i = 1,2,...,n} and

{«, B}. The unitarity of U,,(m =1,2,...,n) ensures
Z P(Xn =) = |[UnUn-1-Urel* = [l¢]|* = |o* + [8]* =

for any 1 < n < N. That is, the amplitude always defines a probability
distribution for the location.

2.3 Result

We now give a combinatorial expression for the probability distribution of the
disordered quantum walk. For fixed [ and m with [+m =n and —l+m = z,
we introduce

‘_‘n l m Z Pl an Pl” 1Q"L" 1. _Pll Q’rnl

lj,m;

summed over all [;,m; > 0 satisfying [y +---+ 1, =1, mi+ -+ my, =m
and [; +m; = 1. We should note that

U (x) = E,(I,m)ep.
For example, in the case of P(X4 = 0), we have

Z4(2,2) = PaQ3Q2P1 + QuPs Py + PiPsQ2Q4
+PQ3PoQ1 + QuP3QoPy + QuQ3 PP

To compute =, (I, m), we introduce the following useful random matrices:

Cn dn Joo
r=5%] sl
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In general, we obtain the following table of products of the matrices P;, Q;, R;
and S; (j=1,2,...): for any m,n > 1,

P’"L a"I'VLPTL men a’ﬂan b?’fLP?'L

Q?’ﬂ c’ﬂl Sn d’ﬂl Q’I'L C’I'VLQ’VL d’ﬂl Sn
R?’ﬂ C’l’ﬂ P’I'L d?’ﬂ Rn c’ﬂl Rn d?’ﬂ P’I'L

where P,,Qy, = b, R, for example. From this table, we obtain
Z4(2,2) = bydzca Py + c4a3baQ1 + (aabsda +bacsba) Ry + (cabsca + dyczas)Si.

We should note that P, @1, Ry and S; form an orthonormal basis of the
vector space of complex 2 x 2 matrices with respect to the trace inner product
(A|B) = tr(A*B). So Z,(I,m) has the following form:

En(lym) = pu(l,m)Pr + ¢u(I,m)Q1 + rn(l,m)Ry + s,(1,m)S1. (2.3.4)

In general, explicit forms for p,, (I, m), g, (l,m), r,(l,m) and s, (I, m) are com-
plicated. From (2.3.4), we have

pn(la m)al + rn(la m)cl pn(lv m)bl + 7”n(lv m)dl

=Z,(1,m) =
( m) qn(la m)cl + Sn(la m)al Qn(l, m)dl + Sn(l7 m>b1

Remark that p,(l,m),qn(l,m),r,(l,m), s,(l,m) depend only on {w; : i =
2,3,...n}, so they are independent of wq, where w; = (a;, b;, ¢;, d;). Moreover
it should be noted that {w; : i = 1,2,...} and {«,} are independent.
Therefore we obtain

P(X, =) = |50, m)gl|?
= {|pn(lam)a1 + ’I”n(l,m)01|2 + |Qn(l7m>cl + Sn(lam)a1|2} ‘04‘2
+ {|pn(lam)b1 + rn(lam)dl‘Q + ‘qn(lam)dl + Sn(l7m>b1‘2} ‘ﬁ‘Q

 {paltm)as + il m)en) (a(l )by + 7 (1))

(gl m)er + su(l,m)a1) (ga(lm)ds + sa(l, m)ba) } o

+{Ball,m)ay + ra(lm)er) ol m)by + ol m)dy)

H(gu(l,m)er + sn(l,m)ar) (gn (1, m)dy + sn(z,mﬂh)} af
= C1lal® + Co|B* + C3aB8 + Cyap.

Then we see that

E(Cilal?) = Elpa(l.m) + |sn(l,m)* + g (l,m)[* + [ra (L m) P E(laf?),

2
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since {pn (I, m), g, (I,m),r,(l,m), s,(l,m)} and w; are independent, {w; : i =
2,...} and {«, 8} are independent, (2.1.2) and (2.1.3). Similarly, we have

1

E(CMQ) = 9

E[|pa(l,m)]? + [sn(l,m)[* + |gn(l,m)* + [ru (L, m)[P] E(|B]?).

Case I: First we note that Cy = C3. So ay, by, ¢, dy € R gives C3 = C4. Then
the condition af + af = 0 implies Csa 4+ Cya8 = 0. Therefore we obtain

E(P(X, = 1))
(HE ( m)epl[?)
E“pn(l m)\ + ‘Sn(l m)‘Q + \qn(l,m)\Q + |7"n(l,m)\2] E(|a|2)

E
1
2
E[\pn(l7m)|2 +sn () + lgn (L m) P + |ra(1,m)?] E(|6])

= ; {E(Ipn(t,m)[?) + E(lgn (1, m)[*) + E(|rn (L, m)[*) + E(|sn (I m)[*) }

since |a|? + 3> = 1.
Case II: E(af) = E(af) = 0 gives the same conclusion as above in a similar
fashion.

To get a feel for the following main result, we will look at the concrete
case where n =4 and | = m = 2.

E(P(X{ =0))

I
&
I
®
N
ASH
o

; {E(pa(2,2)P) + E(|as(2,2)]*) + E(Ira(2,2)]") + E(|s4(2,2)]*) }

- {E(ba*)E(lds|*) E(|c2]*) + E(leal*) E(|as|*) E(|b2*)

2
+E(laa|*) E([bs|*) E(|d2|*) + E(ba|*) E(les]*) E(|b2])
+E(a4b E(bdcj) (d2b2)+E(a4b4) (bdcd) (deQ)

)
)
+E(|eal?) E(|bs|*) E(|cal*) + E(|dal*) E(|es|*) E(|az]*)
)VE(bscs)E(coaz) + E(cads) E(bscs) E(coaz) }
1 2 2 1 /4
16716 16 16 2 (2)
since E(|a1|?) = E(|b1]?) = E(la1]?) = E(|d1]?) = 1/2, and E(ajc;) =
E(bidy) = 0. This result corresponds to P(YyY = 0) = (3)/2*, where Y}

denotes the classical symmetric random walk starting from the origin. We
generalize the above example as follows:

Theorem 2.1. We assume that a disordered quantum walk starting from ¢
satisfies Case I or Case II. Forn =0,1,2,..., and x = —n,—(n —1),...,
n—1,n, with n + x is even, we have
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E(P(X, =x))=P(Y; =12) = 21n <(n +nx)/2)'

Proof. For n =0,1,2,...,and z = —n,—(n—1),...,n— 1,n, with n + z is
even, let | = (n—x)/2, m = (n+x)/2 and M = ((n+7;)/2). In general, as in
the case of n = 4 with [ = m = 2, we have

P(X, = z) = E(||Zx(, m)¢|?)
1 . :
= o 2 B P)E(uy ) - B(jug”1?) + Rws, wa, ... wn),
=1
where u ) € {ai, bi,c;,d;} for any i = 2,3, . =1,2,...,M and wy, =

(ak,bk,ck,dk) for any k =1,2,...,n. Then E(\a1| ) E(|b1)? ) E(|c1]?) =
E(|d1|*) = 1/2 gives

M
E(P(Xn = .’L‘)) = on + R(wl, wa, .. . 7wn).
To get the desired conclusion, it suffices to show that R(wi,ws,...,w,) = 0.

When there are more than two terms in p,(l,m) or s,(l,m), we have to
consider two cases: there is a k such that

e Poy1 PPy - P, o Qup1 PPy P
For example, s4(2,2) = dycsas + c4bsca case is k = 1, since
QuQs PPy, QaP3Q2P.
Then the corresponding py, (I, m) or s,(I,m) are given by
Ak 410kAk—1 " " G2, c o Ce41akQK—1 - - A2.
Therefore we have

B (- aprrapar—1 - a2) (-~ cpy1apag—1 - as)]
= E( ) Eaks1ces1) E(Jarl*) E(lag—1]*) - E(|az|*) = 0,

since E(ajc;) = 0. When there are more than two terms in ¢, (l,m) or
rn(l,m), we have to consider two cases: there is a k such that
 Qr+1QkQr—1- - Q1 P QrQr—1 - Qn.

Therefore, a similar argument holds. So the proof is complete.

The above theorem implies that the expectation of the probability dis-
tribution for the disordered quantum walk is nothing but the probability
distribution of a classical symmetric random walk.
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2.4 Examples

The first example was introduced and studied by Ribeiro, Milman, and
Mosseri (2004). This corresponds to Case I:

cos(0,) sin(6,)
sin(6,,) —cos(6,) |’

n =

where {6, : n=1,2,...} are i.i.d. on [0, 27) with
E(cos?(01)) = E(sin*(01)) = 1/2, E(cos(0;)sin(6;)) = 0.

Here we give two concrete cases:

(i) 0y is the uniform distribution on [0, 27),

(ii) P(6h =&) = P(6L =7/2+ &) = 1/2 for some £ € [0, ).
For an initial qubit state, we choose a non-random ¢ = T[a, 8] € ¥ with
la| = |B| = 1/V/2, and aff + a3 = 0.

The second example was given by Mackay et al. (2002). This corresponds

to Case II:
1 1 eifn
RV L”” -1 ] ’

where {60, : n=1,2,...} are i.i.d. on [0, 27) with
E(cos(61)) = E(sin(61)) = 0.

Moreover an initial qubit state is chosen as ¢ = [, 8] € ¥ with E(|a|?) =
1/2 and E(af) = 0. For example, both 6, and 6, are uniform distributions
n [0,27), and they are independent of each other. Let o« = cos(6.) and
ﬂ = cos(f.). So the above conditions hold.
Finally we discuss an example studied by Shapira et al. (2003). Let W,, =
{Xn, Yy, Zn}, where {W,, : n = 1,2,...} is i.i.d., and {X,,Y,, Z,} is also
i.i.d., moreover, X,, is normally distributed with mean zero and variance o2,

for some o > 0. Their case is
1 |11
Un—\/2 [11} X‘/;H
where

1
V2

cos(Ry) + iZy, Sm(R) (Y, +iX, )Sm( n)

Vo=
( }/n + ZXn)Sm(R”) COS(R ) _ ZZn sm(R")

and R, = /X2 + Y2+ Z2. Then a direct computation gives
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E(la1*) = E(|b1]?*) = 1/2,
Earer) = (15 + ;(1 — 402 = (o). (2.4.5)

We see that (2.4.5) implies 0 < u(v/3/2) = 0.0179... < u(o) < 1/2(=
lim,|o (o)) for any o > 0. Note that the limit o | O corresponds to the
Hadamard walk case. So their example does not satisfy our condition (2.1.3).

3 Reversible Cellular Automata

3.1 Introduction

In this chapter we consider some properties of a one-dimensional reversible
cellular automaton (RCA) derived from a quantum walk on a line. Results
in this chapter are based on Konno, Mitsuda, Soshi, and Yoo (2004). We
present necessary and sufficient conditions on the initial state for the exis-
tence of some conserved quantities of the RCA. One is the expectation of the
distribution (the 1st moment), and the other is the squared norm of the dis-
tribution (the Oth moment). The former corresponds to the symmetry of the
distribution, one of the results below (see Theorem 3.2) implies that the dis-
tribution is symmetric for any time step if and only if its expectation is zero
for any time step. We should note that our RCA is different from the quan-
tum cellular automaton studied by Grossing and Zeilinger (1988a, 1988b). In
Grossing and Zeilinger (1988b), they found a conservation law which connects
the strength of the mixing of locally interacting states and the periodicity of
the global structures. Their conservation law also differs from ours. For a re-
cent review on quantum cellular automata, see Aoun and Tarifi (2004), and
Schumacher and Wernerfor (2004), for examples. It is well known that cellular
automata are models based on simple rules which upon deterministic time
evolution exhibit various complex behavior (Wolfram (2002)). Our investi-
gation of the RCA might shed some additional light on the analysis of this
complex behavior. Moreover, by applying our results to the quantum walk
case, we may obtain more detailed information on quantum walks. The pur-
pose of this chapter is to investigate some correspondence relation between
quantum walks and RCAs. Then, we analyze some properties and conserved
quantities of a quantum walk by examining a RCA. Thus, properties that are
hidden or less obvious in a quantum walk may be more obvious when study-
ing the RCA. This method then provides a useful tool for studying quantum
walks.

In this chapter, we consider an extension of the Hadamard walk as follows:

sinf — cosf

H26) = [cosf) sinf }
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where 6 € [0,27). Here we study mainly the case of 6 € [0,7/2) for the sake
of simplicity. Remark that when 6 = 7/4 it becomes the Hadamard walk,
that is, H(w/4) = H.
The definition of the quantum walk gives
y'/fﬂ(x) =a¥l(z+1)+ 00l +1),

n

Ut () = ey (w — 1) + d¥f (@ — 1),

for

U— {ﬁ 2} € U).

Furthermore, we can rewrite the above equations to uncouple both chirality
components:

U o(w) = aly (o + 1) + dPry (2 = 1) = (ad = be) ¥y (x),

y'/f‘ﬁ(x) = alpffﬂ(m +1)+ du'/fﬂ(x —1) — (ad — be)¥ R (z).
That is, the left and right chiralities both satisfy the following partial differ-
ence equation:

Mra(@) = N (@ + 1) + dijs (@ — 1) — (ad — b)a (@), (3.1.1)

where 7, (2) € C stands for the probability amplitudes of left or right chirality
at time n € Zy at location x € Z, where Z, is the set of non-negative
integers. The above argument appeared in Knight, Rolddn, and Sipe (2003a,
2003b) (see also page 279 in Gudder (1988)). In other words, (3.1.1) implies
a dynamical independence of the evolution of the two chiralities L and R.
Thus there are two essentially independent walks, coupled only by the first
two steps. After that the two walks can behave independently of each other.
In this chapter, we call (3.1.1) a reversible cellular automata (RCA), since
(3.1.1) implies that 7, (z) can also be determined by 1,41 (+) and 7,42(-).

It should be noted that if we put (179(0), 71 (=1),m1(1)) = (¥L(0), a¥F(0)+
b (0),0) on the initial state of (3.1.1), then 7, (x) = ¥ (z), that is, 7, (x)
represents the left chirality of the quantum walk. Similarly, an initial qubit
state of (311)7 that iS, (770(0)7771(*1)7771(1)) - (W({?(O)?Oa CWOL(O) + dwé?(o))
gives the right chirality of the quantum walk, namely, n,(z) = ¥ ().

Here we consider a more general setting concerning initial states. The
study on the dependence of some important quantities on the initial state is
one of the essential parts, so we define the set of initial states for the RCA
as follows:

b = {3 = (0(0),m(~1),m(1)) = (e, B,7) : @, B,7 € C}.
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To distinguish our initial state for the RCA considered here from the initial
qubit state for quantum walks in our previous chapters, we put “~” in @ etc.
From now on we consider only RCA’s defined by H(0):

Mnt2(x) = cosO[npi1(2 + 1) = Nppa (z = )] 4 10 (2). (3.1.2)

McGuigan (2003) studied some classes of quantum cellular automata. In his
setting, (3.1.2) belongs to a class of fermionic quantum cellular automata
whose update equation is given by

Nn+2(®) = (1 (@ + 1), 90 (2), Npy1 (= 1)) + (). (3.1.3)

Our case is f(z,y, z) = (x — z) cos . By using (3.1.2), Romanelli et al. (2004)
analyzed in detail discrete-time one-dimensional quantum walks by separat-
ing the quantum evolution into Markovian and interference terms.

Now we define a distribution (in general, non-probability distribution) of
RCA 7, at time n € Z, by

{lmn (@) : x € Z}.

In this chapter, we call {|n,(z)|* : @ € Z} the distribution of 7,.

One of the main results of this chapter is to give the following necessary
and sufficient conditions of the symmetry of distribution of n,, for any time
step n.

3.2 Symmetry of Distribution

First we present the following useful lemma to prove Theorem 3.2.

Lemma 3.1. (i) We suppose that the initial state is
¢ = (10(0),m(=1),m(1)) = (o, 8, =),
where a, 3 € C. Then we have
() = (=1)" 10 (=), (3.2.4)

foranyx €Z andn € Z.
(ii) We suppose that the initial state is

SZ = (770(0)7 771(_1>7771(1)) = (07ﬁ7 ei£B>7
where B € R, £ € R. Then we have
nn(x) = (71)n+16i577n(7x)a (325)

forany x € Zy andn € Z,..
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Proof. We prove the Lemma by induction on the time step n. The proof of
part (ii) is essentially the same as that of part (i), so we omit it.

First we consider n = 0, 1 case. We can easily check that (3.2.4) holds
for n = 0, 1. Next we assume that (3.2.4) holds for time n = m and m + 1
(m > 0). Then we have

Mm+2(x) = cos0[nmi1(z + 1) = Dm1(z — 1)) + 0 (2)
= cosO[(=1)" a1 (2 = 1) = (=1)" g (—2 + 1))
(=1 (=)
(=1 cos Onms1 (=2 — 1) = Nongr (=2 + )] + (= 1) ™ (—)
(—1)m+2{0059[77m+1(—$ +1) = ms1(=z = D] + 0 (—2)}
(=1)" 22 ().
Remark that the first and last equalities come from (3.1.2). The second equal-

ity uses the induction hypothesis. So we have shown that (3.2.4) is also correct
for time n = m + 2. The proof is complete.

We introduce the following three classes:

FL—{Ged fiy=0 (3.2.6)
or |8 = Iyl(> 0), and @ =0 (3:2.7)
or |B] = (> 0),a#0, and 03+ 0, — 20, =7 (mod 2m)}, (3.2.8)
b, = {p € @ : |9 (z)| = [nn(—2)| for anyn € Z; and z € Z},

b = {(ﬁe o : Z z|n,(z)|* = 0 for anyn € Z+}.

T=—00

Here 6, is the argument of z € C with z # 0. It is noted that if ¢ € 58,
then the distribution (in general, non-probability distribution) of ,, becomes
symmetric for any time n € Z .

Theorem 3.2. For the RCA defined by (3.1.2), we have
b, =, = by

Proof. First we see that the definitions of &, and D, give immediately

P, C By. (3.2.9)

Next, we prove b, C 58. The proof is divided into the following three
cases.
Case 1. If the initial states are satisfying (3.2.6), then we can obtain the
following relation from Lemma 3.1 (i):

7 (@)| = |1 (=)]. (3.2.10)
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Case 2. We assume that the initial states satisfy (3.2.7). By using Lemma 3.1
(ii), we can obtain (3.2.10).
Case 3. We assume that the initial states satisfy (3.2.8). Let

g1 = (Jale, |Bles, |Blei(m—0aF20a)),

Then ' ' _
Go = e "Gy = (|al, |Ble'Or0) | B|ei(m—0s+0e)),

We put 0 = 0, — 03, then $o = (|al, |Ble?, |Ble’ ™). Therefore, real and
imaginary parts of po become

R(p2) = (|, 6] cos 0, =[] cos 0),
S(p2) = (0, 6] sinb, | 3] sin §),

respectively. Here if we take R(@2) as an initial state of the RCA, then we
can see that the distribution of 7, is symmetric by using Lemma 3.1 (i).
Similarly, using Lemma 3.1 (ii), the initial state $(@2) also gives a symmetric
distribution. From @2 = R(p2) + S($2) € 55, we can get p1 € 55. Therefore
for any @ € ®, , we have |, (z)| = |, (—2)| for any € Z and n € Z, . Then
we conclude

b, C P, (3.2.11)
Finally, a direct computation gives

m(1) = * = |6,
m(2) = 2cos” (|7 [* — 1B%),

m(3) = ;(3 cos? 20 + 2 cos 20 + 1)(|y]* — |8]?)
—; sinf sin 20 {a(B 4+ 7v) + a(B + )},
where m(n) = i z|n(2)]?. The above equations imply that if ¢ € @
then ¢ € @ 1. Sy(c):v;:> have
o C D). (3.2.12)
Combining (3.2.10) - (3.2.12) gives
b, Ch;,CPyC Dy,

so the proof is complete.
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3.3 Conserved Quantity for RCA

From now on we assume that 0 < § < /2 for simplicity. First we let

o0

1l > =3 Ina(2).

rT=—00

Here we consider the necessary and sufficient conditions on initial states for

a conserved quantity. That is, there exists ¢ > 0 such that ||n,||? = ¢ for any
n € Zy. To do so, we introduce the following two subsets of &:

P, (c)={ged: |a?=c, (3.3.13)

1B + Iy[* = (3.3.14)

By + By =0, (3.3.15)

(3.3.16)

a(B =)+ a(B—v) =2c cosb }, .3.16

and _ _
&(c) = {{56 @ : ||nn|]* = ¢ for any n € Z+},

where @(c) stands for the set of initial states satisfying that ||7,|| becomes a
conserved quantity. When ¢ = 0, it is easily shown that

Qi*(()):gli(()):{{565:04:6:7:0}.

So we assume that ¢ > 0. Then we have

Theorem 3.3. For any ¢ > 0,

The above theorem implies that 5*(0) gives the necessary and sufficient con-
ditions we want to know.
Proof. Case 1: ®(c) C P.(c). A little algebra reveals

1m0l = lo?, (3.3.17)
lImll* = 181> + 11, (3.3.18)
[Im2l1* = lal® + 2 cos® O(| 8] + [7]?) — cos® B(By + 37)
—cosO(a(f —7)+a(B—7)), (3.3.19)
l[ns]|> = 2 cos? Ol + {2 cos® 0 + (1 — 2cos? 9)2} (181% + |7
+2cos? B(1 — 2 cos® 0)(By + 57)
+cosf(1 —3cos® O){a(f —7) +a(B—7)}.  (3.3.20)
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From (3.3.17) - (3.3.19), we have
(B =) +a(B =) = cosb{2c — (By + )} (3.3.21)
Combining (3.3.21) with (3.3.17), (3.3.18), (3.3.20) implies
sinf cos (B~ + Bv) =0,

so we have Oy + By = 0, since 0 < 6 < 7/2. Then (3.3.21) becomes a8 —
) + a8 — ) = 2¢ cosf. So we have the desired result.
Case 2: @,(c) C P(c). Let

O = 3 e ),
where ¢ € R. By using (3.1.2), we have
n+2(€) = cos0(e™* =€) 41 (€) + 7 (8),
where
M) =a, M) =e B+
So we obtain

(&) = AN () + B (),

where
—ip 4 O i _ ) .
A =" B =" g =peisanes
and
A+ () = —icosfsiné + \/1 — cos? 0 sin® €.
Define
1 27
o) = o, | s@st)e

In particular, ||f||2 = (f]f). Then

o0 1 2 B
> @)=, [ @R

implies

[0l = 1177n]
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We define ¢ = p(¢) € R by A (£) = €%, that is,
cosgoz\/lfcos?ﬁsian, sinp = —cos#siné.

So A_(£) = —e %%, In this setting, we have the following result: for any
n e ZJH

[l [? = A +1BI[Z + (=1)" {{e™# Ale™™?B) + (e "*Ble™? A) }.

A direct computation gives

1A[1Z = lIBIIZ
1 1—siné
— yaing |0+ P+ 1)~ fa(8 =+ aa - (17
1—sing)>
(ﬂv+6v)( 080 > ] :
Moreover we have
47T{<eintpA|e—ingaB> + < —ingaB|eingaA>}
2
_ 2 [T cos(2(n — ) )
=laft [ e
27 27 . .
oy — aB)i {/O cosfsn;é(s?; D) de + ZA smfm;g(;r; D) df}
27 . 27 . .
Haf — a)i {/O cosfsn;é(s?; D) i — ZA smfm;g(;r; D) df}
2m 9
~BP+ 1) [ g
T cos(2€) cos(2n) [T sin(2€) cos(2n)
—f {/0 cos? ¢ de — i /0 cos? @ df}
T cos(2€) cos(2n) [T sin(2€) cos(2ne)
—f {/0 cos? de i /0 cos? df} ’

for any n € Z, . Furthermore we have the following equation:

112

cos

~ 2sing {(|a|2+|ﬂl2+lv) {a(B—7) +a(f— 7)}(1—sme>

—(By+B67) <

—-1)" 0 cos(2(n — 1)x
LD [W /9 (20 -12)

™ —7/2 cOoS x\/6082 x —sin’ 6

1—siné ]

cosf
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10 inz sin((2n — 1
/ sin  sin((2n — 1)x) i

cost Jo_r/2 cos :r:\/cos2 x —sin?6

—{a(B =) +a(B-7)}

4WP+M%/

6—7/2 cos:m/cos2 x —sin’ 0

O cos(2nz) Vcos? z — sin® f

2
—(Bv + B7) { / dz
cost Jo_r/2 cosx
0 2
B / cos(2nx) de
0—7/2 cOS x\/cos2 z —sin? 0

for any n € Z. The condition “|a|? = B2+ |7 = ¢, a(B—7) +a(B—7) =
2c¢ cosB, By + By =07 gives

H2 (_1)nc
m

0 cos(2nx)

dx

. (3.3.22)

[[7n]]” = c+

O cos(2(n —1)x) — 2sinzsin((2n — 1)z) — cos(2nz)
X A d$7

—7/2 cos x\/6082 x —sin? 0
for any n € Z4. On the other hand, a little algebra reveals that
cos(2(n — 1)x) — 2sinzsin((2n — 1)z) — cos(2nz) = 0,
for any n € Z,. Therefore we conclude that
P =c  (nezy),

that is, @, (c) C &(c). The proof of Theorem 3.3 is complete.

By (3.3.22) and the Riemann-Lebesgue lemma, we have

lim H777LH2 =
n—oo

g | (0l 18+ 1) = a5 =) + a(5 )

2si
y <1sin9> By 4 By) (181110)2]. (3:3.23)

cosf cosf

The above equation will be used in the next section. As a corollary to Theorem
3.3, we can show that the quantity is not conserved in any RCA with a
symmetric distribution.

Corollary 3.4. For any ¢ > 0,
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Proof. We consider the following three cases.
Case 1. When 8+~ =0, from |8]? + |y]? = ¢, we have

g = \/; e, 4= \/; et (3.3.24)

However (3.3.24) and (v + By = 0 contradict each other, since Sy + 8y =
—c(<0).

Case 2. “|8] = |y|/(> 0), and a = 0” and “|a|? = ¢ (> 0)” contradict each
other.

Case 3. We assume that “|g] = |y|(> 0),a # 0, and 03 + 0, — 20, =
7 (mod 27)”. From now on we omit “mod 27”. Then

a(f—v)+a(B—v) =2c cost

can be rewritten as
la|{|5] cos(8a — 83) — |7v| cos(8a — 6,)} = ¢ cosb. (3.3.25)
On the other hand, |a| = /e, |B] = |y| = \/c/2. So (3.3.25) becomes
cos(fy — 03) — cos(0, — 0,) = V2 cosb. (3.3.26)

Combining (3.3.26) with 05 + 0., — 26, = 7 implies

sin <9'3 N 9”) __cost (3.3.27)
2 V2

We see that fy+5y = 0 gives 03—6., = +£7/2, 50 (3.3.27) becomes cos§ = £1.
Then we have a contradiction, since we assumed that 0 < 6 < 7/2. So the
proof is complete.

3.4 Quantum Walk Case

In this section we return to the quantum walk given by H(6). By using the
correspondence between quantum walks and RCAs, non-trivial properties of
the quantum walk can be derived. Let ¢ = T[ay, o] with |oy|? +|a|? = 1 be
the initial qubit state at the origin for the quantum walk. Here we apply our
result (Theorem 3.3) for the conserved quantity of the RCA to the quantum
walk. First we consider the left chirality case; that is, @« = ay, 8 = cosf a; +
sinf o, and v = 0. Then (3.3.15) holds, since v = 0. (3.3.14) and (3.3.16)
can be rewritten as

cos® Olay|? + sin? O]a,|? + cosOsin O(oqa, + qa,) = ¢, (3.4.28)
2 cos 0| ay|? + sin Oy, + qa,) = 2ccos, (3.4.29)
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respectively. By using sinf # 0 (since 0 < 6 < 7/2) and (3.3.13) and (3.4.29),
we have

oo, + o = 0. (3.4.30)
Combining (3.4.28) with (3.4.30) gives
cos? 0oy |* + sin? 0o, |2 = c. (3.4.31)

On the other hand, it follows from |ay|? + |a-|> = 1 and (3.3.13) that |a,|? =
1 —¢. By (3.4.31) and the last equation, we get

c=1/2. (3.4.32)

Moreover |a;| = |a,.| = 1/v/2 can be derived from (3.4.32). So combining
this result and (3.4.30), we conclude that the initial state of the quantum
walk with the corresponding RCA having the conserved quantity ¢ = 1/2 is
determined by

o= {gl} :ij; m (3.4.33)

where £ € R. Similarly, we consider the right chirality case, that is, a =
ar, =0, and v = sinf oy — cos 0 ci,.. In this case also, a similar computation
gives the same conclusions, i.e., (3.4.32) and (3.4.33).

On the other hand if we choose (3.4.33) as an initial qubit state for the
quantum walk defined by H(#), then the probability distribution becomes
symmetric (see Theorem 1.5). Furthermore our result gives additional infor-
mation on the conserved quantity:

WP = P =),
for any n € Z,. In particular, when 6 = w/4 (the Hadamard walk), if
o =T[1/v2,i/v2], then [|[WE||? = ||[¢F|]> = 1/2 for any n € Z,. However
Corollary 3.4 implies that the conserved quantity (in our case ¢ = 1/2) is
not compatible with the symmetry of the distribution. This gives an interest-
ing result on the quantum walk: a symmetric probability distribution of the
quantum walk can not be written as the sum of the symmetric distribution
for each chirality of the quantum walk.

Finally we consider the general case. The unitary evolution of the quantum
walk implies ||@L|2 + ||| = 1 for any time step n € Z,. Furthermore
(3.3.23) gives

nhn;OHWnL\F = 5sing (14 cos? 0) oy |*+ sin? e, |? + sin 6 cos Oy, + ajory)
— sin

. 1 —sin@
—{2cos0|oy|* + sin (o, + o)} < o0 > 1 )
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Rz
1

lim ||, |1+ cos? 0)|a, |>+ sin? 8|oy |* — sin @ cos O(aa, + ary)
n—oo 2sind

. 1—sinf
—{2cosf|a,|* —sinf(oqa, + qay)} < o0 > ] .

For example, if we choose 6 € (0,7/2) and ¢ = T[1,0] (asymmetric case),
then
in 6 1 in 6 1
lim P2 =1-""" ¢ ( 1), lim |22 = "7 ¢ (o, )

4 Quantum Cellular Automata

4.1 Introduction

Patel, Raghunathan, and Rungta (2005a) constructed a quantum walk on a
line without using a coin toss instruction, and analyzed the asymptotic be-
havior of the walk on the line and its escape probability with an absorbing
wall. In fact the quantum walk investigated by them can be considered as
a class of quantum cellular automata on the line (see Meyer (1996, 1997,
1998), for examples), so we call their quantum walk a quantum cellular au-
tomaton (QCA) in this chapter. Results here are based on Hamada, Konno,
and Segawa (2005).

At a first glance, the QCA looks different from the quantum walk. However,
we show that there exists a one-to-one correspondence between them in a
more general setting. The purpose of this chapter is to clarify this connection.
Once the connection is well understood, the result by Patel, Raghunathan,
and Rungta (2005a) is straightforwardly obtained.

4.2 Definition of QCA

We define the dynamics of a one-dimensional QCA including the model in-
vestigated by Patel, Raghunathan, and Rungta (2005a). Let 777(17")(:0)(6 C) be
the amplitude of the QCA at time n € Z, and at location z € Z starting

from m € Z, that is, n{"™ (m) = 1 and n{™ () = 0 if  # m. Moreover, let

¢ (@) = lan™ () + Aol ()P,
and

(R CORE RV A

n
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where o, 8 € C with |a|> + |3]? = 1. As we will show later, the Q(Lm:i)(x) is
equivalent to a probability distribution of a quantum walk at time n, where
the pair (a, 3) corresponds to the initial qubit state of the quantum walk.
The evolution of the QCA on the line is given by

n(vn) _ Un(m)

n+1 n
where U is the unitary matrix

-3 -2 -1 0 +1 +2 +3 +4

-3
-1

+1
+2
+3
+4

S oo oo o
SO O OO0 TR
S oo oo O -
SO OO TR Qo
SR T OO0 O -
SO T /oo o -
L T OO0 O o o
SR AL OO O o o

with a,b,c,d € C and 777(Lm ) is the configuration

=T (=1, nTM(0),n (+1), -,

n

(o9}

for any n € Zy. Let |[ul|> =>00
if Hn(()m)H =1, then \|777(fn)\| = 1 for any n € Z. Furthermore, if HC(()
then ||[¢{™*)|| = 1 for any n € Z.. A little algebra reveals that U is unitary
if and only if

|u(z)|?. The unitarity of U ensures that
m:+) H =1,

la[* + [b]* + |c|* + |d|* = 1, (4.2.1)
ad + ad + bc + be = 0, (4.2.2)
ac+bd = 0, (4.2.3)
ab+ab =0, (4.2.4)
cd+ced=0, (4.2.5)

where 2 is a complex conjugate of z € C. Here we consider a, b, ¢, d satisfying
(4.2.1) - (4.2.5). Trivial cases are “la| =1,b=c=d =0", “|b|=l,a=c=
d=20", “e]=1,a=b=d=0",and “|d| = 1,a = b = ¢ = 0”. For other
cases, we have the following five types:

Type I: |b]? + |¢|?> =1, be+ be = 0, be # 0, a = d = 0.

Type IL: |a]? + |b]> =1, ab+ab=0, ab# 0, c = d = 0.

Type IL: [c|?> +|d|*> =1, cd+ecd =0, cd # 0, a=b=0.
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Type IV: |a]> +|d|*> =1, ad+ad =0, ad # 0, b=c = 0.
Type V: a, b, ¢, d satisfying (4.2.1) - (4.2.5) and abed # 0.

Let supp[(fbm:i)] ={xeZ: C,(Lm:i)(x) > 0}. Then, it is easily seen that
for any n € Z., supp[(,(f]:i)] C {-2,-1,0,1} in Type I, and supp| Shi)} -
{=1,0,1,2} in Type II. So both Types I and II are also trivial cases. To
investigate non-trivial Types III - V, we introduce a quantum walk in the
next section.

We see that a direct computation implies that (a, b, ¢, d) satisfying (4.2.1)
- (4.2.5) has the following form:

(a,b,¢,d) = e (cos B cos p, —i cos O sin ¢, sin O sin ¢, i sin B cos @),  (4.2.6)

where 0, ¢, 6 € [0, 27). From now on, we assume that (a, b, ¢, d) has the above
form. Remark that the case studied by Patel, Raghunathan, and Rungta
(2005a)is 6 = /2 and 0 = ¢ = 7/4, that is, (a, b, c,d) = (i/2,1/2,i/2,—1/2),
which belongs to Type V.

4.3 Definition of A-type and B-type Quantum Walks

The time evolution of both one-dimensional A-type and B-type quantum
walks is given by the following unitary matrix:

a'b
U= |:c/ d/] )
where a’, b, ¢, d’ € C. So we have |a'|> + |V/|> = |[d|> + |d']? =1, d'c/ + Vd' =
0, =—=-AV,d =Ad, where A =detU = d'd — V¢ with |A| = 1.

Let |[L) = T[1,0] and |R) = 7[0,1]. For an A-type quantum walk, each
coin performs the evolution:

L) — UIL)=d|L)+(|R),  |R) — UIR)=V|L)+d|R),

at each time step for which that coin is active, where L and R can be re-
spectively thought of as the head and tail states of the coin, or equivalently
as an internal chirality state of the particle. The value of the coin controls
the direction in which the particle moves. When the coin shows L, the par-
ticle moves one unit to the left, when it shows R, it moves one unit to the
right. Then a B-type quantum walk is also defined in a similar way as we will
state later. Thus the quantum walk can be considered as a quantum version
of a classical random walk with an additional degree of freedom called the
chirality which takes values left and right.

The amplitude of the location of the particle is defined by a 2-vector € C?
at each location at any time n. The probability that the particle is at location
x is given by the square of the modulus of the vector at x. For the j-type
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quantum walk (j = A, B), let ¥, (z) denote the amplitude at time n at
location z where

i[5

7n

with the chirality being left (upper component) or right (lower component).
For each j = A and B, the dynamics of ¥;,(z) for the j-type quantum
walk starting from the origin with an initial qubit state ¢ = [, 8], (where
o, € C and |a|?* + |f]? = 1), is presented as the following transformation:

yv/jm_;,_l(l‘) = Pjg/j,n(m + 1) + ij'/jm(x — 1)7 (437)

where

a' v 00 a0 0
PA|:0 0:|7 QA|:C/d/] and PB|:C/0:|’ QB{Od/]-

It is noted that U = P; + Q; (j = A, B). The unitarity of U ensures that
the amplitude always defines a probability distribution for the location. From
(4.3.7), we see that the unitary matrix of the system is described as

...OP 00O ..
..Q; 0P 0O ...
.0Q;0 PO ... with O

.0 0Q;0P...
.00 0Q;0 ...

I
[

00
00|’

for j = A and B. Remark that the A-type (resp. B-type) quantum walk is
called an A-type (resp. a G-type) quantum walk in Konno (2002b).

4.4 Connection Between QCA and A-type
Quantum Walk

To begin with, we investigate a relation between the QCA and the A-type
quantum walk. To do so, the unitary matrix of the QCA
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-3 -2 -1 0 +1 +2 +3 +4
-3 b a 0 0 0 0 0 0
—2 a b c d 0 0 0 0
-1 d c b a 0 0 0 0
U - 0 0 0 a b c d 0 0
T+l 0 0 d c b a 0 0
+2 0 0 0 0 a b c d
+3 0 0 0 0 d c b a
+4 0 0 0 0 0 0 a b
is rewritten as
-1 0 +1 +2
-1 ... T4 Qa O O
U — 0] ... Pr Ta Qa O ...
+1| ... O Py Ta Qa ... [’

+21 ... O O Py Ty

where

dc ba 00
PA{OO}, TA{ab]’ QALd]-

We consider a pair (22— 1, 2z) in the QCA as a site x in the A-type quantum
walk for any « € Z. Moreover we observe that 2z—1 (resp. 2z) site in the QCA
corresponds to right (resp. left) chirality at a site « in the A-type quantum
walk. We call the QCA a generalized A-type quantum walk. When T4 is not
the zero matrix, the particle has non-zero amplitudes for maintaining its
position during each time step. More precisely,

st =110

and
Upnt1(®) = Qa¥an(z+ 1)+ Ta¥an(x) + Pa¥Wan(z —1).

From the above observation, we see that “T'ype V QCA «— generalized A-
type quantum walk”, where “X «— Y” means that there is a one-to-one
correspondence between X and Y'; that is,
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v (2) =Y (22 — 1) + an® (22 — 1),
vk (x) = Y (22) + an?(22),
(@ - 1) = [, (2, ) (22) = Wk, ().

Here we recall Type IIL: |¢|> +|d|? =1, cd+¢cd =0, ed # 0, a = b = 0. In
this case, T4 becomes zero matrix. So we see that Type III is nothing but an
A-type quantum walk by interchanging P4 and Q) 4, and the roles of left and
right chiralities with ¢ =0 = ¢/, d = o’ = d'. That is, “Type III QCA «——
A-type quantum walk”.

We should remark that as tan ¢ increases (see (4.2.6)), the relative weight
of T4 increases and the particle has greater probability of maintaining its
position. This property also holds in a generalized B-type case introduced in
the next section.

4.5 Connection Between QQCA and B-type
Quantum Walk

As in the case of the A-type quantum walk, we study a relation between the
QCA and the B-type quantum walk; that is, “Type V QCA «— generalized
B-type quantum walk”. To do this, the unitary matrix of the QCA

-2 -1 0 +1 +2 +3 +4 +5...

-2 b c d 0 0 0 0 0
-1 c b a 0 0 0 0 0
0 0 a b c d 0 0 0
U — +1 0 d c b a 0 0 0
42 0O 0 O a b c d 0
+3 0 0 0 d c b a 0
+4 0 0 0 0 0 a b c
+5 0 0 0 0 0 d c b
is rewritten as
-1 0 41 +2
-1|... Ty Py O 0]
U — 0 . QB TB PB 0] .
+1|... O @ T P ... |’

2... o o0 @ T
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where

Pp = {28], Tp = [lc)[ﬂ, Qp = [82}

We consider a pair (2z,2x + 1) in the QCA as a site x in the B-type quantum
walk for any x € Z. Moreover we observe that 2z (resp. 2z + 1) site in the
QCA corresponds to left (resp. right) chirality at site 2 in the B-type quantum
walk. We call the QCA a generalized B-type quantum walk. When Tz is not
the zero matrix, the particle has non-zero amplitudes for maintaining its
position during each time step. As in the case of the A-type quantum walk,
it is shown that “Type V QCA «— generalized B-type quantum walk”, that
is,

V5 o (2) = an? (22) + By (22),  ¥F,(2) = anP 2z + 1)+ B (22 + 1),
WP (2e) = gL ()P, (P (22 +1) = |ZF , («)*.

We think of Type IV: |a|? + |d|? = 1, ad + ad = 0, ad # 0, b = ¢ = 0. In this
case, Tp is zero matrix. So Type IV becomes a B-type quantum walk with
d=d =d,a="V =/;thatis, “Type IV QCA +— B-type quantum walk”.

Meyer (1996, 1997, 1998) has investigated the B-type quantum walks,
which was called a quantum lattice gas automaton. His case (for example, (24)
in his paper (1996)) can be obtained by § — 37/2, ¢ — p, and  — 7/2+ 0
in (4.2.6).

4.6 Connection Between Type V QCA and Two-step
Quantum Walk

In the previous two sections, we have clarified the following relations: “Type
1T QCA «— A-type quantum walk”, “Type IV QCA «— B-type quantum
walk”, moreover “Type V QCA «— generalized A-type quantum walk «—
generalized B-type quantum walk”. This section gives a relation between
Type V QCA and two-step quantum walk. The meaning of the “two-step”
is that we identify the one-step transition of Type V QCA with the two-step
transition of the quantum walk.

First “Type V QCA «— two-step A-type quantum walk” is given. Next
“Type V QCA «—— two-step B-type quantum walk” is also presented. Com-
bining them all, we finally obtain the following relations:

“Type V QCA «— generalized A-type quantum walk «— two-step A-type
quantum walk”
“Type V QCA «— generalized B-type quantum walk «— two-step B-type
quantum walk”
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Now we present “generalized A-type quantum walk «— two-step A-type
quantum walk” in the following way. A direct computation implies that a
generalized A-type quantum walk with

PABS]’ TA{SZ]’ Qa= {22]

is equivalent to a two-step A-type quantum walk with

Pa(l) = {icosgbew? sinqﬁew?} L Pa2) = oid {sin@ e~ 02 —jcosh e‘wl} 7

0 0 0 0
and
[0 0 o 0 0
Qa(l) = {sirub e jcos ¢ et ] , Qal2)=e {—i cosf e 2 gin g e_wl} ’

for any 61,60, € [0,27) such that
Py =Pa(2)Pa(1), Qa=Qa(2)Qa(1), Ta=Pa(2)Qa(1)+Qa(2)Pa(1).

Note that (a, b, ¢, d) has the form given in (4.2.6) and U(n) = Pa(n)+Qa(n)
is unitary for n =1, 2.

In a similar fashion, we show that “generalized B-type quantum walk «—
two-step B-type quantum walk”; that is, a generalized B-type quantum walk

with
d0 be 0a
PB:|:CLO:|7 TB:[cb]’ QB:{Od]

corresponds to a two-step B-type quantum walk with

~ [icosge®= 0] 5| singe® 0
Pp(1) = | sing e 0]’ Pp(2) =e {—icos@ e~20|"
and
[0 singe® ] 5[0 —icosh e
@s(l) = [0icosge® | @B(2) =e {0 sin@ e~ |7

for any 61,6, € [0, 27) such that
Pg=Pg(2)Ps(1), Qp=Qp(2)Qs(1), Tp=Pp(2)Qs(1)+Qp(2)Pp(1).

Remark that Pg(n) + Qp(n) = Pa(n) + Qa(n) for n =1,2.
Finally we discuss the case given by Patel, Raghunathan, and Rungta
(2005a). In their notation, we take general 2 x 2 blocks of U, and U, as

U, = {cosm isin¢1]’ U, = |:COS¢2 isin(bg]'

1sin ¢1 cos @1 18in ¢g COS o
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Their special case is ¢1 = ¢2 = 7/4, i.e.,

U, = U, — ;2 E ” . (4.6.8)

By using U, and U,, the following matrices are defined:

—2 -1 0 +1 +2 +3
—2 | ... cos¢1 ising: 0 0 0 0
-1 ... ising1 cos¢ 0 0 0 0
U. - 01 ... 0 0 cos¢1  isin g 0 0
R = N 0 0 isin 1 cos @1 0 0 .
+2 1 ... 0 0 0 0 cos¢1  isin ¢
+3 0 0 0 0 isin g1 cos o1
and
-2 -1 0 +1 +2 +3
-2 ... cos¢po 0 0 0 0 0
-1 ... 0 CoS ¢ 1sin o 0 0 0
U — 0f... 0 isingy  coS g 0 0 0
RO N 0 0 0 cos ¢y tsin g 0
+2 0 0 0 isingy  COS @2 0
+3 0 0 0 0 0 COS (2

Noting that U = U .U,, we have

(a,b,c,d) = (icos ¢y sin ¢a, cos ¢y cos P2, i Sin ¢y cos Pa, — sin @1 sin @2).
(4.6.9)

Therefore, by choosing 6 = ¢1,¢ = 7/2 — ¢3, and 6 = 7/2 in (4.2.6), we have
(4.6.9).

Furthermore, we see that if § + ¢ = 7/2,37/2, 61 = 62, and 6 = 267 +
m/2, then U(1) = U(2). To get the case of Patel, Raghunathan, and Rungta
(2005a), we take = ¢ = 7w/4, 61 = 62 =0, and § = 7/2, so

U) = U(2) = \}2 ﬁ 1] . (4.6.10)

Remark that U, = U, is not equal to U(1) = U(2) in their case (see (4.6.8)
and (4.6.10)). To obtain their asymptotic result, we define their walk at time n
with the initial qubit state ¢ = 7[1/v/2,1/+v/2] by X,,. Note that if ¢ = T[a, ]
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satisfles a8 = af, then the distribution is symmetric at any time, (see
Theorem 1.5). Then, Theorem 1.6 implies that

< X7?/n<b) dx n — 00),
Pla / H/ —x2x/4—2x2 (n = o0)

for —v/2 < a < b < /2. It should be noted that their case can be considered as
a two-step quantum walk with U(1) = U(2), so we make a change of variables;
2 — x/2 in Theorem 1.6. The above limit density function corresponds to
(34) at time ¢ = 1 in their paper. Thus, their asymptotic result can be easily
derived from the connection between the QCA and the two-step quantum
walk that is given in this section. Moreover, it would be shown that a similar
convergence theorem holds for any general model with U(1) = U(2) as in the
above case.

5 Cycle

5.1 Introduction

In this chapter we consider quantum walks on cycles. The probability distri-
bution of a classical random walker on a cycle with an odd number of sites
becomes uniform in the limit of time step n — oo, moreover the time average
of the probability distribution on a cycle with an odd or even number of sites
converges the uniform distribution. However, the probability distribution of
quantum walk does not converge to any stationary state even for odd case.
On the other hand, its time average converges to uniform distribution for an
odd number of sites and does not converge to uniform one for an even num-
ber of sites (see Aharonov et al. (2001), Bednarska et al. (2003)). For that
reason the time-averaged distribution of quantum walk was introduced. It
should be kept in mind that the probability of being at position x fluctuates
around the time-averaged density. In the case of the Hadmard walk, the time-
averaged distribution becomes uniform independently on the ini tial state if
the number of site is odd, and it agrees with the classical random walk. The
fluctuation of the distribution is not only mathematical object, but related
to measurement. The time-averaged distribution is obtained by measuring
the state at a random time chosen in a certain interval. If the fluctuation of
the density function is small, we can expect to obtain a good time-averaged
distribution by a few number of measurements.

Although details of the time-averaged distribution of the Hadamard walk
on a cycle are known, (see Aharonov et al. (2001), Bednarska et al. (2003),
for examples), little is known about the fluctuation of the quantum walks. In
this chapter we introduce a temporal standard deviation to characterize the
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fluctuation of quantum walk and show that the temporal standard deviation
corresponding to the Hadamard walk depends on the location of sites even if
time-averaged density function is uniform. This result has a striking difference
between quantum and classical cases, since temporal standard deviation of
the classical case is zero for any site. Furthermore we consider the dependence
of the standard deviation on the initial state. Results in this chapter are based
on Inui, Konishi, Konno, and Soshi (2005).

5.2 Definition

The Hadamard walk on a cycle with IV sites is given by the following unitary
matrix with 2N x 2N elements,

OP Q -+« --- 0 Q

Q0 P 0 - .- 0

0@ 0 P O 0
Un= |7 "« " o ], (5.2.1)

0 - 0 0 PO

0 -on--- 0 Q 0P

(PO - 0 Q 0|

where
1 11 1 {00 00

AR NP R

Thus the total state after n step, ¥,, is given by U X,Wo for the initial state
.

To express the total state as a function of position x and time n, we use
known results on eigenvalues (Lemma 5.1) and eigenvectors (Lemma 5.2) of
Un obtained by Aharonov et al. (2001) and Bednarska et al. (2003).

Lemma 5.1. For j =0,1,...,N —1 and k = 0,1, the (2§ + k + 1)-th eigen-
value corresponding to Uy is given by

ci = ;2 {(1)’“ \/1 + cos? (%@”) +isin (%@”) } (5.2.3)

o € 1
We here define v7, ; and v, ; to express eigenvectors by

,'Z
vkt = @ik bk Wi (5.2.4)

V5 g = @k Wl (5.2.5)
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where
wy =e N, (5.2.6)
1

ajp = , (5.2.7)
\/N (1+ el

bjk = wh {(—1)’“ \/1 + cos?§; + cosfj} ) (5.2.8)
291

P = . 2.

Lemma 5.2. Forl = 1,2,...,2N, the l-th element of the eigenvectors cor-
responding to c;i s given by

V3 ko (141) /2 (I = odd),
Ujk,l = (5.2.10)
VS 12 (I = even).

For the convenience of readers, from now on here we check directly that
eigenvectors v; ;= L [vj k1, ,Vjk2N] satisfy the next equation:

UN”Uj’k = CjkVj k- (5211)

(a) Suppose [ is odd, then the (2m — 1)-th element of the left-hand side of
the (5.2.11) for m =1,2,--- , N is given by

(2m — 1)-th element of LHS
— 1 o
- \/2 (Uj,k,m-‘rl mod N

= Cj;; [emmf?l)” {1 +e N <(—1)k\/1 +cos? & + cosfj) H , (5.2.12)
where ; = 27j/N. On the other hand, the right-hand side of (5.2.11) is given
by

e
+ vj,k:,’m+1 mod N)

(2m — 1)-th element of RHS

I NP Lo
= c]kajkbjkwN

[ 2j(m+1)in
= \}2 {e N ((1)k\/1 + cos? & + cos§j>

X ((-1)’\/1 + cos2&; +¢singj)} . (5.2.13)

(b) Similarly suppose [ is even, then the 2m-th element of the left-hand
side of the (5.2.11) for m =1,2,--- | N is given by
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2m-th element of LHS

— ° —°
\/2 Jyk,m—1 mod N Jk,m—1 mod N

B C\L;; l: 2](7nN1)i7r{ 1+62]1\1’ﬂ <(1)k\/1+00825j+(?085j> }:| . (5,2,14)

On the other hand, the right-hand side of the (5.2.11) is given by

2m-th element of RHS

= cjrajrw”
- ‘3; {e’“”fé” ((_1)’f\/1 + cos2 §; +isingj)] : (5.2.15)

Using the Euler’s formula, we can check that both sides of (5.2.11) coincide
for each case.

5.3 Temporal Standard Deviation

Since we obtained the eigenvalues and eigenvectors, matrix U y is transformed
into a diagonal matrix and the wave function after n steps is generally ex-
pressed by a liner combination of i In real system we can not observe the
wave function but probability of being at position x at time n, P, n(z). In
contrast to classical random walks, the probability P, ny(x) dose not con-
verge in the limit of n — oco. Thus we consider a time-averaged distribution
defined by

Py (z) = lim TZPnN (5.3.16)

T*)OO
n=0

if the right-hand side of (5.3.16) exists. Aharonov et al. (2001) showed that
Py () exists, and it is independent of both an initial state and z if all eigenval-
ues of Uy are distinct. If the number of site is odd, then all eigenvalues of U i
are distinct, so we immediately have Py (z) = 1/N forany 2 = 0,1,..., N—1.
On the other hand, if IV is even, then there exist degenerate eigenvalues of
U n and it is possible to derive non-uniform distributions. In the case of the
classical random walk, the time-averaged distribution of a walker becomes
uniform independently on the parity of the system size. Thus we can not dis-
tinguish the classical random walk and the Hadamard walk on a cycle with
odd sites only by the time-averaged distribution.

As we mentioned above, the P,, x(z) does not converge in the limit n — oco.
It means that the probability always fluctuates to the upper and lower sides of
Pn (z). For this reason, we define the following temporal standard deviation

on(z):
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on(@) = | lim 3" (Pun(z) - Py(2))”, (5.3.17)

if the right-hand side of (5.3.17) exists.

Here we consider the classical case. In the case of classical a random walk
starting from a site for an odd number of sites (i.e., aperiodic case), there
exist a € (0,1) and C' > 0 (are independent of = and n) such that

| P,y (2) — Py ()| < Ca",

where Py(z) = 1/N for any = 0,1,..., N — 1, (see page 63 of Schinazi
(1999), for example). Therefore we obtain

9 Cc?1— a?T
p 2 (Pan(@) = Pr(@) <,

The above inequality implies that for any z =0,1,..., N — 1

on(z)=0.

in the classical case. As for N = even (i.e., periodic) case, we have the same
conclusion oy (x) = 0 for any 2 by using a little modified argument.

In this situation, we first ask the natural question whether the oy (z) is
always zero or not in the quantum case. Moreover if o () is not always zero,
then we next ask the question whether oy (z) is uniform or not.

From now on we concentrate our attention to the system with odd sites.
Furthermore we assume that the initial state is a fixed ¥, = 7[1,0,0,--- ,0].
Let us express the standard deviation oy (z) starting ¥, = [1,0,0,---,0]
by wave functions. To do so, we have

(@) TlggoTZ( DP DR~ )L (531

where we used the result P(z) = 1/N for odd N. Since the matrix Uy was
already diagonalized in the previous section, the wave functions ¥.F(z) and
Wl (z) are easily obtained as

N—-1

Lpr%(x) = (QJOCJO + ajlcjl) (5319)
7=0
N—-1

wi) =Y (Bjoch + Bjch) (5.3.20)
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where
2njmi 2jm
COS
e = 62; 1+ (—1)* (¥ ], (5.3.21)
\/1 + 0052(213\,”)
1 keQ(n—]\})jwi
Bik = 1) : (5.3.22)

QN\/l —|—cos2(21{,”)

Since the matrix Uy is unitary matrix, the eigenvalue c;j is written as ik
where 6, is the argument of ¢;;. Thus the probability [¥.F(z)|? is expressed
by

N-1

@ (@) = (agol* + o [*)

=0

N—-1 1
* (0 —0; n
+ Z 2 : 5j0j17kok1ajokoaj1kle(]oko sk s (5323)

70,71=0 kg ,k1=0

where

- _J0 jo=yj1 and ko =k,
6]0]17160161 - { 1 otherwise. (5.3.24)

The first term of (5.3.23) is constant and the second term vanishes by
applying an operation limy_o - ZZ;& Similarly we can divide [¥F(x)|?
into a constant term and a vanishing term:

N—
@ @) =D (1Bj0l* + 181
7=0
N—-1 1 '
D Bjodkok Bioko By g, €@t 0nk)™ (5.3.25)

J0,J1=0 ko,k1=0

=

As a result we have

N—
pN(@ = Z (‘Oéj0|2 + |0£j1|2 + |ﬂj0|2 + ‘/6j1|2). (5.3.26)

=0

=

Plugging (5.3.21)-(5.3.22) into (5.3.26) gives confirm Py(x) = 1/N for any
xr=0,1,...,N — 1.

Let express 0% (z) as a function of eigenvalues. By using (5.3.18), (5.3.23)
and (5.3.25), we get
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1

T—1
2 f— . . . .
UN( = TIEI;O T E , E E , 5]0]17kok1 5]2]3,k2k3

n=0 jo,j1,J2,53=0 ko,k1,k2,k3=0
i A6
X(Oéjokoa;flkl + /Bjﬂkﬂﬂ;lkl)(ajZkZa;;gkg, + ﬂhbﬂ;’;kg)el n7 (5327)

where

Af = Ae(]ov k07j17 k17j27 k27j37 k3>
- ajOkO - ajlkl + ankQ - 0j3k3- (5328)

If A # 0 (mod 27), then limp_, oo Zn 0 ! ¢i40n T converges to 0. Thus
the variance 0% () is obtained by taking the sum of

(ajokoa;1k1 + Bjokoﬁ;1k1> (aj2k2a_>;3k:3 + ﬁj2k26;3k3>

over combinations jo, ko, ..., Js, k3 satisfying A9 = 0 (mod 27). For this
reason, we consider the combinations which satisfy Af = 0 (mod 2x) for a
given combination (jo, ko, j1, k1). We define the following four conditions:

(a> §R(c]oko> §R(lekl) and %(Cjoko) = ‘S(Cjﬂﬂ)v

(b) §R(Cjoko) = (lek'l) and %(Cjoko) = ‘S(lelﬁ)z

(C) §R(Cjoko) = (lek'l) and %(Cjoko) = 7%(cj1k1)a

(@) Rlcior) = R(enn)  and Sejony) = Sleje,),  (5.3.29)

where R(z) (resp. $(z)) is the real (resp. imaginary) part of z € C. If each
condition from (a) to (d) is not satisfied, there are four different combinations
which satisfy A = 0 (mod 27) for a given combination (jo, ko, j1, k1):

a
b
c
d

jo =N —jg mod N, ky =kg, js=N —j; mod N, ks =ky,
J2=7Jo, ke =1—ko, jzs=171, ks=1—Fkq,

jo=N—7j1 mod N, ko=1—Fky, js=N —jo mod N, k3 =1— ko,
J2 =J1, k2 =Fk1, js=jo, ks=ko. (5.3.30)

~ o~~~

If one of conditions in (5.3.29) is satisfied, we find the same values in (5.3.30).

We can introduce a geometrical picture into these combinations. All eigen-
values lie on the unit cycle in the complex plane and there is a symmetry in
these points. For example, when we find cj,, at the point A, we can find
always another eigenvalue on a point which is obtained by reflecting point A
in the z-axis and its eigenvalue is expressed by ¢ N—jo mod Nk We also find
always an eigenvalue on a point which is obtained by reflecting point A in
the y-axis and its eigenvalues is expressed by c;, 1—k,. Additionally, we note
that if the relation between cjyx, and cjk, is symmetrical with respect to
the origin and the relation between cj,r, and cj, 1, is also symmetrical with
respect to the origin, then A = 0 (mod 2).
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From the relation (5.3.30) we express ja,k2,j3 and ks as a function of jo,
ko, j1 and ki. Thus 0% (z) is obtained by summation over jo, ko, ji and
k1. Taking the degeneracy into account correctly we obtain o% (x) by some
computations. Before showing the result we define next functions

N-1

1
= 5.3.31
% Z 3+ cosb;’ ( )
7=0
N1
Si=3> . % (5.3.32)
£~ 3+ cosb;’
7=0
N-1
B cos ((x — 1)8;) + cos (z6;)
Sy(x) = . 3+ cosd; , (5.3.33)
7=0
N-1
S () = cos ((x — 1)8;) — cos (z6;) (5.3.30)
- _ 3+ cosb; ’ o
7=0
N-1

B 7+ cos20; + 8 cos b cos? [(z — 3 ) 6;]
So(z) = (3 + cos0;)? ) (5.3.35)

.
I
-

where 0; = 47j/N. Now we show 0% (z) as main result in this chapter:
J J N

Theorem 5.3. When N is odd, we have

2
—
(5.3.36)

1
o3 (z) = A [2{5% () + 5% (x)} + 1157 + 105051 + 357 — Sa()]

forany x=0,1,... ., N — 1.

5.4 Dependence of on(x) on the Position
and System Size

The formula obtained for o (z) is written in the form of a single summation,
therefore, it is calculated very easily in comparison with (5.3.27). We consider
on(z) for N =3,5,---,11.

First we find that o (2) depends on the position and it has the maximum
value at x = 0 and 1. The dependence of on(n) on the position from 2 to
N — 1 is not clear, however we find that oy (x)= ony(N + 1 —z) (mod N)
for any 2 and all values are distinct except a pair  and N +1—a (mod N).

Next we consider asymptotic behavior of oy (0) for large N to observe the
dependence on the system size. Setting = 0 in (5.3.36) gives
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1 7 cos 6
2 J
0) = ~
on(0) N3 | &~ 34 cosb;
Jj=0
N 1 = 1 Nz_:l 15 —11cosd;
N4 = 3+ cosb; = 3+ cosb;
_N 19—&—40059 + 3 cos 20, (54.37)
= (34 cosb;)?
On the other hand, we have

y = 1 /4” L 1

im r =
N—»ooN “ 3+ cos 0, T 4r 0 3+cosz 22’

) 1= cos 0; 1 [* cosz 3

lim der=1-— ,
N—»ooN 3+cos€ T dn o 3-+cosx 2v/2

1= 1 1[4 1 3

lim dr = ,
N—oo N = (3 + cosb;)? T dn o (34 cosz)? 16v/2

i 1 X cos b, 1 /47r cosx 1

lim T =— )
Nooo N = (34 cosb;) T 4r (3 + cosx)? 16v/2

I = cos(26,) 1 /47r cos 2x dr = 2 45

im = r=2— )
N-s N = (3+4cosb;)? 4m (34 cosx)? 16v/2

Using the above results, we obtain the asymptotic behavior of the variance
03:(0) for sufficiently large N as follows:

Proposition 5.4. For N — oo, we have

13 —-8v2 7v2-16 1
\/ + \/ +0( >

2 _
o0 ="\ - et (5.4.38)

The above result implies that the fluctuation on(0) decays in the form
1/N as N increases.

5.5 Dependence of on(x) on Initial States and Parity
of System Size

Dependence of on(x) on Initial States

In the previous sections, we have shown only results covering the case where
the system size is odd and the initial state is ¥(0) = 1. The time averaged
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distribution on a cycle including odd sites is independent of the initial state.
Is also the temporal standard deviation independent of the initial state? We
consider here whether the temporal standard deviation depends on the initial
state even if the initial probability distribution is the same.

In order to observe the dependence of the temporal standard deviation
on initial state without changing the initial probability distribution, we set
TE(0)=a and ¥F(0)=v1 — a2 i where a € [0,1]. As a particular case, we
have a symmetrical initial state by setting o = 1/4/2. Thus we can observe
the dependence of oy (z, @) on symmetry break down by changing «.. We first
present the result for N = 3. The standard deviation o3(x, ) for the above
initial state is obtained as follows:

2/46

o3(0, ) = 21/5 ) (5.5.39)
2

os(la) = V96 a4 — 7502 + 25, (5.5.40)
2

0s(2.0) = V96 ot — 117 a2 + 46. (5.5.41)

One clearly finds that o5(0, «) is independent of the initial and both o3(1, «)
and 03(2, ) depend on «. We further find that o3(1, «) is equal to o3(2, «)
at the symmetrical case a = 1/ /2 and the minimum values are located near
a=1/v2.

Next we consider N =5 and N = 7. As in the case of N = 3, the temporal
standard deviation at the position z = 0 is independent of the parameter «
and the minimum values are located near o« = 1/ V2. The dependence of
on(z,a) on the position is weak between 2 and N — 2, and they seem to be
in close on a single line.

Temporal Standard Deviation on a Cycle with Even Sites

We have concentrated our attention on the case where the number of the
system size is odd. The main reason why we avoid even cases is that the
eigenvalues of matrix Uy are highly degenerate, and the time averaged dis-
tribution itself depends on the position of site and the initial state. While
the eigenvalues for even cases is exactly obtained by (5.2.3), there are many
possible combinations of eigenvalues which satisfy A = 0 (mod 2m) for the
even case. Thus we can not calculate oy (z) in the same way with odd cases.
Therefore, we here try to carry out approximate calculations instead of seek-
ing analytic results for N = 4,6,---,12 under the same initial condition
wl(0)=1and T = 10%

First we find that the values of the temporal standard deviation for odd N
are almost the same except = 0, 1, while the values for even N are strongly
dependent on the location. Second we find that the maximum values of o ()
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for odd N exist only at x = 0 and x = 1, while the four same peaks are found
for N = 4,8, 12. We confirm numerically that this behavior is always observed
up to N = 22 when N is a multiple of 4.

5.6 Summary

We expressed the temporal standard deviation of the Hadamard walk on a
cycle with odd sites for a pure initial state ¥ (0) = 1 in an analytical form.
The formula is obtained by calculating four Fourier coefficients which come
from “L” and “R” states. Unlike the time-averaged distribution, the tempo-
ral standard deviation depends on the location of the site. The fluctuations
decrease in inverse proportion to the system size for large N and its coefficient
was calculated rigorously.

When we set the initial state in the form ¥/ (0)=a and ¥ (0)=v/1 — a2,
the analytical result for N = 3 and numerical simulations indicated that the
temporal standard deviation depends on the initial state except x = 0. We
would speculate that the temporal standard deviation takes the maximum
value at = 0 and its value is independent of «. The values of the temporal
standard deviation at neighbor sites of the origin is somewhat larger than
other at sites and the remains are almost the same. The dependence of the
temporal standard deviation on the position for even system size is more
complex than that for odd system size due to degeneration of eigenvalues.
Several peaks are observed when the system size is a multiple of 4.

From the viewpoint of technology, it seen to be of value to consider whether
the temporal standard deviation is controlled or not. It is shown that the time-
averaged distribution can not be controlled for odd system size, however, for
even system size, it is controlled thanks to the degeneracy of eigenvalues.
Our results show that the standard deviation can be controlled. First the
dependence of temporal standard deviation on location is used. Second the
dependence on the initial state is also used. However we note here that o (0)
for N = 3 is independent of the initial state. In this sense, its control is
limited.

6 Absorption Problems

6.1 Introduction

In this chapter we consider absorption problems for quantum walks given
by U € U(2) located on the sets {0,1,..., N} or {0,1,...}. Results in this
chapter appeared in Konno, Namiki, Soshi, and Sudbury (2003). Before we
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move to the quantum case, we first describe the classical random walk on a
finite set {0,1,..., N} with two absorbing barriers at locations 0 and N (see
Grimmett and Stirzaker (1992), Durrett (1999), for examples). The particle
moves at each step either one unit to the left with probability p or one unit to
the right with probability ¢ = 1 — p until it hits one of the absorbing barriers.
The directions of different steps are independent of each other. The classical
random walk starting from m € {0,1,..., N} at time n is denoted by S}
here. Let
Ty =min{n >0: S =/}

be the time of the first visit to ¢ € {0,1,..., N}. Using the subscript m to
indicate Sy = m, we let

PWN™ — P(Ty < Ty)

be the probability that the particle hits 0 starting from m before it arrives
at N. The absorption problem is well known as the Gambler’s ruin problem.

6.2 Definition

An extension of the Hadamard walk considered here is:

i = 3,000

where 0 < p < 1. Note that p = 1/2 is the Hadamard walk, that is, H =
H(1/2).

We should remark that P,Q, R, and S form an orthonormal basis of the
vector space of complex 2 x 2 matrices M (C) with respect to the trace inner
product (A|B) = tr (A*B). Therefore we can express any 2 X 2 matrix A
conveniently in the form,

A=tr(PA)P + t2(Q*A)Q + tr(R*A)R + tr(S*A)S.  (6.2.1)

The n X n unit and zero matrices are written I,, and O,, respectively. For
instance, if A = I, then

I, = aP +dQ + cR + bS. (6.2.2)

Now we describe the evolution and measurement of quantum walks start-
ing from location m on {0,1,..., N} with absorbing boundaries (see Ambai-
nis et al. (2001), Bach et al. (2002), and Kempe (2002) for more detailed
information, for examples).

First we consider N = oo case. In this case, an absorbing boundary is
present at location 0. The evolution mechanism is described as follows:
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Step 1. Initialize the system ¢ € @ at location m.

Step 2. (a) Perform one step time evolution. (b) Measure the system to
see where it is or is not at location 0.

Step 3. If the result of measurement revealed that the system was at loca-
tion 0, then terminate the process, otherwise repeat step 2.

In this setting, let H(OO ™) be the sum over possible paths for which the
particle first hits 0 at time n starting from m. For example,

2V = P2QPQ + PPQ? = (ab*c + a®bd)R. (6.2.3)
The probability that the particle first hits 0 at time n starting from m is

Peom) (o) = ||Zleem) |2, (6.2.4)

n

So the probability that the particle hits 0 starting from m is

oo

PO™ () = P ().

n=0

Next we consider N < oo case. This case is similar to the N = oo case,
except that two absorbing boundaries are present at locations 0 and N as
follows:

Step 1. Initialize the system ¢ € @ at location m.

Step 2. (a) Perform one step time evolution. (b) Measure the system to
see where it is or is not at location 0. (¢) Measure the system to see where it
is or is not at location N.

Step 3. If the result of either measurement revealed that the system was
either at location 0 or location N, then terminate the process, otherwise
repeat step 2.

Let =™ be the sum over possible paths for which the particle first hits
0 at time n starting from m before it arrives at N. For example,

=83 = p2QPQ = ab*cR.

In a similar way, we can define P™"™ () and PV (y).

6.3 Facts for the Classical and Quantum Cases

In this section we review some results and conjectures on absorption problems
related to this chapter for both classical and quantum walks in one dimension.

First we review the classical case. As we described in Section 6.1, P(V:) =
P(Ty < Tn) denotes the probability that the particle hits 0 starting from m
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before it arrives at N. We may use conditional probabilities to see that P

satisfies the following difference equation:

N. Konno

(N,m)

pWm) — ppWom=1) |  p(Nimtl) (1 < < N 1), (6.3.5)

with boundary conditions:

pWN.0) =1 pWN.N) —q,
The solution of such a difference equation is given by

P<N’m):1fz if p=1/2,
m _ N
v L 00" 0/

for any 0 < m < N. Therefore, when N = oo, we see that

plom — 1 if 1/2<p<l,
P(oo,m) _ (p/q)"” Zf 0< p < 1/2

Furthermore,

lim Po™ =1 if 1/2<p<1,

m—00

lim PC™ =0  if 0<p<1/2.

m—00

(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)
(6.3.10)

(6.3.11)
(6.3.12)

Let Ty be the first hitting time to 0. We consider the conditional ex-
pectation of Ty starting from m = 1 given the event {Ty < oo}, that is,
ECD(TH|Ty < o0) = ECON(Ty; Ty < 00)/PN(Ty < 00) = B (Ty;

Ty < 00)/ P>, Then

2
BEDMTy <o) = T -1 if 12<ps,
ECD(THTy <o) =00  if p=1/2,

2
ECD(Ty| Ty < 00) = s _q4pq —1  if 0<p<1/2.

Next we review the quantum case. In the case of U = H (the Hadamard

walk), when N = oo, that is, when the state space is {0,1,..

bainis et al. (2001) proved
2
PeD(T0,1]) = POV, 0]) =~
m

and Bach et al. (2002) showed

., } case, Am-

(6.3.13)

Jim P ()= (Y 1a o (2= D) 1ok w2 (] - ) ) R
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for any initial qubit state ¢ = T[a, 3] € ®. Furthermore, in the case of
U = H(p), Bach et al. (2002) gave
“1(1-2 2
lim P(oo,m)(T[O7 1}) _ P <COS ( ,0) - 1> + ’
m— o0 1—p ™ F\/l/pfl
cos (1 —2p)

lim Po™)(T[1,0]) = :

m-— o0 s

The second result was conjectured by Yamasaki, Kobayashi, and Imai (2002).
When N is finite, the following conjecture by Ambainis et al. (2001) is still
open for the U = H case:

2PND(T(0,1]) + 1

N+1,1)(T —
i (0.1 = 2P(N)(T[0,1]) + 2

(N >1), PEY(T,1]) = 0.

Solving the above recurrence gives

1 (B+2v2)VNl-1

(N,1)/T _
PRt = V2 B2Vl

(N>1).  (6.3.14)

However in contrast with P(°>1)(7[0,1]) = 2/7, Ambainis et al. (2001) proved

Jim PWND(TI0,1]) = 1/V2.
It should be noted that P(°>™) = limx_, o PON-™) for any 0 < m < N in the
classical case (see (6.3.7) - (6.3.10)).
We are not aware of results concerning E(°>Y)(Tp|Ty < co) having been
published, however we will give such a result in the next section.

6.4 Results

In the first half of this section, we consider the general setting including a
hitting time to IV before it arrives at 0 or a hitting time to 0 before it arrives
at N, when N is finite. In the case of N = 0o, a similar argument holds, so
we will omit it here.

Noting that {P,Q, R, S} is a basis of M3(C), =M™ can be written as
S = NP 4 Q4 NI 4

n

Therefore (6.2.4) implies

PN™ () = |IEN™ol? = Ci(n)al? + Co(n)|B1* + 2R(Cs(n)ap),
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where R(2) is the real part of 2 € C, p = T[a, 8] € & and
Co(n) = apM™ + cr M 4 fasm) 4 gV
Cy(n) = ‘bp(Nvm) + dr(Nﬂn)|2 + |b87(1N’7n) + dqr(LN’m)|27
Cs(n) = (aph"™ + er™™) (bplV ™) + dri)
+(as™ 4 eg™ ™)) (bs ) 4 gg(Nom)y
From now on we assume N > 3. Noting the definition of =}

that for 1 <m < N —1,

E(N,m) —-(N 'rn I)P + = =t —(N, m+1)Q

N. Konno

=(N,m)

, We see

The above equation is a quantum version of the difference equation, i.e.,

(6.3.5) for the classical random walk. Then we have

(N,'rn) _ ap(Nm 1) (Nm 1)

n—1 +er
q(N ,m) __ dq(JX ,m+1) +bs (N 'rn+1)

(N m) _ bp( ,m+1) +dr (N m+1)
S( , )qu,ELN{n 1)+CLS(N7U 1)

Next we consider boundary condition related to (6.3.6) in the classical

case. When m = N,

ORI

0 SOHQZO

for any ¢ € @. So we take = ”(N Ny = 0o, i.e.,

p(()N,N) _ q(()N,N) _ r(()N,N) _ S(()N,N) —0

If m = 0, then
N,0 —(N,0
PN o) =155Vl = 1

for any ¢ € @. So we choose E(()N’O) = I,. From (6.2.2), we have

)

N,0 N,0 N,0 N,0
p(() )fa q(() ) = =d, 7’(() ):c, s(() ) =b.

(Nm) pglN,'m) (N.m) qr(LN,m)
vy sm) T(N,m) ;o wl ,m) S(N,m) )

Then we see that forn >1and 1 <m <N —1,

Let
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,Ur(LN,m) _ |:g (C):| U’ELJX,lmfl) + |:2 2:| 'U»ELJX’lerl)7 (6415)
(N;m) _ 007 (N,m—1) db (N,m+1)
W) L o] i+ {0 o wy, (6.4.16)

and for 1 <m < N,

Moreover,

0 o5 = w0 — w0 = [0z 1),

From now on we focus on 1 < m < N — 1 case. So we consider only n > 1.

Moreover from the definition of Er(LN’m), it is easily shown that there exist

only two types of paths, that is, P... P and P...Q. Therefore we see that
q,(LN’m) — sNm) (n >1). So we have
Lemma 6.1.

o0

P () = 37 P ()

n=1
PN () = Cy(n)]|al® + Co(n)|B? + 2R(Cs(n)af),
where ¢ = T[mﬁ] cd and
Cy(n) = Japm) + erNmp,
Ca(n) = [bp{™) + dr{¥™)|2,
Cg(n) _ (apglN,m) + cn(lN,m))(bpglN’m) " dr’SLNVm))_

To solve P(V:m) (), we introduce generating functions of pSLN ™) and rﬁLN m)

as follows:
p¥ma) = 3 Y,
n=1

r(N’m)(z) = Z rSLN’m)z".

n=1

By (6.4.15), we have

p(N,m)(z) — azp(N’m_l)(z) + CZT(N’"L_I)(Z>7
T,(N,m)(z) _ bzp(N,7n+1)(Z) + dZT(N’7n+1)(Z).
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Solving these, we see that both p(™™)(z) and (V™) (z) satisfy the same
recurrence:

1

dp(N’7n+2)(Z) _ (AZ + )p(N’7n+1)(2) + ap(N,m)(z) =0,
z
1

d,{,(N,m+2)(Z) o (AZ + ) ’r'(N’m_H)(Z) + ar(N’m)(z) —0.
z

From the characteristic equations with respect to the above recurrences, we
have the same roots: if a # 0, then

A2 1F A2+ 2A(1 - 2[af?)22 + 1

A
+ 2/\az ’

where A = detU = ad — be.

From now on we consider mainly U = H (the Hadamard walk) with N =

o00. Remark that the definition of Efboo’l) gives pEf"”” =0(n >2)and pgoo’l) =

1. So we have p(®Y(z) = 2. Moreover noting lim,, .., p{®™(2) < oo, the
following explicit form is obtained:

p(oo,m) (Z) _ Z)\Til,
T(oo,m) (Z) _ /\:7}—17

where

22 —14+Vz4+1

)\ =
* \/22'

Therefore for m =1,

e V|

r(oD)(2) i

From the above equation and the definition of the hypergeometric series
oF1 (a, b;¢; z), we have

oo [ere} 2 1. .4
Z(Tr(Loo,l))QZn _ Z (1/2> Z4n71 _ 2F1(71/2’ 71/27 1’2 ) - 1

n z
n=1 n=1

On the other hand, it should be noted that

Ire)lr(c—a-"0)

2F1(abie) = b oyre—b)

(R(a+b—c) <0),

where I'(z) is the gamma function defined by
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Therefore

since I'(1) = I'(2) = 1 and I'(3/2) = \/7/2. By Lemma 6.1,

P () = l; B2 + (=02}

n=1

1 >, =
VD (ol — )+, { pP0) - (D)) (0B + af) |

Note that pgfo,1)r7(;>o,1) =0 (n >1), since pﬁ?‘”’” =0(n > 2), p&“’” =1 and
7D — 0. So we have
1 =0.
o) 2 D
PO (p) = +2(1- | R(ap), (6.4.17)

for any initial qubit state ¢ = [, ] € @. This result is a generalization of
(6.3.13) given by Ambainis et al. (2001). From (6.4.17), we get the range of
R

T pen(g) <1,
™

The equality holds in the following cases:

0 0
(c0,1) _ . _ (& 1 (00,1) _ 4—7 . _ & 1
P =ttt p= ) || ana ) =t T =[]

where 0 < 0 < 2.

Moreover we consider the conditional expectation of the first hitting time
to 0 starting from m = 1 given an event {7, < oo}, that is, B>V (Ty|Ty <
00) = E(N(Ty; Ty < 00)/ PN (Ty < 00). Let

z
n=1

In this case we have to know the value of f/(1). It should be noted that

ddz (2F1(a,b;¢;9(2))) = <acb> 2F1(a+ 1,04+ 1;¢+1;9(2))g'(2).
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The above formula gives

291 (1/2,1/2;2;2%) — o Fy(—1/2,-1/2;1;2%) + 1
22 '

f'(z) =
Moreover noting
4
DF1(—1/2,—1/2:1;1) = o F1(1/2,1/2:2;1) =
™
we have f/(1) = 1. Therefore the desired conclusion is obtained:

Sy nP©D(Ty = n) 1

(00,1) = -
ECN(T|Ty < 00) = S Po)(Ty =n)  Pleod)(p)’

since

S P, ~ )
n=1

; {(pgloo,l)y + (T;OO71))2} + ; {(pgloo,l))2 _ (,4:)0,1))2} (aB + @ﬁ)

M

n

1

(PO (- T} ad +68) =1

3
I

(NI

In a similar way we see that f”(1) = oo implies
ECOD (Th)?|Ty < o00) = o0,

so the (-th moment E(°V)((Ty)¢|Ty < oo) diverges for £ > 2.
Next we consider the finite N case. Then pV-™)(z) and r(V™)(z) satisfy

PN (2) = ANPTH 4 BT

T,(N,m) (Z) _ Cz)\T_NJrl + Dz/\'ZL—N+17

since AL A\_ = —1.
All we have to do is to determine the coefficients A,, B,,C,, D, by using

the boundary conditions: p(N'!)(2) = z and r™V>"N=1)(z) = 0 come from the

definition of =™, The boundary conditions imply C, + D, = 0 and A, +

B, = z, so we see

pNe) = (5B arh e (D - B ) AT (6418)
T(N,m)(z) _ CZ()\KL—N-&-I _ )\T—N-‘rl)’ (6419)

where E, = A, —2/2=2/2 - B,.
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To obtain E, and C,, we use r™V:U(2) = (p(MV:2(2) — r(N:2(2))z/v/2
and T(N’N_Q)(z) = (p(N’N_l)(z) — T(N’N_l)(z))z/\/Q = p(N’N_l)(z)z/\/Q.
Therefore

= Gy (G (580,

z

C.(AY 2 =A%) = V2

{ (Cem) s (C-8) ¥

+C,(NY 2 — AJ_V—?’)}.

Solving the above equations gives

2

Co= )y (CDY PO )
x{(AfQ S jz (A2 - AN=2) (AN =3 \N =2

(DN BNy — A)Q}l, (6.4.20)
Be= oty 2170 A N

x{(Af—Q —AVT)2 52 (O G [0 WD Wi

—1
—(=D)NB( - )\_)2} + W2+ ANQ)}. (6.4.21)
By Lemma 6.1, we obtain
Theorem 6.2.
PN () = Cilaf® + Ca|B* + 2R(C30/),

where ¢ = Tla, ] € & and

1 27 ) )
Cl _ / ‘ap(N,m) (619> + CT(N’”L)(GZQ)‘QdH,
2m Jo
1 27 ) )
Cy = / bp™ ™) () + dr N (e1) 2 do),
2 0
1 [ . , . .
©=y / (apNor) (€20) + eram) (e20)) (bp ™) () + dr N (e7)) o,
™Jo

with a = b = c = —d = 1/3/2, here pN-")(2) and ¥(N")(2) satisfy (6.4.18)
and (6.4.19), and C, and E, satisfy (6.4.20) and (6.4.21).

Therefore to compute PV (), we need to obtain both p®¥™(z) and
(VM) (%), and calculate the above Cj(i = 1,2,3) explicitely.



398 N. Konno

Here we consider U = H (the Hadamard walk), » = T[a, 8] and m = 1.
From Theorem 6.2, noting that pV>!)(2) = z for any N > 2, we have

Corollary 6.3. For N > 2,

(N,1) 1 O T N
PO = (14 o [T D Pa9) (14 2R )

where r®V (2) =0, rGV(2) = 23/(2 — 22),

23(1 - 2?)
2 — 222 4 24
o< P
— 622 4 5z4 — 2z
r@D(z) = 22°(1 = 2%)(1 = 22 + 2%)
4 — 822 + 924 — 626 4228’

rD(z) =

and in general for N > 4

(NA) [y 22 IN-3(2)In-a(2)
ri(z) = — o
V2(JIn_3(2))2 — 2Jn_3(2)In_a(z) — V2(—1)N-3
with
Jn(2) =) MNATE N A =V2 (z - i) . A =—1.
=0

In particular, when ¢ = 7[0,1] = |R), m = 1 and N = 2,...,6, Corollary 6.3
gives

1 2 7
P(2,1)(T[0’ 1) = . p(3,1)(T[0’ 1)) = . P(4,1)(T[(), 1]) = 10’
12 41
PEL(TIH 1) = peL(Ti 1) = .

It is easily checked that the above values PU-1(T[0,1]) (N = 2, ..., 6) satisfy
the conjecture given by (6.3.14).

6.5 Summary

In this chapter we consider absorption problems for quantum walks on
{0,1,...,N} for both N < oo and N = oo cases. Here we summarize the
results.
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First we describe N = oo case. In this case, we have

Pebe) = 242 (1= 2 ) Ras),

and

1
PEe(p)’
E(Oo’l)((To)e\To <oo)=o00 (£>2),

B (T T, < o00) =

for any initial qubit state o = T[a, 3] € &, where P>V (y) is the prob-
ability that the particle first hits location 0 starting from location 1 and
B ((Ty)!Ty < o) is the conditional /-th moment of Tj starting from
location 1 given {Ty < oo} where Ty is the first hitting time to location 0.

Next we describe N < oo case. In this case, we obtain the following explicit
expression of P(N:1(ip):

P(N,l)( _ 1 1 1 o (N,1)/i0 2d0 R
=y (155 [ D) (14 2R(00))

for any initial qubit state p = T[a, 8] € @, where PXV:1) () is the probability
that the particle first hits location 0 starting from location 1 before it arrives
at location N, and r(™:1) (z) is given by Corollary 6.3 in the previous section.

The above result guarantees that the conjecture presented by Ambainis
et al. (see (6.3.14)) is true for N = 2,...,6. However, their conjecture is still
open for arbitrary N. So one of the future interesting problems is to find and
prove an explicit formula like (6.3.14) for any N(< c0), m € {1,...,N — 1},
and ¢ € P.



Part II: Continuous-Time
Quantum Walks

7 One-Dimensional Lattice

7.1 Introduction

The quantum walk can be considered as a quantum analog of the classical
random walk. However there are some differences between them. For the
discrete-time symmetric classical random walk Y,° starting from the origin,
the central limit theorem shows that Y;°/v/t — e~ /2dx/\/2m as t — oc. The
same weak limit theorem holds for the continuous-time classical symmetric
random walk. On the other hand, concerning a discrete-time quantum walk
Xt(d) with a symmetric distribution on the line, whose evolution is described
by the Hadamard transformation, it was shown by the author (Konno (2002a,
2005a)) that the following weak limit theorem holds: Xt(d)/t — dx/m(1 —
m2)\/ 1 — 222 as t — oo. This chapter presents a similar type of weak limit
theorem for a continuous-time quantum walk Xt(c) on the line, Xt(c) Jt —
dx/m\/1 — 22 ast — oo. Both limit density f unctions for quantum walks have
two peaks at the two end points of the supports. This chapter deals also with
the issue of the relationship between discrete and continuous-time quantum
walks. This topic, subject of a long debate in the previous literature, is treated
within the formalism of matrix representation and the limit distributions are
exhaustively compared in the two cases.

As a corollary, we have the following result. Let of, (t) (resp. of,(t))
be the standard deviation of the probability distribution for a discrete-time
(resp. continuous-time) classical random walk on the line starting from the
origin at time t¢. Similarly, U(q ) (t) (resp. O'EIC) (t)) denotes the standard de-
viation for a discrete-time (resp. continuous-time) quantum walk. Then, it
is well known that of,(t), ol (t) =< V/t, where f(t) < g(t) indicates that

F(#)/g(t) — c.(#0) as t — co. In contrast, U?d) (t), U((Ic) (t) < t holds. That is,

U. Franz, M. Schiirmann (eds.) Quantum Potential Theory. 401
Lecture Notes in Mathematics 1954.
(© Springer-Verlag Berlin Heidelberg 2008
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the quantum walks spread over the line faster than the classical walks in the
both discrete- and continuous-time cases. Results in this chapter appeared in
Konno (2005c¢).

7.2 Model and Results

To define the continuous-time quantum walk on Z, we introduce an co X oo
adjacency matrix of Z denoted by A as follows:

-3 -2 -1 0 41 +2

-3 O 1 0 0 0 0
-2 1 0 1 0 0 0
4 1 0O 1 0 1 0 0
0 o 0 1 0 1 0
+1 o 0 0 1 0 1
+2 0O 0 0 0 1 0

The amplitude wave function of the walk at time ¢, ¥, is defined by
Y = U,
where
U, = ¢itA/2,
Note that Uy is a unitary matrix. As initial state, we take
@ ="1...,0,0,0,1,0,0,0,..].

Let %;(x) be the amplitude wave function at location = at time ¢t. The prob-
ability that the particle is at location x at time ¢, P;(x), is given by

Py(x) = | (2).

There are various results for a walk on a cycle Cy, where Cy = {0,1,...,
N —1} (see Adamczak et al. (2003), Ahmadi et al. (2003), Inui, Kasahara,
Konishi, and Konno (2005)).

We will obtain an explicit form of U; first. Our approach is based on a
direct computation of the co x co matrix A without using its eigenvalues and
eigenvectors in order to clarify between the continuous-time and discrete-time
quantum walks, (another approach and the same explicit form can be found
in Section III C of Childs et al. (2003)). Let J () denote the Bessel function
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of the first kind of order k. As for the Bessel function, see Watson (1944) and
Chapter 4 in Andrews, Askey, and Roy (1999).

Proposition 7.1. In our setting, we have

-3 -2 -1 0 +1 +2

=3 ... Jo(t)  idi(t) PJe(t) BJs(t) itJu(t) PJs(t)

—2 - iJ1 (t) Jo (t) iJ1 (t) i2 Ja (t) i3 Jg(t) i4J4(t)

S I P2Ia(t) aJi(t)  Jo(t)  idi(t)  i2Ja(t) i3Js(t)
ET0 ] L B3t PR(t) dJi(t)  Jo(t)  didi(t)  i2Ja(t)
“+1 S i4J4(t) i3 J3 (t) i2 Ja (t) iJ1 (t) Jo(t) iJ1 (t)

+2 - i5J5(t) i4J4 (t) ’i3 J3 (t) ’i2 Jo (t) iJ1 (t) Jo (t)

That is, the (I,m) component of Uy is given by i'l_"”J‘l,m‘(t).
From Proposition 7.1, looking at a column of Uy, we have immediately

Corollary 7.2. The amplitude wave function of our model is given by
=T 3 T5(8), 42 0o (t), idv(t), Jo(t), i1 (t), 2 T2 (1), 43 J5(t), .. ],

that is, W, (z) = i1*1.J,(t) for any location x € Z and time t > 0.

Moreover, noting that J_,(t) = (=1)*J,(¢t) ((4.5.4) in Andrews, Askey, and
Roy (1999)), we have

Corollary 7.3. The probability distribution is
Py(x) = JE,(t) = J2(1),

for any location x € Z and time t > 0.

In fact, the following result (see (4.9.5) in Andrews, Askey, and Roy (1999)):

JE(t) + 2i J2(t) =1

ensures that > >° _ Pi(x) =1 for any ¢ > 0. Remark that the distribution
is symmetric for any time, i.e., Pi(z) = Py(—x).

One of the interesting points of the result is as follows. Fix a positive
integer . We suppose that the unitary matrix U has the following form:
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-3 [N wo w1 wa ws waq Wk

—2 Loe Wy wWo w1 wao w3 waq

U(T) - -1 e W W1 wo w1 wo w3
0 .. W3 W92 W1 wo w1 w2 ’

+1 1 ... w4 w_g w_9 w_1 wo w1

+2 .. Wy W4 W_3 W_2 W_1 W

with w, € C (x € Z) and ws = 0 for |s| > r. Then the No-Go lemma
(see Meyer (1996)) shows that the only non-zero w, have |w.| = 1; that
is, there exists no non-trivial, homogeneous finite-range model governed by
the U, For example, when r = 1, we have “lw_;| = 1,wy = w; = 07,
“wol = 1,w_1 = w1 =07, or “Jwi| = 1,wg = w—_y; = 0”. Thus, the model
has a trivial probability distribution. However, our homogeneous, but infinite-
range model has a non-trivial probability distribution given by squared Bessel
functions (Corollary 7.3).

One of the open problems of quantum walks is to clarify a relation between
discrete-time and continuous-time quantum walks (see Ambainis (2003), for
example). To explain the reason, we introduce the following matrices as in
Chapter 4 (see also Hamada, Konno, and Segawa (2005)):

PA|:00:|7 QA|:22:| and PB|:Z8:|7 QB|:82:|3

where we assume that U = P;+Q; (j = A, B) is a 2 x 2 unitary matrix. Here
we consider two types of the discrete-time case; one is A-type, the other is
B-type. The precise definition is given in Chapter 4. Then the unitary matrix
of the discrete-time quantum walk on the line is described as

..O P, O O O ..

..Q; O P; O O .. 00
UD=1...0Q; O P; O .. with 0:[00},

.0 0Q;0P..

.0 0 0Q;O0 ..

for j = A and B. The unitary matrix U for the discrete-time case cor-
responds to Uy for our continuous-time case at time ¢ = 1. More generally,
(U@ corresponds to U, for n = 0,1,.... Once an explicit formula of Uy is
obtained, the difference between continuous and discrete walks becomes clear.
As we stated before, U; has an infinite-range form. On the other hand, U(®
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has a finite-range form. Moreover, we see that U(® is not homogeneous. It is
believed that the difference seems to be derived from the fact that discrete
quantum walk has a coin but continuous quantum walk does not. However,
the situation is not so simple, since the discrete-time case also does not nec-
essarily need the coin (see Chapter 4 for more detailed discussion).

We define a continuous-time quantum walk on Z by X; whose probability
distribution is defined by P(X; = x) = P;(x) for any location z € Z and time
t > 0. Note that it follows from Corollary 7.3 that P;(z) = J2(t). Then we

obtain a weak limit theorem for a continuous-time quantum walk on the line:

Theorem 7.4. Ift — oo, then
X

tt = 2z,

where Z(©) has the following density:
1
™1 —

For a more general setting, Gottlieb (2005) obtained weak limit theorems for
continuous-time quantum walks on Z by a different method. Note that

1 2m /2

2 2m — 1!

/ . dr = / sin®™ ¢ dp = (2m —1) , (7.2.1)
1/l — 22 T Jo I

22 I(_Ll)(:c) (l’ S R)

form =1,2,..., where n!l = n(n—2)-----5:3-1, if nis odd, = n(n—2)-- - --6-4-2,
if n is even. From Proposition 7.1 and (7.2.1), we have

Corollary 7.5. Form =1,2,...,
B((X:/H)*™)  —  (2m— D)/ (2m)!! (t — o).
By this corollary, for the standard deviation of our walk, ogc) (t), we see that

ol ()t — 1/V2=070710...  (t — o0).

c

We consider a discrete-time quantum walk bed) with a symmetric distri-
bution on the line, whose evolution is described by the Hadamard transfor-

mation, that is,

1 |11
V2 {1 —1] '
The walk is often called the Hadamard walk. In contrast with the continuous-
time case, for the Hadamard walk, the following weak limit theorem holds
(see Theorem 1.6 or Konno (2002a, 2005a)): If n — oo, then
x4
n

= ZW,
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where Z(@ has the following density:

1
(1 — 22)V/1 — 222 I yyvaa (@) (z€R).
As a corollary, we have
oymin — \JE-v22=05119...  (n— ).

Comparing with the discrete-time case, the scaling in our continuous-time
case is same, but the limit density function is different. However, both density
functions have some similar properties, for example, they have two peaks at
the end points of the support.

7.3 Proof of Proposition 7.1

To begin with, A is rewritten as

\
—_
o
+
—_
+
[N}

T P O O
0 Q T P O

A= o6 o T P , (7.3.2)
O 0 Q T

where
00 01 01
p=lie) =[] es[o]
The following algebraic relations are useful for some computations:

PP=@Q’=0, PT+TP=QT+TQ=1, PQ+QP=T, (7.3.3)

where O is 2 x 2 zero matrix and [ is 2 X 2 unit matrix. From now on, for
simplicity, (7.3.2) is written as

A=[...,0,0,0,0,Q,T,P,0,0,0,0,0,....

A direct computation gives

A2 =1[..,0,0,0,0,1,21,1,0,0,0,0,...],
A*=1[...,0,0,0,1,41,61,41,1,0,0,0,..,
A =1..,0,0,1,61,15I,201,15I,61,1,0,0,..].
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It follows by induction that

A2 =1..,0,0,A%M  AC AR AR A 0,0, .

where A(Zn) A(fl?) = a](fn)l and

2n 2n
alg = <nk>’

for any k = 0,1,...,n. On the other hand, by using 42"*! = A" x A and

(7.3.3), we have

)

A2n+1 _ [ ] .,O,A(QTH—D A(2n+1) A(2n+1) A(2n+1) A(2n+1) O

—(n41)? -1 s 430 s 411 PR n—+1
where

(2n+1) _ a(Qn)Q A(fn+l) = a0 4 a(Zn)

—(n+1) — = n—1%>
ACD = (@) + aP)T + (@) — a?V)Q,

A(2’1FL+1) ( (2n) + aéQn)>T+ ( (2n) o ag2n))627 A(()2n+1) _ (a(()Zn) + aan)>T

AanJrl) ( (2n) + a@”))T + ( (2n) — aéQn)>P7 ey

Aglznﬂ) (2n)T_|_ (2n)P AEQT_LS)U agn)p.
The definition of Uy gives
00 (it\™
ST Y

n=0

00 ( )2’” ( )2’”-}—1
= — A?n A2nt+1
nZ::o( b (2n)! T Z 2n+1)!
Therefore we obtain Uy = B(t) + iC(t), where
B(t)=I..,B_g,....,B_1,Bo,Bi,...,By,.. ],
Ct)=1]...Cpy...,C_1,Co.C1,....Ch,.. ],
with
By=B_y=bel, b —i( 1)"(2)2n ) (k=01
k — k — Yk k (2n)' n—k — YL

407

P

)
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and

C_k =cpl + dpQ, Cr = cpl + dp P (k :0,1,...),

o= i(_l)n ((jn)i)l' {<n2nk> * (n - (2:+ 1))} (k=0,1,...),

G =0,
a8 () e
Remark that
Ti(w) = (;C)k mzoijo (k(jt);l), <k thm)’ (7.3.4)

(see (4.9.5) in Andrews, Askey, and Roy (1999)). Finally, by using (7.3.4) and
the following relation:

(2: ) " <k2nl> - (inj 1)’

we have the desired conclusion.

7.4 Proof of Theorem 7.4

We begin by stating the following result (see page 214 in Andrews, Askey,
and Roy (1999)): suppose that a,b, and c¢ are lengths of sides of a triangle
and ¢ = a? + b — 2abcos €. Then

Jole) = Ju(a)Je(b)e™. (7.4.5)
k=—oc0
If we set t = a = b in (7.4.5), then
Jo(tV/2(1 —cos€)) = > JR(t)e™. (7.4.6)
k=—oc0

From (7.4.6), we see that the characteristic function of a continuous-time
quantum walk on the line is given by

E(eiéxt) _ i e““lef(t) = Jo(t \/2(1 —cos¢)). (7.4.7)

k=—o00
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First we consider that ¢ is a positive integer case, that is, n(=1¢) = 1,2,....
By using (7.4.7), we have

E(e€%n /™) = Jy(n /2(1 — cos(&/n))) — Jo(€),

asn — 00. To know the limit density function, we use the following expression
of Jo(z) (see (4.9.11) in Andrews, Askey, and Roy (1999));

T /2
Jo(€) = 1 /O cos(Esin ) dp = 727 /0 cos(€ sin @) de. (7.4.8)

™

Taking x = sin ¢, we have

1 1
Jo(§) :/ cos(§x) \/117 2 dx = / P 7T\/117 42 de.  (7.4.9)

—1 ™ —1

By using (7.4.8), we get

/2
906) = ) < 2 [ Jeos(esing) = 1] d,

From the bounded convergence theorem, we see that the limit Jy(§) is con-
tinuous at £ = 0, since cos({sinp) — 1 as £ — 0. Therefore, by the continu-
ity theorem and (7.4.9), we conclude that if n — oo, then X,,/n converges
weakly to a random variable whose density function is given by 1/7v/1 — 22
for z € (—1,1). That is, if =1 < a < b < 1, then

1

dx,
V1 — 22

b
Pla<X,/n<b) — /

as n — oo. Next, to deal with values of ¢ that are not integers, we want to
show

|P(a < X/t <b)— Pla< Xiy/[t] <b)] — 0 (t—o0),

where [z] denotes the integer part of x. However the rest of the proof is
complicated, so we omit it (see Konno (2005¢) for the detail).

7.5 Conclusion and Discussion

In contrast with the classical random walk for which the central limit theorem
holds, we have shown a weak limit theorem Xt(c) Jt — dz /71 — 22 (t — 00)
for the continuous-time quantum walk on the line (Theorem 7.4). Inter-
estingly, although the definition of the walk is very different from that
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of discrete-time one, the limit theorem resembles that of the discrete-time
case, for example, the symmetric Hadamard walk: X\ /n — dx/m(1—2?)
V1—222 (n — 00).

Romanelli et al. (2004) investigated the continuum time limit for a discrete-
time quantum walk on Z and obtained the position probability distribution.
When the initial condition is given by @;(0) = &;.0,5;(0) = 0 in their notation
for the Hadamard walk, the distribution becomes the following in our no-

tation: Pt(R) (x) = J2(t/+/2). More generally, we consider the time evolution
given by the following unitary matrix:

o) {COSH sinf ]

sinf — cos@

where 6 € (0,7/2). Note that § = 7/4 case is equivalent to the Hadamard

walk. Then we have Pt(R’g)(:c) = J2(t cos®). In this case, a similar argument
in the proof of Theorem 7.4 implies that if ¢ — oo, then

t = Z(R,Q)
¢ )

where Z(F9 has the following density function:

1

71'\/COS2 0 22 I(, cos 6,cos 0) (.’17) (.’17 € R)

Here Xt(R’g) denotes a continuous-time quantum walk whose probability dis-
tribution is given by Pt(R’g)(x). As a consequence, we obtain

E(XPD/4)2m) S cos®™ 0 x (2m — D)/(2m)!! (t — o0).

In particular, when m = 1, the limit cos?#/2 is consistent with (30) in
Romanelli et al. (2004).

8 Tree

8.1 Introduction

In this chapter we consider a continuous-time quantum walk on a homoge-
neous tree in quantum probability theory. Results here appeared in Konno
(2006a). The walk is defined by identifying the Hamiltonian of the system
with a matrix related to the adjacency matrix of the tree.

Let ’]I‘Ef}) denote a homogeneous tree of degree p with M-generation. After

we fix a root o € ']I‘ES)7 a stratification (distance partition) is introduced by



Quantum Walks 411

the natural distance function in the following way:

M
']I‘S\’/’[) = U Vk(p)7 Vk(p) ={xe ']I‘S\’/’[) :0(0,x) = k}.
k=0

Here O(x,y) stands for the length of the shortest path connecting x and y.
Then

|‘/E)(p)‘ =1, ‘V1(p)‘ =, |V2(P)| =p(p— 1)7“_7|Vk(l’)| =p(p— 1)16—17,..7

where |A| is the number of elements in a set A. The total number of points
in M-generation, \TS\Z)L is p(p— DM — (p—1).

Let H](\Z) be a \Tg@” X \Tg@” symmetric matrix given by the adjacency
matrix of the tree Tg\z). The matrix is treated as the Hamiltonian of the
quantum system. The (¢, j) component of H](\g) denotes H](\g) (i,j) for i,j €

)

{0,1,..., |']I‘5\Z)| — 1}. In our case, the diagonal component of H](\g is always

zero, i.e., H](\g)(i,i) = 0 for any 4. On the other hand, the diagonal com-
ponent of corresponding matrix HJ(\g)M p investigated in Miilken, Bierbaum,
and Blumen (2006) for p = 3 is not zero. For example, Hl(?J)WB(O,O) = -3,
3 3 3
Hl(,])WB(lv 1) = Hl(,])\4B(272) = Hl(,J)\/IB(373) =-1
The evolution of the continuous-time quantum walk on the tree of M-

generation, ’]I‘S\I/}), is governed by the following unitary matrix:

U (1) = et
The amplitude wave function at time t, W](\g)(t), is defined by
wyp (1) = Uy (057 (0).

In this chapter we take y'/](\/T[’) (0) =T11,0,0,...,0] as initial state.

The (n + 1)-th coordinate of W](\g) (t) is denoted by W](\f[’) (n,t) which is the
amplitude wave function at site n at time ¢ for n = 0,1,...,p(p — )M — p.

The probability finding the walker at site n at time ¢t on ’]I‘E\Z) is given by
Pip (n,t) = 037 (n. 1)
Then we define the continuous-time quantum walk X ](\3) (t) at time ¢ on TS\Z) by
PP () =) = P} (n, 1)
hYS n (1, t).

In a similar way, let X%g?M p(t) be a quantum walk given by HJ(\?M 5 As we

stated before, H](\Z)MB (i,7) depends on i for any finite M. However in M — oo
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limit, the (¢,7) component of the matrix becomes —p for any 7. Remark that
the probability distribution of the continuous-time walk does not depend
on the value of the diagonal component of the scalar matrix. Therefore the
definitions of the walks imply that both quantum walks coincide in M — oo
limit, i.e.,

lim P(X{)(t)=n)= lim P(X{,,5(t) =n),

M—o00 M — o0

for any ¢ and n.

8.2 Quantum Probabilistic Approach

Finite M case

Let ,ug\f[) denote the spectral distribution of our adjacency matrix H 1(\5). From
the general theory of an interacting Fock space (see Jafarizadeh and Salimi
(2007), Accardi and Bozejko (1998), Hashimoto (2001), Obata (2004), for

examples), the orthogonal polynomials {lep )} and {lep ’*)} associated with

,uga) satisfy the following three-term recurrence relations with a Szego-Jacobi

parameter ({wp,}, {an}) respectively:
P @) =1 Q@) =z—a,
QP (@) = Q@) + 0na QP (@) +wn Qi (@) (n 2 1),
and
Q@) =1, QF (@) =z~ ar,
QP () = QY (@) + an2QP ) (2) + wnn Q) () (n > 1),
In our tree case,

Wwi=p,wr=ws=-=wy =p— 1, wyt1 =wpyt2 = =0,

o =ag=---=0.

Then the Stieltjes transform G o) of p(p) is given by

(p*
GHE\T( ) o Qnglp)l(( ))

where n = [T%| = p(p— )M — (p — 1).
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The following result was shown in Jafarizadeh and Salimi (2007):

( p) ,t) Z M'/(p (n,t) / exp(itx) Q,(f)(x) ,ug\’/’[) (x) dx,

nGVk(p)

for k=0,1,2,.... Remark that \Vk(p)\ =wwywp=pp—-DF 11 <k<
M) and \Vo(p)\ = 1. It is important to note that

!P](\g)(m t) = /]R exp(itx) Q,(f)(x)ug\z) (x) dz,

v
if n € Vk(p) (k = 0,1,...,M). The proof appeared in Appendix A in
Jafarizadeh and Salimi (2007).

p =3 and M = 2 case

Here we consider p = 3 and M = 2 case. Then we have n = 10, w; = 3,
wo =2,w3 =wy =---=0, a1 =ag =--- = 0. The definitions of Q%S)(x) and
i () imply

Q) =1, Q) =2, Q) = 22— 3, QP(w) = 2 2(a?—5) (k > 3),
and
G2y =1, QP () =2, QP (2) = 2F2(a? - 2) (k > 2).

Therefore we obtain the Stieltjes transform:

QP @ 21 3 1 31
G ) = . =" .+ . + . _
u (7) QW@ 5 7 10 z4V5 10 z—/5

From this, we see that

3

: 1
!P2(3)(V[)(3),t) = / exp(itz) ug})(dx) =i (2 + 3 cos(V/5t)),
R

@) 3 5 L (i) 0® () 1@ (d) — V3 o

vy (V ,t)\/wl/]R p(itz)Qy" (x) py (dz) = 5 (V/51),

@)@ L @)y, @y _ V6

Uy (Vo t) = S /Rexp(ztx) () py ' (dz) = 5 <71+cos(\/5t)).
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Noting that Wég)(n,t) = WQ(S)(VIC(B)71§)/\/|VI€(3)\ for any k = 0,1, 2, we obtain
the same conclusion as the result given by the eigenvalues and the eigenvectors
of HSY.

M — oo case

The quantum probabilistic approach implies that

(P V(p)7t _ exp(its Q(p) . u(p)(x dr,
M Vi k M

. w;k@ }

vV 1) =

lim
M—oo

for k =0,1,2,..., where the limit spectral distribution ,ug\’/’[) (x) is given by

p/4(p — 1) — 22
27 (p? — 22) I ayp-12pp-1)() (2 €R),

This type of measure was first obtained by Kesten (1959) in a classical random
walk with a different method. An immediate consequence is

2
PPV @) t) = cos(tx) Q(p)(x)ug\f}) (x) dz
k . k

4 {/ sin(ta) QY (x) ) () d”“’}] ’

v

for k =0,1,2,... Furthermore, as in the case of finite M, we see that
1
) (n,t) = | / exp(itx) Q,(f)(x)ug\];) (x) dz, (8.2.1)
Vil Je

ifn e Vk(p) (k=0,1,2,...). From (8.2.1) and the Riemann-Lebesgue lemma,
we have limy_, oo U4 (n,t) = 0, for any n, since Q,(fp) (x)ugg) (r) € LY(R).
Therefore we see that lim;_, ., P (n,t) = 0. So we conclude that pY (n) =0,
where P (n) is the time-averaged distribution of p) (n,t).

p =2 and M — oo case

In this subsection, we consider p = 2 and M — o0, i.e., Z' case. Then we have

Proposition 8.1.
v = n@t), vV 0 =v2it 2t (k=1,2,...),

where Jp(x) is the Bessel function of the first kind of order n.
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Proof. Induction on k. For k = 0 case, we use the following result (see (4) in
page 48 in Watson (1944)):

! exp (isz _ g2y-1/2 x:F(l/Q)F(V+1/2> s
/_1 p(isz) (1—2%) V2 d e Ts), (322

where I'(z) is the Gamma function. Combining I'(3/2) = /7 /2, I'(1/2) = /7
with Q(Q)( ) =1 and v = 0 gives
o@ V@ gy = / N
o0 0 ) Ly p 7_[_\/4 - x2 0 .

In a similar fashion, we verify that the result holds for k =1, 2.
Next we suppose that the result is true for all values up to k, where k£ > 2.
Then we see that

, 9 dr
Wé?(Véﬁpt \/ / exp (itx) Q;(€+)1( ) A — 32
dzx

= s / exp (itx) {xQ@)( ) — Q,(f,)l(x)} oA
d 2 ) 9 dx
2 et )
dx

— 1 ’ exp (itx (2) T
V2 [2 p(t)Qk_l()Tr\/él—x?
= 1 jt(\/2 i T (2t) — V2R T (2t)

= V2R L (2t).

The second equality follows from the definition of Qf)(x). By induction, we
have the fourth equality. For the last equality, we use a recurrence formula
for the Bessel coefficients: 2.J; (2t) = Jy—1(2t) — Jr41(2t) (see (2) in page 17
of Watson (1944)).

As a consequence, we have

Corollary 8.2.
POV )y =73, POV ) =2722t) (k=1,2,...).

We confirm that

> PO =1
k=0
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since it follows from J3(2¢)+2 Y 72, J2(2t) = 1 (see (3) in page 31 in Watson
(1944)). Noting that Vk@) = {—k,k} for any k > 0, we have an equivalent
result given by Corollary 7.3:

PP (n,t) = J2(2t),

for any n € Z and t > 0.

8.3 Quantum Central Limit Theorem

To state a quantum central limit theorem in our case, it is convenient to
rewrite as

(o7 [exp (tHD)|00) =D (VP 0),
where
1
o) = o, 2 T
\/'Vkp | nev®

and Ij,y denotes the indicator function of the singleton {n}. It is easily
obtained that

lim (@

p— 00

exp (itH) ‘ o) =0,

for any k > 0. Then we have the following quantum central limit theorem:

Theorem 8.3.
HYY 2t
fim <@§f) exp (z’t ) @ép)> — (k1 it )
pmoe VP t
fork=0,1,2,....

Proof. Induction on k. First we consider k£ = 0 case. We see that

HY
lim @ép ) lexp [ it Qi(()p )
p—00 \/p

x
= lim [ exp (it > u\0(z) da
A P ar (%)

p—00
2y/(p—1)/p 2p — 1 2 _ g2
= lim exp (itx) \/( (p >/Z2)> v dx
p=oo S 0 /(p—1)/p 27 (1 — 2% /p)

1
2v/1 — 22
:/ exp (2itx) Vi-w dz.
T

-1
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Then (8.2.2) with v = 1 yields

ae 2
lim <(15(()p) exp (it >’¢(()p)> = gl t).
p—00 /D t

So the result holds for k£ = 0. Similarly we obtain

J2 i 2iJo(2
lim <¢gp) exp (Zt > @(()P)> _ ZJQ( t)7
p—00 /D t

ae 2
lim <(15gp) exp (it > 215(()p)> = —3J3( t).
p—00 /D t

Next we suppose that the result holds for all values up to k, where k > 2.
Then we have

H(P)
lim (&%) |exp (it > || &
p—00 < k+1 p ( \/p > 0
. 1 o
= pll,nio ) / exp (Zt \/p> QI(Q1(CU) “5\2) (x) dx
VIV, e
. 1 2\/(P_1)/p ) 2 p— 1 D 2 1'2
= lim k/ exp (itx) Q,(fﬁl(\/px) \/( 2( ) 7)/2) dx
r=\/p(p — )% J 2\ /-1)/p m(1 -2 /p)

2
:/ exp (itx) ngofi(x) V22— dx

) 2

- /2 exp (itx) {xQI(COO) (x) — lgofi(x)} V2 —a? dx

—92 2

1 _ g2
= 1;75 (/ exp (2itx) Q,(:o)(%c) 21w d:c)

—1 ™

! - 2v/1 — a2
—/ exp (2itx) éf%(?x) Vi-w dx
7r

-1

= 1 {m n? (m;(zt)) Ra }

where the last equality is given by the induction and
(@) = Jim Q;ﬁ”)(\/pw)/\/p(p =k,

if the right-hand side exists. We confirm that the limit exists for any k£ > 1.
For example, we compute Qloo) ()=, Q2°°) (r)=2%—1, ngo)(x) =23 — 2z,
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Efo)(x) = 2% — 322 + 1,... In order to prove the result, it suffices to check
the following relation:

d ( Jx+1(2t Ji (2t J] 2t
(k+1) ( ka1 )>k~ k( ):—(k+2) k+2(20).
dt t t
The left-hand side of this equation becomes

2Jp41(2t Jr+1(2t Ji (2t
(k+1) ’”tl( ) _ (k+1) ’“+t12( ) ’“Eﬁ )

Ji (2t J] 2t Ji (2t

_ k( )7(k+1) k+12( )7(k+1) k( )

t t t
Jir2(2t

since the first and second equalities are obtained from recurrence formulas for
the Bessel coefficients: 2, (2t) = Ji(2t) — Jx12(2t) and Ji(2t) + Jpy2(2t) =
(k+ 1)Jk1(2t)/t (see (1) in page 17 of Watson (1944)), respectively. This
finishes the proof of the theorem.

Remark that an extension of this theorem for a wider family of graphs and
another proof by using Gegenbauer’s integral formula for the Bessel function
can be found in Obata (2006).

8.4 A New Type of Limit Theorems

We can now state the main result of this chapter. To do so, let define
HY

exp | it oW
VP

PEIVE ) = 0 (G o).

p— 00

(V1) = lim <gb§f)

and

By Theorem 8.3 and the definition of @O(ooo)(Vk(oo)7 t), we see that
oo o0 2
D (oo 00) 2 Ji(2t) _
SO PLIWE ) =Yk b =1 (8.4.3)
k=0 k=1

The second equality comes from an expansion of 22 as a series of squares of
Bessel coefficients (see page 37 in Watson (1944)):

=4 K JR(2)
k=1
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Noting the result (8.4.3), here we define another continuous-time quantum
walk Y'(¢) starting from the root defined by

P(Y(t) = k) = POV 1) = (k+1)2 J’3+t12(2t).
Then we obtain
Theorem 8.4. Ast — oo,

Y(t)

; = Z,,

where Z, has the following density function:

1’2

A 2 Io,2)(x) (x € R).

Proof. From Theorem 8.3, we begin with computing

E <exp <i5yit>)> - eXp(t_jg/ 2 ’iexp <25’;) K2J2,,(20),

for € € R. By Neumann’s addition theorem (see p.358 in Watson (1944)), we
have

Jo(\/a2 + b2 — 2abcos(€)) = i Jr(a)J (b) exp(ike).
k=—o0
Taking ¢ = a = b in this equation gives
Jo(4t\/sin(€/2)) = Z J2(t) exp(ik€).
k=—o0
By differentiating both sides of the equation twice with respect to t, we see

> RPTR(t) exp(ik€) = Z k2 J2(t) exp(ikE)

k_foo

k=
= ism <§> J} (2tsin (g)) — t; cos? <§> JY <2tsin <§>> .

Therefore we obtain

po(7)) = (47) Lo () 5 (e ()
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Then a similar argument as in Konno (2005¢) yields

Y(t
Jim E <exp (zf E )>> = —2J{/(2¢).
On the other hand, (8.2.2) with v = 0 gives

2

1
JY(2¢) = 7/_1 exp (2i€x) 7r\/x d.

1— 22

From the last two equations, we conclude that

2 2
tILIgOE (exp (ifyit)>> = /0 exp (ix) W\/Z_ 42 dx.

It is interesting to remark that when p = 2 case, i.e., Z', a similar type of
density function can be derived from Theorem 7.4:

2

i1 g2 Jon@) (@ ER).

9 Ultrametric Space

9.1 Introduction

Continuous-time classical random walks on ultrametric spaces have been
investigated by some groups to describe the relaxation processes in com-
plex systems, such as glasses, clusters and proteins. On the other hand, a
continuous-time quantum walk has been widely studied by various researchers
for some important graphs, such as cycle graph, line, hypercube and complete
graph, with the hope of finding a new quantum algorithmic technique. How-
ever no result is known for a quantum walk on the ultrametric space. Results
here appeared in Konno (2006b).

Let X be a set and let p be a metric on X. The pair (X, p) is called a
metric space. Moreover if p satisfies the strong triangle inequality:

p(z; z) <max(p(z,y), p(y, 2));

for any z,y,z € X, then p is said to be an ultrametric. A set endowed with
an ultrametric is called an ultrametric space. Let p be a prime number and
Qp be the field of p-adic numbers. Z, denotes the set of p-adic integers. Then
Z, is a subring of Q, and Z, = {z € Q, : |z|, < 1}, where | - |, is the p-adic
absolute value. Remark that the metric p,(z,y) = |z — y|, is an ultrametric.
Every x € Z, can be expanded in the following way:

T=yo +yip+yp’ o F Y
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where y,, € {0,1,...,p — 1} for any n. See Khrennikov and Nilsson (2004)
for more details. It is important that Z, can be represented by the bottom
infinite regular Cayley tree of degree p, T},, in which every branch at each
level splits into p other branches. So we consider a continuous-time quantum
walk on the bottom of T}, at level (or depth) M, denoted by TE).

We calculate the probability distribution of the quantum walk on T Jg').

From this, we obtain the time-averaged probability distribution on T 155) and
then take a limit as M — oo. On the other hand, we can first take the limit
as M — oo and then derive the time-averaged probability distribution. It
is shown that the first limit result coincides with the second one, that is,
time-averaged operation and M-limit one are commutative. By using these
results, we clarify a difference between classical and quantum cases. A striking
difference is that localization occurs at any site for a wide class of quantum
walks. Furthermore we compare the results of ultrametric space with those
of other graphs, such as cyclic graph, line, hypercube and complete graph in
the quantum case. Some applications of p-adic analysis in physics and biol-
ogy were reported in Khrennikov and Nilsson (2004). Social network models
based on the ultrametric distance were present ed and studied (see Watts,
Dodds, and Newman (2002), Dodds, Watts, and Sabel (2003)) The disease
spreading on a hierarchical metapopulation model was investigated in Watts
et al. (2005). Our quantum walk on the ultrametric space may be useful
for designing a new quantum search algorithm on graphs with a hierarchical
structure.

9.2 Definition

For M > 0 and x € Z,, the closed p-adic ball B](\?)(x) of radius p~M™ with
center x is defined by

B (z) = {y € Z,: pplx,y) <p M}

Each ball BJ(\Z) (z) of radius p~™ can be represented as a finite union of disjoint

balls B](\Z)H(xm) of radius p~(M+1).
p—1
B (0) = | BYfsi (@),
m=0
for suitable zg, x1,...,xp—1 € Zp, so we have
pM_1

z,= |J B (m).

m=0
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When p = 3,
31-1 21
3 3
z,=J B (m) = | B (),
m=0 k=0
and

B® (1) = BY (1)u B (4) u BS(7),
B (2) = BY(2)u BY (5)u B (8).

We define the distance between two balls B; and By as
pp(B1, B2) = inf{p,(x,y) : v € B1,y € Ba}.

We observe that end points of a regular Cayley tree with p degree at level
M may be represented as a set of disconnected balls

{(B(0), B (1),..., BRpM — 1)}

M

with radius p~ covering Z,. So we can consider pM balls

{B(0), B (1),.... B (™ —1)}

as pM points {0,1,...,pM — 1}, denoted by Tﬁf;).
As in the case of classical random walk, let z/J](\Z)(i, J) be the amplitude of
a jump from the ball B](\I/}) () to the ball B](\Z) (j) separated by p-adic distance
p~M=k) Here we put e, = eg\ﬁ)(k) = J(\’/})(i,j). Remark that 7,[1](\14’)(i,j) =
P
M (.77 Z)'
We consider p =3 and M = 2. In this case, ¢ is given by

a = 0200,3)=90,6) = v (3,0) = v (3,6)

= 0(6,0) = v5(6,3) = w5V (1,4) = 4§V (1,7) :
e = ¥Y0,1)=90,4) = =0 (0,8)

= e =By ==u3B,8) =,

Let I, and J,, denote the n xn identity matrix and the all-one n x n matrix.

We define a p™ x p™ symmetric matrix H ](\f}) on Tﬁg) which is treated as the

Hamiltonian of the quantum system as follows: for any M =1,2,...,
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HJ(\?})H =1,® HJ(\? + (Jp = 1p) @ €y Ipmr
Hl(”) =eolp +e1(Jp — I),

where ¢; € R (j =0,1,2,...) and R is the set of real numbers.

(») -

The evolution of the contlnuous time quantum walk on T',” is governed

by the following unitary matrix:
U® (1) =
The amplitude wave function at time ¢, o )( t), is defined by
i (1) = U (0737 0)

In this chapter we take y'/](\g) (0) =T11,0,0,...,0] as initial state.

The (n + 1)-th coordinate of !P](\g) (t) is denoted by y'/](\f[’) (n,t) which is the
amplitude wave function at site n at time ¢ for n = 0,1,...,p™ — 1. The

probability finding the walker is at site n at time ¢ on T’ 18;) is given by

PE (n,t) = |wF (n, 1),

9.3 Results

Let {1, :m=0,1,..., M} be defined by

€0 — €1 if m=0,
Nm =% €0+ @—1)> 1, p" te — pemt1 if m=1,2,...,M —1,
0 if m= M.

Direct computation yields that {n,, : m = 0,1,..., M} is the set of eigen-
values of Hj; () and eigenvectors for 7, are given in the following way, see
Ogielski and Stein (1985) for p = 2 case. Let w = w, = exp(27i/p). Put

n n
A~

07L:m707/'\"7m7 1n:ﬁ717"'7ﬂ'

The pM~1(p — 1) eigenvectors for 7y are

up(l) = [Lw,w? ...,wP™ 0,0 )7,
up(2) = [17u)27w4,...7u)2(1”71)70p1v1_p]T7
up(p—1) = [1,w(p_1),w2(p_1) .. wp n? OpM,p]T,

UO(p) = [0P717w7w27" , W 70 —2p]T7
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Uo(p + 1) - [Opa 17"‘)27"‘)43 cee aw2(p71)a OprQp]Tv
uo(2(p— 1)) = [0y, 1,wP=D 2= 7w(p_1)2, OpM_gp]T7
2
uO(prl(p - 1)) - [Oprpa 17w(p71)7w2(p71)7 cee >w(p71) }T'

The pM~2(p — 1) eigenvectors for 7, are

ur(l) = [1p,wly,w?ly, ..., wP 11, 0,0 2",
u1(2) = [1p,w?lp,wtly, .o WPV, 00 )T,
ui(p—1) = [, w® V1,2 D1, W@ D1, 0T,
ui(p) = [Op2, 1y, wlp,w?ly, oo wP 11, 00 op]7,
wi(p+1) = [0, 1,021, w0, . . w2 P71, 00 g2]T,
w1 (2(p—1)) = [0,2, 1y, w® V1,201, WD 0]
ur(PM2(p—=1)) = [Opar_p2, 1, w® D1, 201, @D T

We have pM =+ (p — 1) eigenvectors for ny (k = 2,3,..., M — 1) similarly.
So the p — 1 eigenvectors for 1,1 are

up—1(1) = [lpAI—I,LUlpM—l,lepM—l,...,wpillplw—l}T,
UM_1(2) = [1prl,w21prl,w41prl,...,w2(p71)1pM71]T7
up—1(p—1) = [1pM—1,w(p_l)lpM—l,w2(p_1)1pM—17...,w(p_l)leM—l]T.
Finally the only eigenvector for 7, is [1pM]T.

Throughout this chapter, we assume that
O<epy <epoy < - <eg <e€q.

This assumption implies that our class of quantum walks does not belong to
the class of continuous-time quantum walks given by the adjacency matrix
of the graph on which the walk is defined, see Jafarizadeh and Salimi (2007).

Remark that the diagonal component ¢ is an irrelevant phase factor in
the wave evolution. So the probability distribution at time ¢, {P]E;)(n7 t):n=
0,1,...,pM — 1}, does not depend on ¢y and we put

M
e=—(p—1) Zpkilek <0,
k=1
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as in the classical case. We should note that e¢g < 0 < epr < epoq < -+ <
€9 < €71 is equivalent to np <1 < -+ < Ny—1 < nu = 0.

Let VP = {pk*,p’H +1,..p" =1} (k=1,2,..., M) and V") = {0}.
Remark that (Jpo p) ={0,1,...,p™ — 1} and \Vk(p)\ = (p— 1)pF1 for
k=1,2,...,M, Where |A| is the number of elements in a set A. By using the

eigenvectors7 we obtain the amplitude of the quantum walk on T’ Jg'):

Lemma 9.1.

M—1
p—1) Z p= (M gitnm 4 =M
m=0
if ne vy,
M—1
v (n, 1) = —pReitt-1 4 (p — 1) Z p (D it =M

m=k
ifneV® (k=1,2,...,M-1),
p*M(_eltﬂMfl_;'_l)
if nEVJ\(}’).

The definition of Pﬁ) (n,t) implies

Proposition 9.2.

M—1 2
{ p (m+1) cos tnm> + p—M}
m=0
M—1 2
+(p—1) { Z p~(m+1) sm(tnm)}
m=0
Zf n e %(p)v
P(p)(n t) = —k - —(m+1) M i
M\ t) = —p "eos(tng—1) + (p—1) Z p "M cos(tnm,) +p
m=k
M-1 2
+ {pk sin(tne—1) + (p — 1) Z p~(m+1) sin(tnm)}
m=k
if nev® (k=1,2,...,M—1),
Qp_2M(1 - COS(“?MAD
if ne Vj\(f).

If n =0, then PJ(VII') (0, 1) is the return probability of the walk on TE). For
p =3 and M = 2 case, we obtain
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{41 + 24 cos(t(no — n1)) + 12 cos(tng) + 4 cos(tny )} /3*

if n=0,
(3) ) {14 —12cos(t(no — n1)) — 6 cos(tng) + 4 cos(tm ) } /3%
Py (n,t) = if n=12

2{1 — cos(tm)} /3%
if n=34,...,8.

In general, P(p)(n,t) does not converge as t — oo for any fixed n. So we
introduce the time-averaged distribution of PJ(VII') (n,t) as follows:

_ 1 [t
P (n) = lim PP (n, s)ds, (9.3.1)

t—oo t 0

if the right-hand side of (9.3.1) exists. Then Proposition 9.2 gives
Theorem 9.3.

p—1 2 ’ ()
+ if ne V™,
p+1l  (p+1)p* / 0
_ 2 1 1 ,
PP (n) = p+1(p2k1+p2M> if nev®? (k=1,2,...,M—1),
2
p2M ianVA(f).

It is interesting to note that P(p)(n) does not depend on {e; : k =
0,1,...,M}. In the case of p = 3 and M = 2, we have

_ 41
PP0) =, B =PY@) =

14

g BY@) = =RV =

The following result is immediate from Theorem 9.3.
Corollary 9.4.

p-1 . (»)
if ne V',
(P) () _ +1
B ()= P : v (b= 1.2
(p+ 1)p2E—1 if neV,” (k=1,2,...).

Here we consider the mean distance from 0 at time ¢ defined by
d(p) Z Z P (M—F) P(p) (n,t).
k=1,¢ Vk(p)

Then its time-averaged mean distance is given by

d(p) ZZpMk M)()

k=1 evk(p)
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From Theorem 9.3, we get

g = 2= =1)  2[{(p-1(p+1)*+ 1} p*2 — 1]
M e+ pM (p + 1)2p3M—1 .

This gives

_1)
li J(”>_ 2p—1)
dm ="

Next we take the limit as M — oo first. We define P¥) (n,t) by ) (n,t) =

limps oo ijflj)(n,t), if the right-hand side of the equation exists. By
Proposition 9.2, we obtain

Proposition 9.5.

2
( _ 1 {Z p —(m+1) COS(tnm)}
m=0
o 2
+ { Z p~(mFD) sin(tnm)}

m=0
PP (n,t) = if nev®, ,
{p_k cos(tnK—1) Zp ML) cos(tn, )}
m=Fk - 9
+ {pk sin(tng—1) + (p — 1) Z p~(m+D) sin(tnm)}
m=k

if nev® (k=1,2,..).
In a similar way, the time-averaged distribution P(p )(n7 t) is given by

_ 1t
PP (n) = lim PP (n, s)ds, (9.3.2)

t—oo 0

if the right-hand side of (9.3.2) exists. Combining Theorem 9.3 with
Proposition 9.5 yields

Corollary 9.6. For anyn =0,1,2,..., we have
PP (n) = A}im P]g') (n) > 0.
Furthermore,

lim PP (n) = o(n),

p—0oo

where 6p(n) =1, if n=m, =0, if n # m.
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In general, we say that localization occurs at site n if the time-averaged
probability at the site is positive. Therefore the localization occurs at any
site for both any finite M and M — oo limit cases.

9.4 Classical Case

In this section we review three classical examples and clarify a difference

between classical and quantum walks. Let Pc(p ) (n,t) be the probability that
a classical random walker starting from 0 is located at site n at time ¢ on Z,.

In the case of a linear landscape, the transition rate on T]Ef;) has the form

e = wo p~ TOEM),
for wg > 0 and e > 0. Then Avetisov et al. (2002) showed a power decay law
in M — oo limit:

Pc(p)(ovt) ~ (t - 00)7

tl/a
where f(t) ~ g(t) (t — o0) means there exist positive constants C7 and Cy
such that

t t

ing 7O < 7O
C; <1 f <l < (.
PRI g T g

For a logarithmic landscape case, the transition rate on T' Jg’) is

(k= M) 1

€ =Wy P (log(l +p7(k7M)))a’

for wo > 0 and a > 1. The following stretched exponential decay law
(the Kohlrausch-Williams-Watts law) was proved by Avetisov, Bikulov, and
Osipov (2003) in M — oo limit:

log(P(0,1)) ~ —"/%  (t — o).

In the case of an exponential landscape, the transition rate on T]E/’;) has
the form

(k—M) (kA

€, = Wo P exp(—ap

for wg > 0 and « > 0. Then Avetisov, Bikulov, and Osipov (2003) obtained
a logarithmic decay law taking a limit as M — oc:

PP (0,1) ~ (t — o).

logt
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The above three facts imply that the localization does not occur at position
0. In contrast to the classical case, the localization occurs at any position for
our quantum case.

9.5 Quantum Case for Other Graphs

We consider the time-averaged probability distribution for continuous-time
quantum walk starting from a site on other graphs, such as cycle graph, line,
hypercube and complete graph. Then the Hamiltonian of the walk is given
by the adjacency matrix of the graph.

In the case of a cycle graph Cy with N sites, we have obtained the following
result (see Chapter 10 or Inui, Kasahara, Konishi, and Konno (2005)):

pN(n) _ 1 n 2R1\r(n)7

for any n =0,1,..., N — 1, where

—1/2 if N=odd, &,#0 (mod2m),
Ry(n) =< -1 if N=even, &,#0 (mod?2m),
N if &n =0 (mod2m).

Here ¢; = 27j/N, N = [(N —1)/2], and [z] is the smallest integer greater
than 2. When N = odd (i.e., N = (N —1)/2),
N-1
~ -~ ~
_ ( 1 n N-11 1 1 1 )
AN N2 N N2 N  N2J

when N = even (i.e., N = (N —2)/2),

(N=-2)/2
~ -~ ~
5 _(1+N72 1 2 1 2
N=\NT" N2 N N2 N N2
(N-2)/2
~ -~ ~
1 N-271 2 1 2>
N N2'N N2UN N2

Then we have

lim Py(n) =0,

N—o0

for any n.
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In Z case, the probability distribution P(n,t) of the walk starting from
the origin at location n and time ¢ is given by

P(n,t) = J;(t),

where J,,(t) is the Bessel function of the first kind of order n, see Chapter 7,
for example. The asymptotic behavior of J,(¢) at infinity is as follows:

4n? — 1

Ja(t) = \/:t (cos(t —0(n)) —sin(t — 6(n)) g O(t—2)> , t— 00,

where 0(n) = (2n+ 1) /4, see page 195 in Watson (1944). From this fact and
|Jn(¢)] <1 for any ¢ and n (see page 31 in Watson (1944)), we obtain

¢
P(n) = lim ! J2(s)ds =0,

t—o0 t 0

for any n € Z.

Next we consider the quantum walk starting from a site, denoted by 0, on
a hypercube with 2% sites, Wy. Then the probability finding the walker at
site n at time ¢ is

Pn(n,t) = cos(t/NY2N "B sin(t/N)?*  if neVi (0<k<N),

where Vi, = {x € Wy : ||z|| = k} and ||z]| is the path length from 0 to x in
Wi. A derivation is shown in Jafarizadeh and Salimi (2007). From the result

we see that
. 221N (]Z>_1 <2kk~> (2(]3/':)),

if n € Vi, (0 <k < N). For example, when N = 4,
) 35/128  if ne Vo UVa,
Pyn)=1{5/128  if ne ViUV,
3/128  if ne Va.

For general N, we have

]\;gnoo Py (n) =0,

for any n =0,1,.... Moreover if we let
PN(Vk> = Z p]v(?l),
neVy

for k=0,1,..., N, then we get
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_ 1 (2k\ (2(N —k

e = e () 520,
since |Vi| = NI/(N — k)!kl. It is interesting to note that this probability
corresponds to the well-known arcsine law for the classical random walk.

Therefore, in three cases, Cy (cycle graph) and Wy (N-cube) as N — oo
and Z, the localization does not occur at any location.

In the case of the complete graph with IV sites, K, the Hamiltonian Hy
is defined by Hy = In — NJn. Then eigenvalues of Hy are ng = 0,11 = 12 =
- =nn—1 = —N. The eigenvectors are given by the Vandermonde matrix,
see Ahmadi et al. (2003). Then direct computation yields

(N —=1)2+1+2(N —1)cos(Nt)

if n=0,
Pn(n,t) = Nz
’ 2(1 — Nt
( ;\ff( ) ifn=1,2,...,N—1.
Therefore
N—-1)2+1
_ ( g+ if n=0,
PN(n)— 9 N
N2 ifn=1,2,...,N—1.
So we have

lim Py(n) = éo(n),

— 00

for any n = 0,1,.... Therefore the localization occurs only at n = 0. This
corresponds to our case for p — oo.

9.6 Conclusion

We have derived the expression of the probability distribution of a continuous-
time quantum walk on Tﬁg) corresponding to Z, in the M — oo limit. As a
result, we obtained

P®(n) = lim PP (n)>0 (n=0,1,2,...),
for a class of ¢, satisfying
e <0<ey<epy—_1 < --<ey<eq.

Therefore the localization occurs at any location. For Cy (cycle graph) and
Wnx (N-cube) as N — oo and Z cases, the localization does not happen at
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any location. For Ky (complete graph) as N — oo case, the localization
occurs only at 0. In three typical classical cases, the localization does not
occur even at 0 site. We hope that this property of our quantum walk can be
useful in search problems on a tree-like hierarchical structure.

10 Cycle

10.1 Introduction

In this chapter we treat the continuous-time quantum walk on C'y which is
the cycle with N vertices, i.e., Cy = {0,1,..., N —1}. Results here appeared
in Inui, Kasahara, Konishi, and Konno (2005). Let A be the N x N adjacency
matrix of Cy. The continuous-time quantum walk considered here is given
by the following unitary matrix:

U(t) = e A2,

Following the paper of Ahmadi et al. (2003), we take —it A/2 instead of itA/2.
The amplitude wave function at time ¢, ¥ (t), is defined by

Un(t) = U()Tx(0).

The (n + 1)-th coordinate of ¥y (¢) is denoted by ¥y (n,t) which is the am-
plitude wave function at vertex n at time ¢ for n = 0,1,..., N — 1. In this
chapter we take ¥x (0) = 7[1,0,0,...,0] as initial state. The probability that
the particle is at vertex n at time ¢, Py(n,t), is given by

Py(n,t) = [Tn(n,t)]>.

Here we give a connection between a continuum time limit model for
discrete-time quantum walk on Z given by Romanelli et al. (2003) and
continuous-time quantum walk on circles. Ahmadi et al. (2003) showed

N-1
1 .
Un(n,t) = N E it eosg—ng;) (10.1.1)
7=0

for any ¢t > 0 and n = 0,1,...,N — 1, where & = 2nj/N. As Ahmadi
et al. (2003) pointed out, ¥y (n,t) can be also expressed by using the Bessel
function, that is,

It = Y (—i)’“Jk(t):; S (), (10.12)

k=n (modN) k=+£n (modN)
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where J,(z) is the Bessel function. In fact, the generating function of the

Bessel function:
t 1 ,
exp [2 <z— z)] = E 2V, (t)

VEZL
gives
e itcosg; Z(_i>yeiV€ij(t)~
VEZ

By using (10.1.1), the amplitude wave function is then calculated as

N—-1
1 v _t(n+v)E;
Un(n,t) = SO (i)t gL(8). (10.1.3)
j=0 vez
In a similar way, we have
(n.t) = Z D (i) eI (). (10.1.4)
7=0 veZ

From (10.1.3) and (10.1.4), we obtain (10.1.2). Moreover, (10.1.2) gives

Py(n,t) = 3 cos (1 (G = KN ) Jinsn (D) Jensn ()

7,kEZ

=D Junalt)

keZ

™, .
+ Z cos(z(]fk)N> Tinn () Tknan (). (10.1.5)
J#k:j,kEL

The following formula is well known (see page 213 in Andrews, Askey, and
Roy (1999)):

PRAGEESS (10.1.6)
kEZ

for t > 0. That is, {Jx(t)? : k € Z} is a probability distribution on Z for any
time ¢. Then (10.1.6) can be rewritten as

N-1
SN Iva()? =1, (10.1.7)

n=0 ke€Z

for ¢ > 0. Thus (10.1.5) and (10.1.7) give
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Z Z ( (J— k)N ) JiN4n(t) Jenn(t) = 0.

n=0 j#k:j,kEL

Romanelli et al. (2003) studied a continuum time limit for a discrete-time
quantum walk on Z and obtained the position probability distribution. When
the initial condition is given by @;(0) = d;,0,5(0) = 0 in their notation for
the Hadamard walk, the distribution becomes the following in our notation:

P(n,t) = Ju(t/V2)2.

More generally, we consider a discrete-time quantum walk whose coin flip
transformation is given by the following unitary matrix:

o[22

Note that a=b=c=-d =1/ V2 case is equivalent to the Hadamard walk.
In a similar fashion, we have

P(n,t) = J,(at)?. (10.1.8)

In fact, (10.1.6) guarantees ), P(n,t) = 1 for any t > 0. From the proba-
bility theoretical point of view, it is interesting that a continuum time limit
model for a discrete-time quantum walk on Z gives a simple model having
a squared Bessel distribution in the above meaning. For large N, (10.1.5)
is similar to (10.1.8) except for the second term of the right-hand side of
(10.1.5).

To investigate fluctuations for continuous-time quantum walks, we con-
sider both instantaneous uniform mixing property (see below) and temporal
standard deviation (see Section 10.4). The former corresponds to a spatial
fluctuation and the latter corresponds a temporal one.

A walk starting from 0 on Cpy has the instantaneous uniform mixing
property (IUMP) if there exists ¢ > 0 such that Py(n,t) = 1/N for any
n=20,1,...,N — 1. To restate this definition, we introduce the total varia-
tion distance which is the notion of distance between probability distributions
defined as

1P —Q :AnééagijP(A)*Q(A)\ :; > IP(n) - Q(n)]. (10.1.9)

neCn

By using this, the IUMP can be rewritten as follows: if there exists ¢ > 0
such that ||Py(-,t) — 7n|| = 0, where mx is the uniform distribution on
Cp. As we will mention in Section 10.3, continuous-time quantum walks on
Cn for N = 3,4 have the IUMP. On the other hand, Ahmadi et al. (2003)
conjectured that continuous-time quantum walks on Cy for N > 5 do not
have the IUMP. Carlson et al. (2006) showed that the conjecture is true for
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N = 5. It is easily checked that the conjecture is true for NV = 6 by a direct
computation (see Section 10.3). Remark that the continuous-time classical
random walk on C'y does not have the IUMP for any N > 3.

10.2 Classical Case

First we review the classical case on C, (see Schinazi (1999) and references
in his book, for example). In the continuous-time classical random walk,

Z coS f n cosfj—l)

for any ¢t > 0 and n = 0,1,..., N — 1. In this walk, the distribution for the
random time between two jumps is the exponential distribution. As for the
discrete-time classical random walk,

Py (n,t) = N Z cos(&;n)(cos &)Y,

foranyt=0,1,...,andn =0,1,..., N—1. Here a time-averaged distribution
in the continuous-time case is given by

1 (T
Py (n) :TIEI;OT/O Pn (n, t)dt, (10.2.10)

if the right-hand side of (10.2.10) exists. As for the discrete-time case,

Py(n) =1 P 10.2.11
N( TLI}})oTtZ; Nnt (10 )

if the right-hand side of (10.2.11) exists. Concerning the continuous-time
classical case, it is easily shown that Pn(n,t) — 1/N (¢t — oo) for any
n = 0,1,...,N — 1. Then we have immediately Py(n) = 1/N for any
n=20,1,..., N — 1. On the other hand, in the discrete-time classical case, if
N is odd, then Py(n,t) — 1/N as t — oo, and, if N is even, then it does not
converge in the limit of ¢t — co. However, an important property is that Py
is a uniform distribution in both the continuous- and discrete-time classical
cases.
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10.3 Quantum Case

Now we consider continuous-time quantum walks. As we will see later, in
contrast to classical case, Py does not become uniform distribution for any
N > 3 in quantum case. From (10.1.1), we have

1 2Ry(n,t
Pu(nt)= \ + IJVV(? ), (10.3.12)

where

Ry (n,t) = Z cos{t(cos&; —cos&r) —n(& — &)}, (10.3.13)

0<j<k<N—1
forany t >0and n=0,1,..., N — 1. It is easily checked that
Ry (n,t) = Ry(N — n,t),

foranyt > 0andn=1,..., N, where N = [(N —1)/2] and [] is the smallest
integer greater than x. For example, when N = 3,

R3(0,t) = 2cos(3t/2) + 1,

Rs(1,t) = R3(2,t) = —cos(3t/2) — 1/2,

when N =4,

R4(0,t) = cos(2t) + 4 cos(t) + 1,
R4(1,t) = R4(3,t) = —cos(2t) — 1,
R4(2,t) = cos(2t) — 4 cos(t) + 1.

So if N = 3, then Rs(n,t) = 0 for any t = +47/9 4+ 4mn/3 (m € Z) and
n=0,1,2,and if N = 4, then R4(n,t) = 0 for any t = 7/2+mn (m € Z) and
n = 0,1, 2,3. Therefore continuous-time quantum walks on C3 and Cy have
TUMP. This result was given in Ahmadi et al. (2003). On the other hand,
when N = 6,

(0,t) = cos(2t) + 4 cos(3t/2) + 4 cos(t) + 4 cos(t/2) + 2,
(1,t) = Re(5,t) = — cos(2t) — 2 cos(3t/2) — cos(t) + 2 cos(t/2) — 1,
Rs(2,t) = Re(4,t) = cos(2t) — 2cos(3t/2) + cos(t) — 2 cos(t/2) — 1,
(3,t) = —cos(2t) + 4 cos(3t/2) — 4 cos(t) — 4 cos(t/2) + 2.

Direct computation implies that a continuous-time quantum walk on Cg does
not have ITUMP.
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Now we consider the time-averaged distribution for continuous-time case.
By using (10.3.12), we have

Theorem 10.1.
Py(n) = + , (10.3.14)

for anyn=0,1,..., N — 1, where

-1/2 if N=odd, &, #0 (mod2n),
Ry(n) =< -1 if N=even, &n#0 (mod2m),
N if &an =0 (mod?2m).

This result gives

_ 1 2N
Py(0) = \ + o (10.3.15)
As for discrete-time quantum case given by the Hadamard transformation,
Aharonov et al. (2001) and Bednarska et al. (2003) showed that Py (n) = 1/N
if N is odd or N = 4, and Py(n) # 1/N, otherwise. So in contrast to
classical continuous- and discrete-time and quantum discrete-time cases, Py
in quantum continuous-time case is not uniform distribution on Cy for any
N > 3. In fact, when N = odd (i.e., N = (N —1)/2),
N—-1
~ -~ ~
_ 1 N—-11 1 1 1
_(N+ N2 "N N2 N NQ)’

when N = even (i.e., N = (N —2)/2),

(N-2)/2
~ -~ ~
B 7(1 SN2 2 1 2
N=\N" N2 N N22UN N2
(N-2)/2
~ -~ ~
L N2 2 1 2)
N ' N2'N N2UN N2

For examples,

P, = 57272 7 j 3717371 .
9°9°9 8§ 888
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10.4 Temporal Standard Deviation

We consider the following temporal standard deviation o n(n) in the continuous-
time case as in the discrete-time case:

on(n) = lim \/; /OT (PN(n,t)—ﬁN(n))th, (10.4.16)

T—o0

if the right-hand side of (10.4.16) exists. In the discrete-time case,

on(n) = lim ;z_: (Px(n,t) — Py(n))?, (10.4.17)

T—o0
t=0

if the right-hand side of (10.4.17) exists. In both continuous- and discrete-
time classical cases,

for N > 3 and n = 0,1,...,N — 1. The reason is as follows. In the case
of classical random walk starting from a site for N = odd (i.e., aperiodic
case), a coupling method implies that there exist a € (0,1) and C > 0 (are
independent of n and t) such that

|Pn(n,t) — Py(n)| < Ca',

for any n and ¢ (see page 63 of Schinazi (1999), for example). Therefore we
obtain

S~

C?1—a*"

(Pn(n,t) — Py(n))® < e

N~

t

Il
o

The above inequality implies that oy(n) = 0(n = 0,1,...,N — 1). As for
N = even (i.e., periodic) case, we have the same conclusion o (n) = 0 for any
n by using a little modified argument. The same conclusion can be extended
to the continuous-time classical case in a standard fashion.

For the discrete-time quantum case, Theorem 5.3 gives

1 2
o3 (n) = N4 [2 {Si(n) + Sz(n)} + 1183 + 1085051 + 357 — Sy(n)] — N3
(10.4.18)

for any n =10,1,..., N — 1, where N(> 3) is odd and



Quantum Walks 439

N-1 N-1

1 cosf;
So = ) So= > o
= 3+ cosb; = 3+ cosb);
N-1
B cos ((n — 1)8;) + cos (né,)
Si(n) = Z 3+ cosb; ’
7=0
N—1
B cos ((n — 1)8;) — cos (nb;)
§-(n) = Z 3+ cosb; ’
Jj=0
N-1

Sa(n) = 7+ cos(26;) + 8cosBjcos? (n—1/2)6;)
A (34 cosB;)? ’

with 0; = &, = 4mj/N. For example,

2v/4 2
= ‘4/56, o3(2) = - (10.4.19)

Furthermore from Proposition 5.4 we have

_ \/138\/2+0(1)7

v (0) N N

(10.4.20)

as N — oo. The above result implies that the temporal standard deviation
on(0) in the discrete-time case decays in the form 1/N as N increases.

Now we consider the continuous-time quantum case. For example, direct
computation gives

_ 2v/2 V2

5s0) = 77 o) = o) = VP,
i) =0 = Yo o) =@ = VP,

7s0) = "2 s(1) = 05(2) = 05(3) = o5() = °),

70(0) = 6®) = T3t 7o(1) = 0(2) = s(4) = 5(5) = Vo

18"

From now on we focus on general N = odd case to obtain results corre-
sponding to the discrete-time case (i.e., (10.4.18) and (10.4.20)). The defini-
tion of o (n) implies

4 17
Thn) = g% Jim [ (B t) = B
4 . I 2 2
= ye X Tlgr;oT ; Ry (n,t)“dt — Ry(n)” » .
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For N = odd case, we have

(N-1)/2 n =0,
RN(”){_l/Q n=1,2,...,N—1.

From (10.3.13), we have

1 T
TIEEOT/O R3;(n,t)dt

T
— Jim / Y. cos{t(cos, —coséi,) —n(€jy — &)}
0

T—oo T
0<j1<ki1<N-1

X Z COS{t(COS £j2 — COs gkz) - ’Il(ij - gkz)} dt

0<ja<ko<N-—-1
.
= lim dt E E
0<j1<k1<N—-10<jo2<ka<N—-1

{COS{t((COS €j1 — CO8 Skl) - (COS €j2 — CO8 gkz)) - n((fﬁ - 5161) - (fjé - 51@2))}
+ COS{t((COS £j1 — CO8 Skl) +(COS €j2 — COS 5162)) - n((€j1 - 5161) + (fjé - gkz))}]

Remark that each (N2 — N)? term becomes zero except in the following two

cases:

cos&;, —coséy, —cos&j, +coséy, =0,
cos &, — cos&y, + cosfj, — cosy, = 0.

Therefore some complicated computations imply

S B 5 , 1
TlféoT/O B3 (0,0)dt = (N = 1)* + (N~ 1)(5N ~ 13)

= LN 1)(5N ~9),

and

lim 1/TR2 (n t)dt—1 2N? — 4N +6 — !
T T fy VO -8 cos? ¥

1 1
+o(—eN+12+
8 cos? "

1
= (N =5N +9),

forany n =1,2,..., N — 1. Then we have the following main result.
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Theorem 10.2. When N (> 3) is odd,

2V/N? — 3N +2
on(0) = N2 :
VN2 —5N +8
on(n) = P (n=1,...,N —1). (10.4.21)
In particular, on(0) > on(n) for anyn=1,...,N — 1.

We should remark that there is a difference between the continuous-time
case and the discrete-time one, since, for example, (10.4.19) gives 03(0) =
o3(1) > 03(2) in the discrete-time case. Furthermore (10.4.21) implies

Corollary 10.3.

as N — 0.

The above result implies that the temporal fluctuation on(0) in the
continuous-time case decays in the form 1/N as N increases as in the discrete-

time case. However, from /13 — 8v/2 < 2 (see (10.4.20) and (10.4.22)), it
follows that the temporal standard deviation of the continuous-time case at
site 0 is greater than that of the discrete-time case for large N.
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